AN ALTERNATIVE ALGORITHM FOR COUNTING
LATTICE POINTS IN A CONVEX POLYTOPE

JEAN B. LASSERRE AND EDUARDO S. ZERON

ABSTRACT. We provide an alternative algorithm for counting lattice
points in the convex polytope {x € R"|Az = b,z > 0}. It is based on an
exact (tractable) formula for the case A € Z™* (™Y that we repeatedly
use for the general case A € Z"*".

1. INTRODUCTION

Consider the (not necessarily compact) polyhedron
(1.1) Qy) = {zeR"[Az =y; a1 =0},
with y € Z™ and A € Z™*" for n > m; and let f : Z™— R be the function
(1.2) yo fly) = > e,

2€Q(y)NNn
where the vector ¢ € R" is chosen small enough (even negative) to ensure
that f(y) is well defined even when Q(y) is not compact. The notation ¢
stands for the transpose of the vector ¢, so that: dz = cizq + -+ + cpxy,. If
Q(y) is compact, then f(y) provides us with the exact number of points in
the set Q(y) N N" by either choosing ¢ := 0, or taking lim._,o f(y) (or even
rounding up f(y) to the nearest integer for ¢ sufficiently close to zero).

In recent works, Barvinok [3], Barvinok and Pommersheim [4], Brion and
Vergne [8], Pukhlikov and Khovanskii [11] have provided nice exact formu-
las for f(y). For instance, with y fixed, Barvinok [3] considers f(y) as the
generating function (evaluated at z := e“ € C") of the indicator function
T+ Igy)nnm (), for the set Q(y) NN"; and provides a decomposition into a
sum of simpler generating functions associated with supporting cones (those
decomposed into unimodular cones as well). De Loera et al [10] have imple-
mented Barvinok’s counting algorithm, in the software LattE, which runs
in time polynomial in the problem size when the dimension is fixed. Let us
also mention the software developed by Verdoolaege [16], which extends the
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LattE software to handle parametric polytopes. In a dual approach, Brion

and Vergne [8] consider the generating function F': C"™—C of f, that is,

(13) s Fs) = Y ),

yezZ™

for which they provide a generalized residue formula to next obtain f(y) in
closed form. As a result of both approaches, f(y) is finally expressed as a
weighted sum over the vertices of Q(y). Similarly, Beck [5], and Beck, Diaz
and Robins [6] have provided a complete analysis based on residue techniques
for the case of a tetrahedron (m = 1); and mentioned the possibility of
evaluating f(b) for general polytopes by means of residues as well. Despite
of its theoretical interest, Brion and Vergne’s formula may not be directly
tractable because it contains many products with complex coefficients (roots
of unity) which makes the formula difficult to evaluate numerically. However,
in some cases, this formula can be exploited to yield an efficient algorithm as
e.g. in Baldoni-Silva, De Loera and Vergne [2] for flow polytopes; in Beck and
Pixton [7] for transportation polytopes; and more generally when the matrix
A is totally unimodular as in the work of Cochet [9]. Finally, in Lasserre
and Zeron [12], we have provided two algorithms based on Cauchy residue
techniques to invert the generating function F' in (1.3), and an alternative
algebraic technique based on partial fraction expansions of the generating
function (using the Hilbert NullstellenSatz). A nice feature of the latter

technique is to avoid computing residues.

Contribution. The goal of this paper, as a sequel to [12], is to provide a
recursive algorithm to compute f(y) in the spirit of the algebraic technique
briefly outlined in [12, §7]; but now in a more constructive and explicit way.
Like in Brion and Vergne, we use the generating function F' in (1.3), and
we provide a decomposition into simpler rational fractions whose inversion
is easily obtained. To avoid handling complex roots of unity, we do not use
residues explicitly, but we build up the required decomposition in a recursive
manner. Properly speaking, we inductively calculate constants @), 3 and a
fixed positive integer M, all of them completely independent of y (and of

the magnitude ||c|| as well), such that the counting function f is given by
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the finite sum :

=% 3 Qg,ﬁx{ecg”” if o= A 'y — 6] e N",

otherwise;
Ay Bez™, |IBll<M

where the first finite sum is computed over all invertible [m x m]-square
sub-matrices A, of A. This formula is presented in Theorem 2.6, after the
necessary notation is introduced in Section §2.

Crucial in our algorithm is an explicit decomposition in a closed form
(and so, an explicit formula for f(y)) for the case n = m + 1; that we next
repeatedly use for the general case n > m+1. Our closed form expression for
the case n = m + 1 is immediately computable and tractable, for it does not
contain complex coefficients such as the roots of unity in Brion and Vergne’s
formula.

The computational complexity is O[(m+1)""""A], where the coefficient A
depends only on the entries of A and the vector ¢, but not on the magnitude
of y (cf. (4.12)). Actually, A depends on the ratio between the entries of
the vector ¢, but not on the magnitude of ||c||. However, A is exponential
in the input size of A.

Thus, the formulas presented in section §3 give us a simple procedure for
calculating f(y) in the case n = m + 1. Moreover, the recursive algorithm
presented in section §4 is particularly attractive for calculating f(y) in all
cases where n—m is relatively small, no matter the magnitude of y. However,
this algorithm becomes less efficient whenever n = m + k, with relatively
large values of k.

Analyzing the algorithm presented in §4 against the algorithm (via inte-
gration) that we introduced in [12], we can conclude that they are comple-
mentary in the sense that the algorithm presented in [12] is attractive when
m is small, whereas the algorithm presented in this paper is attractive when
n — m is small, no matter how large m and n could be.

The paper is organized as follows: In §2 we present our main result,
an exact expression of f(y) provided that its generating function F(z) is
decomposed into a sum of some rational fractions. In §3 we obtain this
explicit decomposition for the case n = m + 1, as well as the corresponding
expression for f(y). In §4 we present a recursive algorithm whose output is

the required decomposition for the general case n > m + 1.
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2. MAIN RESULT

2.1. Notation and definitions. The notation R, Q and Z stand for the
usual sets of real, rational and integer numbers respectively; moreover, the
set of natural numbers {0,1,2,...} is denoted by Z, or N. The notation
¢ and A’ stand for the respective transposes of the vector ¢ € R™ and the
matrix A € Z™*™. Moreover, the k-th column of the matrix A € Z™*"™ is

denoted by
A = (A gy Amp).

