THE INTEGER HULL OF A CONVEX RATIONAL
POLYTOPE

JEAN B. LASSERRE

ABSTRACT. Given A € Z™*™ and b € Z", we consider the integer
program max{c'z|Az = b;z € N"} and provide an equivalent and ezplicit
linear program max{¢'q|Mq = r;q > 0}, where M, r, € are easily obtained
from A, b,c with no calculation. We also provide an explicit algebraic
characterization of the integer hull of the convex polytope P = {z €
R"| Az = b;z > 0}. All strong valid inequalities can be obtained from
the generators of a convex cone whose definition is explicit in terms of
M.

1. INTRODUCTION

Let A e Z™*™ b e Z™,c € R™ and consider the integer program
(1.1) P— = max{cdz | Az =0b xeN"}

where the convex polyhedron P := {z € R"| Az = b; x > 0} is compact. If
P1 denotes the integer hull of P, then solving P is equivalent to solving the
linear program max{c'z |z € P1}.

However, finding the integer hull Py of P is a difficult problem. As men-
tioned in Wolsey [8, p. 15]), and to the best of our knowledge, no explicit (or
“simple“) characterization (or description) of Py has been provided so far.
In the general cutting plane methods originated by Gomory and Chvatal in
the early sixties, and the lift-and-project methods described in e.g. Lau-
rent [4], one obtains P; as the final iterate of a finite nested sequence
P D P D P’... D Py of polyhedra. However, in all those procedures,
P71 has no explicit description in terms of the initial data A,b. On the other
hand, for specific polytopes P, one is often able to provide some strong valid
inequalities in explicit form, but very rarely all of them (as for the matching
polytope of a graph). For more details the interested reader is referred to
Cornuejols and Li [1], Jeroslow [2], Laurent [4], Nemhauser and Wolsey [6],
Schrijver [7, §23], Wolsey [8, §8,9], and the many references therein.

Contribution. The main goal of this paper is to provide a structural result
on the integer hull Py of a convex rational polytope P, in the sense that
we obtain an explicit algebraic characterization of the defining hyperplanes
of Py, in terms of generators of a convex cone C' which is itself described
directly from the initial data A, with no calculation.
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We first show that the integer program P is equivalent to a linear program
in the explicit form
(1.2) max{cq | Mqg=r; q>0}.

geRS

By ezplicit we mean that the data M, r,¢ of the linear program (1.2) are
constructed explicitly and easily from the initial data A, b, c. In particular,
no calculation is needed and M, r have all their entries in {0, £1}. In addition
M is very sparse. Of course, and as expected, the dimension of the matrix
M is in general exponential in the problem size. However, for the class of
problems where A has nonnegative integral entries, and b and the column
sums of A are bounded, then (1.2) is solvable in time polynomial in the
problem size.

There is a simple linear relation * = Eq linking x and ¢, but ¢ is not a
lifting of x like in the the lift-and-project procedures described in Laurent
[4]. It is more appropriate to say that ¢ is a disaggregation of z, as will
become clear in the sequel. Moreover, with each extreme point g of the
convex polyhedron Q := {q € R®*|Mq = r,q > 0} is associated an integral
point x = Eq of P (i.e. z € PNZ").

Using the latter result, and when P is compact, we provide the integer
hull Py in the ezplicit form {z € R"|Uz > u} for some matrix U and vector
u. By this we mean that U, u are obtained from the generators of a convex
cone C' which has a very simple and explicit description in terms of A (via
M). Hence, all strong valid inequalities for P; can be obtained from the
generators of the cone C. Of course, in view of the potentially large size of
M, one cannot expect to get all generators of C' in general. However, we
hope that this structural result on the characterization of Py will be helpful
in either deriving strong valid inequalities, or validating some candidates
inequalities, at least for some specific polytopes P.