When y =0, 2(0) in (1.1) is a convex cone with dual cone
(2.1) Q0)* :=={beR"|bz >0 forevery zeQ0)}.
We may now define the following open set
(2.2) ' :={ceR"| —c>b forsome beN0)*}.

Notice that I' and ©(0)* are both equal to R™ whenever (0) is the sin-
gleton {0}, which is the case if Q(y) is compact.

On the other hand, we will suppose from now on that the matrix A €
Z"™*™ has maximal rank (see the comment before §2.2).
Definition 2.1. Let p € N satisfy m < p <mn, and let n = {n1,m2,...7m,} C
N be an ordered set with cardinality [n| =pand 1 <n <m2 < ... <1y < n.
Then

(i) n is said to be a basis of order p if the [m X p] sub-matrix
Ay = [Ay, [Ag |- 14y, ]
has maximal rank, that is, rank(A,) = m.
(ii) For m <p < n, let
(2.3) J, = {nC{l,...,n}| nisa basis of order p}
be the set of bases of order p.

Notice that J, = {{1,2,...n}} because A has maximal rank.

Lemma 2.2. Let n be any subset of {1,2,...,n}.

(i) If [n| = m then n € Iy, if and only if A, is invertible.

(ii) If |n| = q with m < g < n, then n € I, if and only if there exists a
basis o € J,, such that o Cn.



Proof. (i) is immediate because A, is a square matrix; and A,, is invertible
if and only if A, has maximal rank.
Next, (ii) also follows from the fact that A, has maximal rank if and only

if A, contains a square invertible sub-matrix. O

Lemma 2.2 automatically implies J,, # () because the matrix A must
contain at least one square invertible sub-matrix (we are supposing that A
has maximal rank). Besides, J, # () for m < p < n, because J,, # 0.

Finally, given a basis n € J, for m < p < n, and three vectors z € C™,

¢ € R" and w € Z™, we introduce the following notation

2V o= 2tz 2,
(2.4) ey = (CppsCpyr-enCpy)
|lw| = max{|wi],|wal,...|wn|}.

Definition 2.3. The vector ¢ € R" is said to be regular if for every basis

o € Jmi1, there exist a non-zero vector v(c) € Z™*+! such that :
(2.5) Asv(o0) =0 and c v(o) #0.

Notice that ¢ # 0 whenever c is regular. Moreover, there are infinitely
many vectors v € Z™ such that A,v = 0, because rank(A,) = m < n.

Thus, the vector ¢ € R" is regular if and only if
cj —chATYA; #£0, Yo €lm, Vigm

which is the regularity condition used in Brion and Vergne [8], except we do

not require ¢; # 0 for all j =1,...,n.

As already mentioned, we will suppose that the matrix A € Z"™*™ in (1.1)—
(1.2) has maximal rank. That is, the m rows of A, v(j) = (4j1,...,4jn),
j=1,...,m, are linearly independent. For suppose that A has not maximal
rank. Then we can find 0 # 8 € Z™ such that 0 = S1v(1) + - - - + Brv(m)
and 8 # 0. Assume that Gy # 0. The equation y = Az has a solution

x € N” if and only if x is a solution of the system of equations

yi = v(j)z for 2<j<m, and

ypo= vz ==Y Bw(z/b = > yiBi/b.
= =2
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So, if y1 # 37 oy;0;/P1 then f(y) = 0; otherwise we can eliminate the
equation y; = v(1)z from y = Az (because it does not depend on the free

variable x) and use instead the trivial relationship S1y(1)+- - -+ Bny(m) = 0.

2.2. Generating function. An appropriate tool for computing the exact

value of f(y) is the generating function F : C"—C,
(2.6) z F(z) = Y fw)?,
yGZ"L

with z¥ defined in (2.4). This generating function was already considered in

Brion and Vergne [8], with A := (In z1,...In zp).

Proposition 2.4. Let f and F be like in (1.2) and (2.6) respectively, and
letcel'. Then :

n
(27) F(Z) = H Ay Ao Ay’
1 2 ---Z

on the domain

(|z1],---|2m|) € D, with

(2:8) D:={peR"|p>0; e*pik <1, k=1,...n}.

Proof. Apply the definition (2.6) of F' to obtain :

F(z) = Z 2Y Z Tl = Z T AT,

yeL™ zeN" Ar=y zeN™

On the other hand,

n
/ A A Tk
o' ZA:E — | | (eck 2 Lk . me,k> )

k=1
The domain D in (2.8) is not empty because ¢ € I'. Indeed, a variant of
Farkas’ Lemma (see Corollary 7.1e in Schrijver [13, p. 89]) states that the
system A’u < b has a solution if and only if b’z > 0 for every vector x > 0
with Az = 0. Whence, the system A’u < b will have a solution whenever b
is in the dual cone (0)*. Moreover, recalling the definition (2.2) of T', we
can deduce that A’y < —c has indeed a solution & € R™ because ¢ € T.
Thus, we also have that (e%,e%2, ... e%m)4r < e~ for every 1 < k < n, and

so p:=(e™,...e%m) € D.



Ak
L 2Zm

Thus, the condition
and (|z1],...|zm|) € D, so

A
e 2 0 < 1 holds whenever 1 < k < n

F(z

e x
j : ( Alk Z;:/m,k) k

x=0

:]:

M
)

1

I
=

1 (1 — eCk Zfl,k . Z;?Zm’k)

0

2.3. Inverting the generating function. We will compute the exact
value of f(y) by first determining an appropriate expansion of the gener-
ating function in the form

Qo(2)
[Tre, (1 —e* z4)’

where the coefficients @), : C"—C are rational functions with a finite Lau-

(2.9) F(z) =
o€lm

rent series
(2.10) z2 = Qo(z) = Z Qo 57".

Bez™, ||BlI<M
n (2.10), the strictly positive integer M is fixed and each Qs g is a real
number which can be computed with algebraic operations when the numbers
{e“}7_, are given. An important observation is that the integer M does
not depend on the right-hand-side y. It only depends on A and ¢, but not
on the magnitude of c.
Remark 2.5. The decomposition (2.9) is not unique (at all) and there are
several ways to obtain such a decomposition. For instance, Brion and Vergne
[8, §2.3, p. 815] provide an explicit decomposition of F(z) into elementary

rational fractions of the form

1 1
(2.11) Z Z ngo( —7;(g)(e ¢ 24 )1/’1) Hk¢ or(g)’

0€Im geG(o)

where G(0) is a certain set of cardinality ¢, and the coefficients {v;(g), dx(g)}
involve certain roots of unity. The fact that ¢ is regular ensures that (2.11)
is well-defined. Thus, in principle, we could obtain (2.9) from (2.11), but
this would require a highly nontrivial analysis and manipulation of the co-
efficients {~;(g),0k(g)}. In the sequel, we provide an alternative algebraic

approach that avoids manipulating these complex coefficients.
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If F satisfies (2.9) then we get the following result.

Theorem 2.6. Let A € Z"™*"™ be of maximal rank, f be as in (1.2) with
c € T, and assume that the generating function F in (2.6) satisfies (2.9)—
(2.10). Then :

(2.12) fy) = > > QopEs(y-B)

o€lm  Bez™, |BI<M
with
_ - o if x:=A;ly— 3 €N,
(2.13) Eoly =) = { 0  otherwise;
where ¢, € R™ was defined in (2.4).

Proof. Recall that z4% = zf‘l’k . 'Z;?Lm’k, according to (2.4). On the other

hand, in view of (2.8), the inequality |e z4%| < 1 holds for every 1 < k < n;

and so the following expansion holds as well for each o € J,, :

H 1 _ H 2 : eCkTh JARTE | § ec:,x SAeT
1 — e 24k

ko k€o | zreN reN™
Next, suppose that a decomposition (2.9)—(2.10) exists. Then the following
relationship is easy to establish.

(214)  F(z) = Y. Y Qo(z)e% A"

o€lm  weNm
S SRS SR »EORCER
0€lm  BeZm,||B<M  zEN™
Notice that both equations in (2.6) and (2.14) are equal. Hence, if we want
to obtain the exact value of f(y) from (2.14), we only have to sum up all
terms with exponent 8 + A,x equal to y. That is, recalling that A, is
invertible for every o € J,,, (see Lemma 2.2),

P SR SRS Kl ot A e

otherwise;
O’GJm ﬁeva ”ﬁ”SM

which is exactly(2.12). O

Remark 2.7. Observe that function f(y) in Theorem 2.6 can be rewritten

as a weighted sum of e at some integral points x € N, namely

(2.15) ) =3 Y Quge@ |,
B

O'eJnL
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where the second finite sum is calculated over all 8 € Z™ such that ||5]| < M
and A, [y — 8] € N™. Moreover, each vector Z(o,3) € N" is an integral
point. Indeed, given z := A>!(y — 3) inside N like in (2.13), we define the
integral vector (o, ) € N by setting the entries:
[i(a,ﬁ)]j _ { 1[,‘)k gj ;;’;k for some 1 < k < m,

for j = 1,...n. Clearly, we have that e%? = e“%(®f) from which equation
(2.15) follows. In addition, these integral points % (o, 3) € N™ have at most m
nontrivial coordinates and their convex hull defines an integral polyhedron

(that is, a polyhedron with integral vertices).

In view of Theorem 2.6, f(y) is easily obtained once the rational functions
Q5 (z) in the decomposition (2.9) are available. As already pointed out, the
decomposition (2.9)—(2.10) is not unique and the purpose of the next section
(§3) is to provide :

- a simple decomposition (2.9) for which the expression of the coefficients
Qs are easily calculated in the case n = m + 1;
whereas in §4 we present :

- a recursive algorithm to provide the ), in the general case n > m + 1.

3. THE CASEn=m-+1

In this section we completely solve the case n = m+1, that is, we provide
an explicit expression of f(y). We first need some essential intermediate
algebraic calculations, in order to deduce the decomposition (2.9)—(2.10) of
F(z) when n =m + 1.

3.1. Some auxiliary rational functions. Let sgn : R—Z be the sign
function defined by
1 if ¢t>0,
t — sgn(t) := ¢ —1 if ¢t<0,
0 otherwise.
Besides, adopt the convention that any sum with negative superindex :
-1
Z( -+) is identically equal to zero.
r=0
Now, given a fixed integer n > 0, for every k = 1,...n, we are going to

construct auxiliary functions Py : Z"™ x C"—C, such that each w — Py (v, w)
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is a rational function of the variable w € C". Given a vector v € Z", we
define :

lu1]—1
(3.1) Pi(v,w) = Z wign(vl)T.
r=0
vz -1
Po(v,w) = Z wsgnvz ’
|v3| 1
Py(v,w) = (w]'wy?) Z wsgnv3 :
n—1 |'Un|_1
P,(v,w) = Hw?j Z wflgn(”")r
j=1 r=0

Obviously, we have that Py(v,w) = 0 whenever vy, = 0. Moreover, we
claim that :

Lemma 3.1. Let v € Z" and w € C™. The functions Py defined in (3.1)
satisfy

(3.2) zn:( wiEn v )Pk(v,w) =1 — w.

k=1
Proof. First, notice that

[v1]—1

(1 — wign(vl)> Pi(v,w) = (1 — wign(vl)) Z wE T

r=0
Previous equalities are obvious when v; = 0. We have similar formulas
for 2 < k <n,

k—1
(1—wzgn(@")) Pi(v,w) = vaJ = Hw

Therefore, adding together all the terms in equation (3.2) yields

i( Sgn”’“)Pk(vw)—l—Hw

k=1 Jj=1

-
S
mﬁ
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3.2. Solving the case n = m + 1. We now use the algebraic expansions of
§3.1 to calculate the function f(y) in (1.2) where Q(y) is given in (1.1) and

A € 7m>(m+1) ig 4 maximal rank matrix.