2. NOTATION AND PRELIMINARY RESULTS

Let N denote the natural numbers or, equivalently, Z,. For a vector
b € R™ and a matrix A € R™*" denote by ' and A’ € R™™™ their re-
spective transpose. Denote by e, € R™ the vector with all entries equal to

1. Let R[zq,...,x,] be the ring of real-valued polynomials in the variables
Z1,...,ZTp. A polynomial f € Rlzq,...,z,] is written
v f(x) = Y far® = Y faafteooaln,
aeNr aeNn

for finitely many real coefficients {f,}, in the (usual) basis of monomials.
Given a matrix A € Z™*", let A; € Z™ denote its j-th column (equiva-
lently, the j-th row of A’); then 24 stands for

Aj . zflj‘ A'lnz);

Amj — e(Aj,lIlZ> — e( )

z ©Zm

and if A; € N™ then 2% is a monomial of R[z1, ..., 2y].
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2.1. Preliminary result. We first recall the following result :

Theorem 2.1 (A discrete Farkas lemma). Let A € N™*" b € N, Then
the following two statements (i) and (ii) are equivalent :
(i) The linear system Ax =b has a solution x € N".

ii) The real-valued polynomial z — 2°—1 := 21 2bm 1 can be written
1 m

(2.1) 21 =>"Qi()(z" — 1)
j=1

for some real-valued polynomials Q; € Rlz1,...,2p], j = 1,...,n, all of
them with nonnegative coefficients.
In addition, the degree of the Q;’s in (2.1) is bounded by

(2.2) =) b —mkinZAjk.
j=1 j=1

A proof based on counting techniques via generating functions and inverse
Z-transform can be found in [3]. However, thanks to an anonymous referee’s
remark, a self-contained and simpler proof is provided in §2.3 below. Before,
we make some useful remarks and introduce some additional material.

2.2. Discussion. (a) With b* as in (2.2) denote by s := s(b*) := (m;b*) the
dimension of the vector space of polynomials of degree b* in m variables.
In view of Theorem 2.1, and given b € N™  checking the existence of a
solution z € N to Az = b reduces to checking whether or not there exists
a nonnegative solution ¢ to a system of linear equations

(2.3) Mg=r; ¢>0
for some matrix M € ZP*"* and vector r € ZP, with :

e n s variables {gjo}, the nonnegative coefficients of the Q;’s.
e p equations to identify the terms of same power in both sides of (2.1);

. * . (m+b*+a : .
obviously one has p < s(b*+a) = ( Ij;-‘r: ) (with a := m]?XZAjk).

j=1
In fact we may and will take p = s(b* 4 a).
This in turn reduces to solving a linear programming (LP) problem. Observe
that in view of (2.1), the matrix of constraints M € ZP*™ which has only
0 and +1 coefficients, is easily deduced from A with no calculation (and
is very sparse). The same is true for r € ZP which has only two non zero
entries (equal to —1 and 1).

(b) In fact, from the proof of Theorem 2.1, it follows that one may even
enforce the weights @Q; in (2.1) to be polynomials in Z[z1, ..., zp] (instead
of R[z1,...,2n]) with nonnegative coefficients (and even with coefficients
in {0,1}) However, (a) above shows that the strength of Theorem 2.1 is
precisely to allow Q; € R[z1,...,2y] as it permits to check feasibility by
solving a (continuous) linear program. Enforcing Q; € Z[z1, ..., 2y, would
result in an integer program of size larger than that of the original problem.
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(¢) Theorem 2.1 reduces the issue of existence of a solution z € N"
to a particular ideal membership problem, that is, Az = b has a solution
z € N” if and only if the polynomial z° — 1 belongs to the binomial ideal
I= (24 — 1)j=1,.n C Rlz1,...,2m] and for some weights @; all with non-
negative coefficients. In fact, one could prove Theorem 2.1 by an appropriate
reduction of the initial problem of existence of a solution x € N™ to Az = b,
to a polynomial ideal membership problem (with special features) in the
framework developed in Mayr and Meyer [5, §3|, another alternative to the
proof in [3].

Next, with A € N™*" b € N™ let P C R™ be the convex polyhedron
(2.4) P:={zeR" | Az=0b; x>0}
Similarly, with M € ZP*"* r € ZP as in (2.3), let
(2.5) Q:={¢eR™ | Mg=r; g¢=>0}

be the convex polyhedron of feasible solutions ¢ € R™ of (2.3). So, obviously,
(2.1) holds if and only if Q # 0.

Define the row vector es := (1,...,1) € R® and let E € N"™"% be the
block diagonal matrix, whose each diagonal block is the row vector eg, that
is,

es O 0
(2.6) Ee—| 0 & O
0 0 eg

Proposition 2.2. Let A € N™*" b € N™ be given and M be as in (1.2).
Let P, Q) be the convex polyhedra defined in (2.4)-(2.5).

(a) Let g € Q. Then x := Eq € P. In particular, if ¢ € QNZ" then
rxePnzr.

(b) Let x € PNZ"™. Then x = Eq for some ¢ € QN7Z".

(¢) The matriz M is totally unimodular

(d) Whenever Q # (), each vertex of Q is integral.

Proof. (a) With g € Q,let {Q;}7_; C R[z1,..., zm] be the set of polynomials
(with vector of nonnegative coefficients ¢) which satisfy (2.1). Taking the
derivative of both sides of (2.1) with respect to z, at the point z = (1,...,1),
yields

J=1 j=1

with z; := Q;(1,...,1) for all j = 1,...,n. Next, use the facts that (a)
all the @;’s have nonnegative coefficients {¢;,}, and (b), Q;(1,...,1) =
Y aenm Gia = (Eq)j for all j = 1,...,n, to obtain = := Eq € P. Moreover, if
q € QN Z™ then obviously x € PN Z"™.
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(b) Let x € PNZ" so that x € N and Az = b; write
1= e pmpAeer )y gy J9 D)oy Ajj (Anen 1),
and, whenever z; # 0,
AT = (A 1) [1 oAy -.-+zAj(w.f—1)} j=1,...,n,
to obtain (2.1) with
2 Qj(z) = S 4T Ava [1 T A ZAj(wj—l)] ,

and QQ; = 0if z; = 0, j = 1,...,n. We immediately see that each @);
has all its coefficients {g;} nonnegative (and even in {0,1}). Moreover,
Q;(1,...,1) = x; for all j = 1,...,n, or equivalently, x = Eq with ¢ €
QNZ™s.

(c) That M is totally unimodular follows from the fact that M is a network
matriz, that is, a matrix with {0, 4+1} entries and with ezactly two nonzero
entries 1 and —1 in each column (see Schrijver [7, p. 274]). Indeed, from
the identity (2.1), and the definition of M, each row of M is associated with
a monomial 2%, with ;0 < b* + a. Thus, consider a particular column
of M associated with the variable g, (the coefficient of the monomial z% of
the polynomial @, in (2.1), with >, aj < b%). From (2.1), the variable gxq
is only involved :

- in the row (or, equation) associated with the monomial z¢ (with coeffi-
cient —1), and

- in the row (or, equation) associated with the monomial z®+t4% (with
coefficient +1).

(d) The right-hand-side r in the definition of €2 is integral. Therefore, as
M is totally unimodular, whenever € # () each vertex of Q is integral. O

2.3. Proof of Theorem 2.1. (i) = (ii) follows directly from Proposition
2.2(b) and the fact that (2.1) holds if and only if © # 0.

(i) = (i). Suppose (2.1) holds for some polynomials {Q;} C Rz1, ..., zm].
Then, 2 # () and so pick any vertex g of Q. By Proposition 2.2(d), ¢ € QNZ"*
and by Proposition 2.2(a), x := Eq € PNZ", that is, Ax = band x € N*. [

From Proposition 2.2(b) and its proof, one sees that ¢ is a disaggregation
of x € N". Indeed, if we write ¢ = (q1,...,qn) then each ¢; has exactly z;
nontrivial entries, all equal to 1. So ¢ is not a lifting of x as in the lift-and-
project procedures described in Laurent [4]. In the latter, = is part of the
vector ¢ in the augmented space, and is obtained by projection of q.

3. MAIN RESULT

We first prove our results in the case A € N™*" and then in §3.3, we
show that the general case A € Z™*" reduces to the former by adding one
variable and one contraint to the original problem.
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Solet A € N™*" b € N and with no loss of generality, we may and will
assume that every column of A has at least one non zero entry in which case
P in (2.4) is a polytope.