Theorem 3.2. Let n =m + 1 be fized, A € Z™*™ a mazimal rank matriz
and let ¢ € T be regular. Let v € Z™ be a non-zero vector such that Av =0
and v # 0 (cf. Definition 2.3). Define the vector

(3.3) w = (1241 22 fnpin),

Then :
(i) The generating function F(z) in (2.6) has the expansion

n

(3.4) F(z) =

Qr(z Z Qs (2)

k=1 Hﬂ?ék(l B ecjz 0€Im HjEU(l - eCjZAj)’
where the rational functions z — Q(z) are defined by :

Py(v,w)/(1 — V) if v > 0,
(3.5) Qr(z) = —wk_lPk(v,w)/(l — V) ifu, <0,
0 otherwise;

for 1 <k <n. Each function Py in (3.5) is defined as in (3.1). Notice that
the first sum in equation (3.4) is done only over the indezes k for which
vg # 0, because Qp(z) = 0 whenever v, = 0.

(ii) Given y € Z™, the function f(y) in (1.2) is directly obtained by ap-
plying Theorem 2.6.

Proof. (i) Since c is regular, let v € Z™ be a vector such that Av = 0 and
dv # 0, see (2.5) in Definition 2.3. Let w € C™ be the vectors defined in
(3.3). We can easily deduce that

n
(3.6) w’U = H (ec]zA])vJ — eC,'U ZA’U — eC/U 7é 1.
j=1

Next, let z — Q(z) be the rational function defined in (3.5). Then, from

Lemma 3.1,

(37) Z eCkZAk Qk( ) _ Z (1 _wzgn(vk)> M,UL)
=1

P 1—e
1—w"
T o 1_ev L
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Multiplying together the generating function (2.7) with the left side of
(3.7), yields the expansion

- Qr(2)

3.8 F(z) =
(3.8) (2) 21— s

Aj)’

which gives us the first equality in (3.4).
(ii) Since ¢ € T, the function F'(z) is indeed the generating function of
f(y). Next, consider the ordered sets

(3.9) o(k) = {1,2 —1L,k+1,---,n} for k=1,...,n

In order to apply Theorem 2.6, we only need to prove that each square
sub-matrix A,y is indeed invertible for every k = 1,...,n with vy # 0.
Recall that Qr(z) = 0 whenever vy = 0, and that o(k) is an element of J,,
precisely when Ay is invertible. We know that A € R™*" has maximal
rank, so A has m linearly independent columns. With no loss of generality,
we may assume that the first m columns Ay are linearly independent, for

k=1,...,m. Thus, the square matrix

A = [A1]As]---|A),] s invertible,

o(n)

recall that n = m + 1; and so o(n) = {1,...,m} defined in (3.9) is an
element of J,. On the other hand, since Ay(,) is invertible and the vector

v € Z" satisfies
0= Av = Aa(n)(vl,vg,...vm)' + Apvp

with v # 0, we automatically have that the n-entry v, # 0; and so the
n-column of A is equal to A, = >, UU] A;. Whence, for every 1 <k <m

with v # 0, the square matrix
Apiy = [A1l -+ NAr—1]Akga] - - [An| Ay

is clearly invertible because the column Ay of A,(,) has been substituted

m

Y
it1 5, A; whose coefficient —vy /vy, is

with the linear combination A4, = >’
different from zero. That is, the set (k) in (3.9) is an element of J,, for
every 1 < k < 'm with v # 0.

Therefore, the expansion (3.8) can be re-written

o Qk( QO’(Z)
B Z H]EO’ ( —e9 Z Z HjEU(l —e9 zAj)’

v 70 o€Im
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with
Q. (2) = Qr(z) if 0 = o(k) for some index k with vy # 0,
o\&) = 0 otherwise.

And so, a closed form of f(y) is obtained by applying Theorem 2.6. O

Remark 3.3. In the case where n = m+1 and Q(y) is compact, a naive way to
evaluate f(y) is as follows. Suppose that B := [A;]...|A,,] is invertible. One
may then calculate p := max{zy,+1| Az =y, + > 0}. Thus, the evaluation
of f(y) reduces to summing up Y e®?
N™*! such that 41 € [0,p] NN and & := B~y — Aypi12m41). This

may work very well for reasonable values of p; but clearly, p depends on the

over all vectors x = (&, Zym41) €

magnitude of y. On the other hand, the computational complexity of the
algorithm presented in §3 does not depend on y. Indeed, the bound M in
(2.12) of Theorem 2.6, does not depend at all on y. Moreover, the algorithm
also applies to the case where Q(y) is not compact.

To illustrate the difference, consider the following trivial example where
n=2 m=1,A=[1,1] and ¢ = [0, a] with a # 0. The generating function
F(z) in (2.6) and (2.7) is the rational function

1
(1—2)(1—e2)

Setting v = (—1,1) and w = (z,e%z), one obtains

I = (1-2)Qi(2) + (1 —e"2) Qa2(2)

F(z) =

—2 1Py (v, w) Py(v,w)
= U=z — -7
S S R
= -z —e"z)——
1 — e 1—eo’

an illustration of the Hilbert Nullstellensatz applied to the two polynomials
z+ (1 —2) and z — (1 — e%z), which have no common zero in C.
And so, the generating function F'(z) gets expanded to
—z71 271
(1 —e2)(1 —eoz) + (1—e2)(1—2)
Finally, using Theorem 2.6, we obtain f(y) in closed form by

(3.10) F(z) =

—ea(y+1l)  QO0(y+1) 1 — elytla

(3.11) fv) = + - =

1—e® 1—e® 1—e®

Looking back at (2.10) we may see that M = 1 (and obviously does not

depend on y) and so the evaluation of f(y) via (2.12) in Theorem 2.6 (as
13



described in (3.11) is done in 2 elementary steps, no matter the magnitude
of y. On the other hand, the naive procedure would require y elementary
steps.

Remark 3.4. We have already mentioned that the expansion of the gener-

ating function F'(z) is not unique. In the trivial example of Remark 3.3, we

may also expand F'(z) as the following sum of linear fractions

e 1
(v —1)(1—evz) (v —1)(1—2)

F(z) =

which is not the same as the expansion in (3.10). However, applying Theo-

rem 2.6 again yields the same formula (3.11) for f(y).

3.3. An algorithm for the case n = m + 1. Let R[z,27!] be the set of
polynomials with real coefficients and entries in z; and 2, 1, for 1 <t <m;
so negative exponents are allowed. That is, a rational function @ is an
element of R[z, z71] if and only if Q has a finite Laurent series, like in 2.10.
Considering Theorems 2.6 and 3.2, the algorithm for the case n = m+1 can

be written as follows :

Procedure Solve(A4,c,y).
Input: A € Z™*" full rank and n = m + 1; ¢ € R"™ regular; y € Z™.
Output: {Qx}7_, C R[z,27!] in (3.4) and f(y) in (2.12).

e Step 0: Compute a vector v € Z" such that Av = 0 and v # 0.

e Step 1: Compute polynomials {w — Py(v,w)} from (3.1).

e Step 2: Compute polynomials {z — Q(z)} from (3.5); and let
Ly == {Qrp # 0}genm be the list of nonzero coefficients of Q(2),
for all nonzero Qx(z). Set f(y) := 0. Set k := 1.

e Step 3: While k£ < n do:

— If v, = 0 go to Label{skip}.

— If vg # 0, let A, € Z™*™ be the nonsingular matrix obtained
from A by deleting k-column Ag; and let ¢, € R™ be the vector
obtained from c by deleting k-entry cg.

— While Ly # 0 do: Pick Qg € Ly and solve A,z =y — 3. Set
Ly = Ly \ {Qrp}. If £ € N™ then f(y) = f(y) + e“*Qp 5.

— Label{skip}. Set k:=k + 1.
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4. THE GENERAL CASEn >m+ 1

We now consider the case n > m + 1 and obtain the decomposition (2.9)
that permits to compute f(y) by invoking Theorem 2.6. The idea is to use
the results of §3 recursively, and we exhibit a decomposition (2.9) in the
general case n > m + 1, by induction.

The following result is proved with the same arguments as in the proof of
Theorem 3.2.

Proposition 4.1. Let A € Z™*™ be a maximal rank matriz and ¢ € T
be regular. Suppose that the generating function F in (2.6)-(2.7) has the

expansion

(4.1) Fz) = Y Qn(2)

AN
TEJp Hjeﬁ(l — 9z ])

for some integer p with m < p < n, and for some rational functions z +—

Qr(z), explicitly known and with a finite Laurent’s series expansion (2.10).

Then, F' also has the expansion

Q%(2)

(+2) PG = Y gy

TeEp—1

where the rational functions z — Q%(z) are constructed explicitly, and have

a finite Laurent’s series expansion (2.10).

Proof. Let m € J, be any given basis with m < p < n and such that
Qr(z) # 0 in (4.1). We are going to build up simple rational functions
Z Rj;(z), where 1 € J,—1, such that the expansion

1 R (z
(43) AN Z 77( )c- Aj
[[je (1 —e92%) [Te, (1 —e%z%)

nElp—1

holds.

Invoking Lemma 2.2, there exists a basis & € J,,, such that & C 7. Pick
any index g € 7\ 7, so the basis o := ¢ U{g} is indeed an element of J,, 1,
because of Lemma 2.2 again. Next, since c is regular, pick a vector v € Z™*!
such that A,v = 0 and ¢ v # 0, like in (2.5). The statements below follow
from the same arguments as in the proof of Theorem 3.2(i), so we briefly
outline the proof. Define the vector

(4.4) w = (eclel,eczzAQ, . ,ec”zA”) e C™;
15



so that, with same notation as in (2.4), w, € C™*!. Like in (3.6), we may

deduce that (wy)? = e % 1. Moreover, define the rational functions

Py(v,wy)/(1 — ecév) ifvg, >0,
(4.5) Ri(2) == ¢ —[w,) ' Pu(v,w,) /(1 — e%v) if vy, <0,
0 otherwise;

where the functions Py are defined as in (3.1), for 1 <k < m + 1. Thus,

m-+1 m+1
(4.6) 1= (1-[wels) RE(2) = Y (1—erz) R(2),
k=1 k=1

like in (3.7). From (4.6) one easily obtains

1 m+1

i 1
(4.7) M) klek(z) 11 1= et 2A;

JET, jF#Ok

Notice that the sum in (4.7) is done only over the integers k for which vy # 0,
because R} (z) = 0 whenever v, = 0. Next, we use the same arguments as
in the proof of Theorem 3.2(ii). With no loss of generality, suppose that the

ordered sets ¢ C o C m are given by :

(4.8) m:={1,2,...,p}, o:=0cU{p} and p & 7.

Notice that o € 7, for 1 < k < m, and op4+1 = p. Besides, consider the

ordered sets
(4.9) nk)={jen| j#or} for k=1,...,m+ 1.