Recall that with every solution 0 < ¢ € R™ of the linear system Mg = r
in (2.3) we may associate a set of polynomials {Q;} C R[z1,..., 2], with
nonnegative coefficients, such that (2.1) is satisfied, and conversely to such a
set of polynomials {Q);} with nonnegative coefficients, is associated a vector
0 < g € R™ that satisfies (2.3). In fact, ¢ = {gjn} is the vector of coeffcients
of the polynomials @);’s in the (usual) basis of monomials.

3.1. An equivalent linear program. We now consider the integer pro-
gram PP. For every ¢ € R" let ¢ € R™ be defined as

B1) @ =(@....&") with @ =c¢(l,...,1)eR® Vi=1,..,n

Equivalently, ¢ = ¢E with E as in (2.6). It also follows that ¢q = dz
whenever x = Eq. As a consequence of Theorem 2.1 we obtain immediately
Corollary 3.1. Let A € N™*" b € N™ ¢ € R" be given. Let M € 7ZP*"* r €
ZP and E € N™ " " be as in (2.3) and (2.6), respectively.

(a) The integer program

(3.2) P— max{dz | Ar=0b z€N"}
x
has same optimal value as the linear program
(3.3) Q— max{cdq | Mg=r; ¢q>0}
qeRns

(including the case —o0).

(b) In addition, let ¢* € R™ be a vertex of Q2 in (2.5), optimal solution of
the linear program Q. Then x* := Eq* € N™ and x* is an optimal solution
of the integer program P.

Proof. Let maxP and max Q denote the respective optimal values of P and
Q. We first treat the case —oo. maxP = —oo only if PN Z" = (). But then

Q = 0 as well, which in turn implies maxQ = —oo. Indeed, by Theorem
2.1, if PNZ" = 0, i.e., if Az = b has no solution x € N, then one cannot
find polynomials {Q;} C Rlz1,...,2y,] with nonnegative coefficients, that

satisfy (2.1). Therefore, from the definition of Q, if Q # () one would have a
contradiction.
Conversely, if Q = ) (so that maxQ = —oo) then by definition of Q, one

cannot find polynomials {Q;} C Rlz1,. .., 2| with nonnegative coefficients,
that satisfy (2.1). Therefore, by Theorem 2.1, Ax = b has no solution z € N"
which in turn implies maxP = —oco, i.e., PNZ" = ().

In the case when max P # —oo, we necessarily have maxP < co because
the convex polyhedron P is compact. Next, consider a feasible solution g € 2
of Q. From Proposition 2.2(a) z := Eq € P. Therefore, as x is bounded
then so is Eg, which, in view of the definition (2.6) of E, also implies that
q is bounded. Hence €2 is compact which in turn implies that the optimal
value of QQ is finite and attained at some vertex ¢* of €.
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Now, let z* € N be an optimal solution of P. By Proposition 2.2(b) there
exists some ¢ € Q with Eq = z*. From the definition (3.1) of the vector ¢
we have

dq = dEq = dx*,
which implies max Q > maxP.

On the other hand, let ¢* € Q be a vertex of {2, optimal solution of Q.
By Proposition 2.2(d), ¢* € 2 NZ" and by Proposition 2.2(a), x := Eq* €
PNZ", that is, z € N™ is a feasible solution of P. Again, from the definition
(3.1) of the vector ¢ we have

C,:L‘ — C/Eq* — Elq*’
which, in view of maxP < maxQ, implies maxP = maxQ, and x € N" is
an optimal solution of P. This completes the proof of (a) and (b). O

Remark 3.2. Let b* := Z]- b; — miny, Z;"zl Aji, and a = max;, Z;”zl Aj.
From the discussion right after Theorem 2.1, M € ZP*™ where

m+b*+a m + b*
p—( b 4 a )—pl(m) and s-( b )—pg(m).