We next show that each sub-matrix A, ;) has maximal rank for every
k=1,...,m+1 with vy # 0. Notice that |n(k)| = p — 1 because |7| = p;
whence, the set 7(k) is indeed an element of J, 1 precisely when A, ;) has
maximal rank. Now, we have that & C n(m + 1), for the index o, 41 = p is
contained in 7\ . Therefore, since & € J,,,, Lemma 2.2 implies that n(m+1)
in (4.9) is an element of J,_1, the square sub-matrix Az is invertible, and

Ap(m+1) has maximal rank. On the other hand, the vector v € Z™F! satisfies
0= Asv = As(vi,v2,...0m) + Apvmi1

with v # 0, so we may conclude that the last entry v,,11 # 0. We can now
express the p-column of A as the finite sum A, = Z;nzl %Aaj. Whence,
for every 1 < k < m with v # 0, the matrix

Apey = [Ar] - [ A1 Aoyt -+ [ 4y]
16



has maximal rank, because the column Ay of A,(;,41) has been substi-
tuted with the linear combination A, = 707, %Agj whose coefficient
—/Um41 is different from zero. Thus, the set (k) defined in (4.9) is an
element of J,_; for every 1 < k < m with vy # 0. Therefore, (4.7) can be

re-written

1 - Ri(2)
HjETr(l — e z%) Hjen(k)(l — % 277)

V70
- ¥ i
ne€lp—1 [Tje, (1 —e )

which is the desired identity (4.3) with

R7(2) = R} (z) if n =n(k) for some index k with vy, # 0,
n\#) = 0 otherwise.

On the other hand, it is easy to see that all rational functions R and
R7 have finite Laurent series (2.10), because each Rj is defined in terms of
Py, in (4.5), and each rational function Py in (3.1) also has a finite Laurent
series. Finally, (4.2) follows easily. Compounding (4.1) and (4.3) together,
yields
(4.10) Fiz)= > > Ry (2) Qr(2)

ern(l _ ecszk)’

so that the decomposition (4.2) holds by setting @)}, identically equal to the

nelp—1 7wElp

finite sum Znejp R7Qr for every n € Jp-1. O

Notice that the sum in (4.1) runs over the bases of order p, whereas the

sum in (4.2) runs over the bases of order p— 1. Hence, repeated applications
of Proposition 4.1 yields a decomposition of the generating function F' into
a sum over the bases of order m, which is the decomposition described in
(2.9)—(2.10). Namely,
Corollary 4.2. Let A € Z™*™ be a mazimal rank matriz, and let ¢ € I' be
reqular. Let f be as in (1.2) and F be its generating function (2.6)—(2.7).
Then :

(i) F(z) has the expansion

(4.11) Fz) = Y Qo (2)



for some rational functions z — Q4 (z) which can be built up explicitly, and
with finite Laurent series (2.10).
(ii) For every y € Z™, the function f(y) is obtained from Theorem 2.6.

Proof. The point (i) is proved by induction. Notice that (2.7) can be re-

written

1
F(Z) = )
g [Trer (1 — ecrzAr)

because J, = {{1,2,...n}} and A has maximal rank (see (2.3)). Thus,
from Proposition 4.1, (4.2) holds for p = n — 1 as well. And more generally,

repeated applications of Proposition 4.1 show that (4.2) holds for all m <
p < n. However, (4.11) is precisely (4.2) with p = m.

On the other hand, (ii) follows because as ¢ € I', F(z) is the generat-
ing function of f(y), and has the decomposition (4.11) required to apply
Theorem 2.6. U

4.1. An algorithm for the general case n > m+1. Let R[z, 27!] be the
set of polynomials with real coefficients and entries in z; and 2, ! S0 nega-
tive exponents are allowed. In view of Theorems 2.4 and 2.6, the recursive

algorithm for the general case reads as follows:

Procedure Solve2(A4,c,y).
Input: A € Z™*" full rank and n > m + 1; ¢ € R” regular; y € Z™;
Output: f(y) as in (2.12).

Step 0, initialization :
e Calculate the set of bases J,,,, so that ¢ € J,,, if and only if the square
matrix A, = [Ag, |- |As,,] is invertible.
e Set p :=n, and z — Qx(z) = 1 with 7 := {1,2,...,n}. Thus,
Qx(2) € R[z,271] and :
z .
F(z) = %;p Hj@r(?ﬂ—( e)chAj) with J, = {{1,2,...,n}}.
Step 1: While p > m + 1 do:
e For every m € J, with Q(z) # 0 do:
— Pick a basis ¢ € J,, such that ¢ C .

— Pick a point g € 7\ ; and let 0 := 5 U {g} € Jpmt1-
18



— Let Ay = [Aj]jer € Z™™ D and ¢, = [¢j]jer € R™TL.
— Apply steps 0, 1,2 of Solve(A,, ¢y, y). That is :

— Compute v € Z™ such that Ayv =0 and c,v # 0.

— Compute polynomials {ws — Pj(v,ws)} from (3.1).

— Compute polynomials {z — R} (z)} from (4.5); so that :

1 m—+1 1

R I
Hj67r(1 _ ec]Z Z k H 1 — e% ZAj

JET, jF#0k

— For every n € Jp—1 do: Set Ry := 0.

— For every 1 <k <m + 1 with vy # 0 do: Set n[k] := 7\ {ox} €
Jp—1 and R7,, (z) == R (2) € Rlz, 27 1].

— We finally have the identity :

Qr(2) Qx(2)
[[je (1= % z4i Z ngn 1 —eCiz4)

nelp—1

e For every n € J,_1 do: Set Q,(z) := Zweﬂp 7(2)Qx(2).
e Hence, each @Q,)(2) € R[z,27!] and :

@y(2)
2 Meglt -0

n€lp—1

e Set p:=p—1.

Step 2: We have obtained the decomposition :

z) = Z @n(2) where each  Qr(2) € R[z, 27 1].

T€lm [en(1—ei24)’
Since F'(z) is now in the form (2.9) required to apply Theorem 2.6, we thus
obtain f(y) from (2.12) in Theorem 2.6.

4.2. Computational complexity. First, observe that the procedures Solve
and Solve2, defined in §3.3 and §4.1, compute the coefficients of the polyno-
mials Q,(2) in the decomposition (2.12) of F'(z). This computation involves
only algebraic operations, provided the matrix A € Z™*™ and the vector
c € R™ are given. Recall that a main step in these procedures is to calculate
a vector v € Z™*! such that A,v = 0 and ¢,v # 0. Thus, for practical
implementation, one should directly consider working with a rational vector
¢ € Q™. Next, concerning the real numbers {e® }; used in the procedures

Solve and Solve2, according to §3.3 and §4.1, one may easily see that the
19



entries e“* can be treated symbolically. Indeed, we need the numerical value
of each e only at the very final step, i.e., for evaluating f(y) via (2.12)
in Theorem 2.6; see the illustrative example in the next section. Therefore,
only at the very final stage, one needs a good rational approximation of e
in Q" to evaluate f(y).