The polynomial m +— pi(m) has degree b* + a whereas the polynomial
m +— po(m) has degree b*. Moreover, all the entries of M, r are 0, +1. Let
M be the class of integer programs P with A € N™*" h € N™, and where,
uniformly in P € M,

- the column sums of A are bounded (i.e., supy, ) ; Ajy is bounded), and

- >_;bj is bounded,
so that a and b* above are bounded, uniformly in P € M. Then one may
solve the integer programs P of the class M in time polynomial in the
problem size, because it suffices to solve the linear program @ which has
p1(m) constraints and npo(m) variables. One may consider this result as
a dual counterpart of the known result which states that integer programs
are solvable in time polynomial in the problem size when the dimension n is
fixed. (A dual counterpart would not be that integer programs are solvable
in time polynomial in the problem size when the number of constraints m
is fixed. Just think of the knapsack problem where m = 1.)

3.2. The integer hull. We are now interested in describing the integer hull
P of P, i.e., the convex hull of P N Z"™.

Theorem 3.3. Let A € N™*" b € N and let E € N**" M € ZP*"¢ r €
ZP be as in (2.6) and (2.3), respectively.

Let {(u*,vF)}L _, C R™P be a (finite) set of generators of the convex cone
C C R™*P defined by
(3.4) C = {(u,v) € R"*P|E'u+Mv > 0}.

(a) The integer hull Py of P is the convex polyhedron defined by the linear
constraints

(3.5) (W z) + (k) >0 Vk=1,...,t,
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or, equivalently,

(3.6) P, :={zeR" | Uz > u},
where the matriz U € R™™ has row vectors {u*}, and the vector u € R has
coordinates uy, = (—v*,r), k=1,...,t.

(b) Equivalently P1 = E (£2).

Proof. (a) Given x € R", consider the following linear system :

Eq =
(3.7) Mg = r
q > 0

where M, E are defined in (2.3) and (2.6) respectively. Invoking the cele-
brated Farkas lemma (see e.g. Schrijver [7]), the system (3.7) has a solution
g € R™ if and only if (3.5) holds.

Therefore, let € R™ satisfy Uz > u with U,u as in (3.6). By Farkas
lemma, the system (3.7) has a solution ¢ € R™®, that is, Mg = r,¢ > 0 and
x =Eq. As ¢ € Q and Q is compact, ¢ is a convex combination ), Yeq® of
the vertices {g*} of Q. By Proposition 2.2(d) and (a), for each vertex g* of
Q) we have 7% := E¢* € P N Z". Therefore,

(3:8) v =Eqg=> wE" => wi
k k

that is,  is a convex combination of points ¥ € PN Z", i.e., € Py; hence
{z e R"|Uz > u} C Pj.

Conversely, let x € Py, i.e., z € R" is a convex combination ), ek of
points Z¥ € P N Z". By Proposition 2.2(b), for each k, 2% = Eq* for some
vector ¢* € QN Z". Therefore, as each (Z¥, ¢*) satisfies (3.7), then so does
their convex combination (z,q) := >, Y(z*, ¢*). By Farkas lemma again,
we must have Uz > u, and so, P C {z € R"|Ux > u}, which completes
the proof.

(b) This follows directly from (a) and

EQ) ={zeR" |z =Eq; Mq=1mr; q¢q=>0}
O

Observe that the convex cone C'in (3.4) of Theorem 3.3 is defined explicitly
in terms of the initial data A, and with no calculation. Indeed, the matrix
M in (2.3) is easily obtained from A and E is explictly given in (2.6). Thus,
the interest of Theorem 3.3 is that we obtain an algebraic characterization
(3.6) of Py via generators of a cone C' simply related to A.

From the proof of Theorem 3.3, every element (u,v) of the cone C' pro-
duces a valid inequality for Py, and clearly, all strong valid inequalities can
be obtained from generators of C.

Next suppose that for some a € R®,w € R, we want to test whether
a’x > w is a valid inequality. If there is some v € R? such that M'v > —FE'a
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and —v'r > w, then indeed, a’z > w is a valid inequality. In fact w can be
improved to w with
W = max{—v'r | Mwv > —Fa}.
v
3.3. The general case A € Z™*". In this section we consider the case
where A € Z™*™ that is, A may have negative entries. We will assume that
the convex polyhedron P C R", defined in (2.4) is compact.
Let a € N, 3 € N be such that for all j =1,...,m,

~ o~

(3.9) bj =bj+5>0; Aj=Ap+a, >0, k=1,...,n

As P is compact we have

n n
max {; ajxj| Az =b} < pomax {JZ:I ajxj | Az = b} =: p*(a) < 0.