Having said these, the computational complexity is essentially determined
by the number of coefficients {Q, 3} in equation (2.12); or equivalently,
by the number of nonzero coefficients of the polynomials {Q,(z)} in the
decomposition (2.9)—(2.10). Define

(4.12) A := max { min{ ||v|| | A,v =0, c,v #0, vez™} }

0€Im11

In the case n = m + 1 (see §3.1), each polynomial (),(z) has at most A
terms. This follows directly from (3.1) and (3.5).

For n = m + 2, we have at most (m + 1)? polynomials Q,(z) in (2.9);
and again, each one of them has at most A non-zero coefficients. Therefore,
in the general case n > m, we end up with at most (m + 1) ™A terms in
(2.12). Thus, the computational complexity is equal to O[(m+1)""™A]. As
a nice feature of the algorithm, notice that the computational complexity
does not depends on the right-hand-side y € Z"™. Moreover, notice that
the constant A does not change (at all) if we multiply the vector ¢ € Q"
for any real r # 0, because c,v # 0 if and only if rc v # 0. Hence, we
can also conclude that the computational complexity does not depends on
the magnitude of ||c||, it only depends on the ratio between the entries of c.
However, as shown in the following simple example kindly suggested by an

anonymous referee, A is exponential in the input size of A. Indeed, if

1 a a?

A=11 441 (a+1)2 |

then necessarily, every solution v € Z3 of Av = 0, is an integer multiple
of the vector (a? + a,—2a — 1,1), and so A = O(a?). Finally, the constant

M >0 in (2.10) and (2.12), depends polynomially on A.
20



5. ILLUSTRATIVE EXAMPLE

Consider the following example with n = 6, m = 3 and data

111100
A=1210010/, c:=(1....co),
021001
so that F(z) is equal to the rational fraction
1
(1 —e12122)(1 — e2212023) (1 — e32123) (1 — e%z1)(1 — e%29)(1 — e 23)

Let us apply the algorithm developed in §4.1.

Step 0: The set J3 is composed by all bases {i,j, k}, with 1 <i < j <
k < 6, but the exceptions: {1,4,5} and {3,4,6}.
Set z+— Qx(z) =1 when 7 ={1,2,...,6}.

Step 1: p=6. With 7 ={1,2,...,6} € Jg, define the vector

2

w = (e“z123, eCQzlzgzg, e®z123, €21, €% 29, €% 23).

Notice that the element k in the base 7 indeed represents the k-th column
of A, the k-th entry of w and the k-th factor in the denominator of F'(z).
Now, choose & := {4,5,6} and o := {3,4,5,6}. Let v := (—1,1,0,1) € Z*
solve A,v = 0. We obviously have that w, = (e®z123,e%z21,e%z25,e%23)
and (w,)? = e“1%~¢_ Therefore, applying equations (3.1) and (4.5), we
get

—(e%z123) 71

1(z) = 1 — ecatece—cs’
(e%2123)7 1
R3(2) = 1 — ecatee—cs’
R3(z) = 0,
(ca—c3) ,—1
Rj(z) = i

1 — eCatece—cs’

Hence, we can easily calculate that :
1=(1—-e%®z123)RT(2) + (1 —e“2z1)R3(2) + (1 — e“23) R (2).

Notice that the term (1 — e®z;23)RT(z) will kill the element 3 in the
base m. Moreover, the terms (---)R5(z) and (---)R5(z) will also kill the

respective entries 4 and 6 in the base 7, so
21



R{(2)

F —
(2) (1 —ec12123)(1 — e2212023) (1 — e%421)(1 — €% 25) (1 — % 23)
N R (2)
(1 —e12123)(1 — e2212923) (1 — €%32123)(1 — €% 29) (1 — e 23)
N R (2)
(1 —ec12122)(1 — e2212023) (1 — e32123) (1 — e%21)(1 — e 29)
3
(2
B P L) with 15(j] € J5, j = 1,2,3.

= e (1 - ek zflr)’

One has n5[1] = {1,2,4,5,6}, ns[2] = {1,2,3,5,6}, ns[3] = {1,2,3,4,5}
and Q. (;)(2) = R} (z) for j =1,2,3.

Step 1: p =5.
- Analyzing n5[1] = {1,2,4,5,6} € J5, choose ¢ = {4,5,6} and o :=
{1,4,5,6}. Let v := (—1,1,2,0) € Z* solve A,v = 0. We have that w, =

(e“12122, €% 21, % 29, €% 23), SO We get

2\—1

witl,y _ _—(etazm)

Ry () = 1 — e—c1tecat2es’
2\—1

il _(22)
Ry (2) = 1 — e—c1teat2es’
Rn5[1] (Z) . (e04—cl 252)(1 + e% ZQ)

3 - )

1 — e—c1t+cat2ces

R = o
One may easily verify that
1=01- eclzlzg)R?5[1](z) +(1- ec4zl)Rgs[1](z) +(1-— 66522)Rg5[1}(z).
Notice that the terms associated to R7175[1] (2), Rg5[1](z) and Rg5[1](z) kill

the respective entries 1, 4 and 5 in the base n5[1].