Given « € N™| the scalar p*(«) is easily calculated by solving a LP problem.
Note that we can choose 0 € N as large as desired. Therefore, choose
p*(a) < B €N. Let A e N™* b e N™ be as in (3.9) with 8 > p*(a).

The feasible solutions x € N of Az = b, i.e., the points of P N Z", are
in one-to-one correspondance with the solutions (x,u) € P N Z"! where
P c R is the convex polytope

(3.10) P := {(:U,u) eR" xR| { Azt emu =

;o oxz,2u>05;
odr+u = ’ T }’

=

Indeed, if x € PN Z", i.e., Ax = b with x € N”, then

Az +em ) ajz; —em ) ajz = b+ (8- Bem,

J=1 Jj=1
or equivalently,
n
Az + E—Zaj:cj em = b,
j=1
and thus, as 8 > p*(a) > o'z, letting u := 3 — &’z € N, yields (z,u) €
P Nz, Conversely, let (z,u) € PN Z""!. Using the definitions of A and
b, it then follows immediately that

n n
Aa:+em2ajxj+uem:b+ﬁem; Zajxj+u = f,

j=1 j=1
so that Az = b with z € N”, i.e., x € PN Z". In other words,
(3.11) rePNZ & (z,8-dz)ePnzrt

The convex polytope P can be written

(3.12) P .= {(z,u) eR"|B [ i ] = (g,ﬁ); z,u > 0},
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with

As B € Nm+TDx(n+1) " we are back to the case analyzed in §3.1 and §3.2.
In particular, the integer program P— max{c'z | Ax = b;x € N"} is equiv-
alent to the integer program

(313) P —>max{c’:1: | B[z]:[g}, (:B,u)EN"xN}.
Hence, Theorem 2.1, Proposition 2.2, Corollary 3.1 and Theorem 3.3 are
still valid with B € Nm+Dx(n+1) in Jieu of A € N™* (b, 8) € N™ x N in
lieu of b € N™, and P c R""! in lieu of P C R".

So again, as in previous sections, the polytope O associated with P is
explicitly defined from the initial data A, because Ais simply defined from
A and «. In turn, as the convex cone C in Theorem 3.3 is also defined
explicitly from A via M, again one obtains a simple characterization of the
integer hull P, of P via the generators of C.

If we are now back to the initial data A, b then P is easily obtained from
?1. Indeed, by Theorem 3.3, let

P, = {(z,u) € R"™| (wk,x) + 6Fu > pF k= 1,...,t},
for some {(w”, %) € R® x R}L_,, and some ¢t € N. Then from (3.11) it
immediately follows that
P, = {z e R"| (w" — 6%a,z) > p" — 8%, k=1,...,t}.
3.4. 0-1 integer programs. The extension to 0-1 integer programs
mgx{ de | Az =0b; xe{0,1}"},
is straightforward by considering the equivalent integer program

max{cdz | Ar=0b xz;+u;=1Vj=1,...,n (z,u) € N"xN"},
z,u
which is an integer program in the form (1.1). However, the resulting linear
equivalent program Q of Corollary 3.1 is now more complicated. For in-
stance, if A € N™*" then g € R?™ and s is now the dimension of the vector
space of polynomials in n + m variables and of degree at most n + ;05

4. CONCLUSION

We have presented an explicit algebraic characterization of the integer
hull P; of a convex polytope P C R"™. Indeed, the defining hyperplanes of
P, are obtained from the generators of a convex cone whose description is
obtained from the data A, b with no calculation. Of course, and as expected,
this convex cone is in a space of large dimension (exponential in the problem
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size). However, this structural result shows that all strong valid inequali-
ties can be obtained in this manner. Therefore, we hope this result to be
helpful in deriving strong valid inequalities, or in validating some candidate
inequalities, at least for some specific polytopes P.

Acknowledgment : The author is indebted to an anonymous referee for
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suggested the present proof of Theorem 2.1 which does not rely on the Z-
transform machinery used in [3].
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