- Analyzing n5[2] = {1,2,3,5,6} € J5, choose 5 = {3,5,6} and o :=
{2,3,5,6}. Let v := (—1,1,1,1) € Z* solve A,v = 0. We have that w,

(ec2zlzgz§,ec3zlzg,ec522,ecﬁz3), so we get
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c 2\—1
Rﬂs[Z] (2) = —(e?212925)
1 1 — e—Cc2teatestes’
c 2\—1
R%[Q](z) _ (e 2Z12223)
2 1 — e—Cc2+eatestes’
c3—co ,—1,—1
Rﬂs[Q] (2) = e 2y %3
3 1 — e—Cateatestes’
cs5+c3—ca ,—1
2 € z
RZ5[ ](Z) — 3

1 — e—Cc2testestes
We may easily verify that
1=01- eCQzlzgzg)RY5[2](z) +(1- ec3z1z3)R35[2] (2)+
+(1 — e z) RPP(2) + (1 — e 23) RPPPL(2).
Notice that the terms associated to R7175[2](z), Rg5[2](z), Rg‘r’[g](z) and
R} [2](,2) kill the respective entries 2, 3, 5 and 6 in the base n5[2].

- Analyzing n5[3] = {1,2,3,4,5} € J5, choose ¢ = {3,4,5} and o :=
{2,3,4,5}. Let v := (—1,2,—1,1) € Z* solve A,v = 0. We have that

w, = (2212923, €% 21 23, €% 21, % 29), 50 We get

R 3] (Z) _ _(662 2122232))71
1 T 1 — e—C2t+2cz—cates”’
R"s[?’]( ) = (€2212923) 711 + e 21 23)
2 Z) = 1 — e—c2+2c3—cates )
RnSB](Z) o —(ec4zl)—1(e203—czzl22—1)
3 - 1 — e—c2t+2c3—ca+cs ’
2c3—cog—cq ,—1
75 (3] _ € )
Ry (2) = 1 — e—c2+2c3—catcs

We may easily verify that
1=(1- ec2z1zQz§)R7175[3](z) +(1- ec32123)R7275[3](z)+
+(1 — eC421)Rg5[3](z) +(1- ec522)R25[3] (2).

Notice that the terms associated to R?S[g](z), R7275[3](z), Rg5[3](z) and
RP [3](,2) kill the respective entries 2, 3, 4 and 5 in the base 75[3].

Therefore, we have the following expansion of F'(z).
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Qu(2) RPN (2)
(1 —e212923)(1 —e®z1)(1 — e 29)(1 — e%z3)

Qu) () BF Y (2) + Qo () RF P (2)

F(z) =

+ (1 —e12123)(1 — e2212923) (1 — €% 29)(1 — e z3)
N Quy(2) R (2)

(1 —e12123)(1 — e2212923)(1 — e 21)(1 — e z3)
. Qusiz (N EP(2)

(1 —e12922)(1 — e%32123)(1 — e 29)(1 — e623)
N Quol2 () REP(2)

(1 —e12122)(1 — e2212923) (1 — e%32123) (1 — e 23)
. Quup (P (2) + Quoiy (B (2)

(1 —e12122)(1 — e2212923) (1 — e32123) (1 — €% 29)
. Quypy (IR (2)

(1 —ec12122)(1 — e32123)(1 — e421)(1 — e%29)
N Qusi31(2) Ry ) (2)

(1 —e12122)(1 — e2212923) (1 — e 21)(1 — e 29)
. Quupy (IRF ()

(1 —e12122)(1 — e2212923)(1 — e 2123) (1 — e%zq)

9
_ Z Qnaf51(2) with n4[j] € J4, 5 =1,2,...,9.

= renn( - etz k)’

Step 1: p = 4 = m-+1. At this step we obtain the required decomposition
(4.11), that is, we express F'(z) as the sum

Q%[ﬂ (2)

(5.1) F(Z) = ; Hk€173[j](1 _ eCkZAk)’

with n3[j] € J3 = Jm, Vj.

The above sum contains only 16 terms (not detailed here) out of the
potentially (g) = 20 terms. For illustration, we only provide the term

Q1) (2) relative to the basis n3[j] = {2,5,6} € J3.

- With m[1] = {2,4,5,6} € J4, choose & := {4,5,6} and o := {2,4,5,6}.
Let v := (—1,1,1,2) € Z* solve A,v = 0. We have that

Wy = (6022122,2%,ec4zl,ec5z2,e‘3623), S0 we get
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—(8022’122232’)_1

na[1]
Ry () 1 — e2c6+cs+ea—ca’
Rl (2) = (e zlzgzg)—l
2 T 1 — e2¢cstestea—ca?
Rl () = €472 (z922) 71
3 T 1 — e2cetestea—c2’
cates—c2 =2\ (1 Cc6

1 — e2c6tcstca—c

1=(1- eCQleQz?%)R?4[1] (z)+ (1 — ec421)R;74[1](Z)+
+(1 — e ) R (2) + (1 — e 25) RPN ).

Notice that the term associated to R7274[1} kills the entry 4 in the base
na[l] = {2,4, 5,6}, so we are getting the desired base n3[1] = {2, 5, 6}.

- With m4[2] = {1,2,5,6} € J4, choose ¢ := {2,5,6} and 0 := {1,2,5,6}.
Let v := (—1,1,1,—2) € Z* solve A,v = 0. We have that

Wy = (661212’%,6622'1222:%,60522, e“z3), so we get

2\—1
74[2] _ —(e2123)
Ry (2) = 1 — ec2tes—c1—2¢6’
2\—1
n4[2] _ (e“2123)
Ry (Z) T 1 — ec2tes—c1—2c6”’
—e1—1.2
mi2l €% 2
Ry (2) = 1 — ec2tes—c1—2¢6’
T e Gt [ EA G
4 z - 1 — ec2tcs —c1—2c¢q :

1=(1- eclzlzg)R?“[Q](z) +(1- 602212’22;%)31274[1} (2)+
(1 — e 2)R1M (2) 4 (1 — e 25) BT (2).

Notice that the term associated to R?‘lm kills the entry 1 in the base
na[2] = {1,2,5,6}, so we are getting the desired base n3[1] = {2,5,6}.

Therefore, working on the base n3[1], we obtain the numerator
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1 2
Qu(2) = QuuRY + QR
|Quy ()R )| R +

+ [Q%[l](z)RgS[l](Z)+Qn5[2](z)335[2}(z) RYPL

Step 2: The value of f(y) is obtained from (2.12) in Theorem 2.6, using
the expression (5.1) of F(z).
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