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WEIGHTS ON (SIMPLE) POLYTOPES
(NMCHMULLEN)

P: SIMPLE d-POLYTOPE
2-WEIGHT: NUMBER a(F) FOR EACH Z-FACE F S.T

FCG

FOR EACH (2+1)-FACE .
UFe : UNIT OUTER NORMAL oF G AT F v AFF &

O-WEIGHT I=WEIGHT

L2, (PY= spacE OF -WEIGHTS
L2PY= 2,(PYD @ 0, (P)

PARTICULAR i-WEIGHT: a(F)= VoiL; (F)
PARTICULAR [-LEIGHT : p(E) = LENGT™ of EDGE E




BRSIS FoRr f2,(P)

SHELL (THE POLAR) oF P BY A LINE SHELLING

L.E., ORDER THE YERT\CES ofF P BY A
LINEAR FUNCTIONAL WHICH ASSUMES
DISTINCT YALUES ON TS VERTI(CES

ORIENT THE EDGES of P IN INCREASING
DIRECTION

THE TYPE OF A YVERTEX = (TS INDEGREE

he (P) = NUHBER of VERTICES oF TYPE ¢
hPY= (he (P, ..., hy (P)) = h-vECTOR,
* INDEPENDENT OF CHOICE of SHELLING
¢ LINERR TRANSFORMATION of §=YECTOR.

n 3

hep)=(1,3,3,))



AT _YERTEX OF TYPE 2 RSSIGN RRCITRARY
GEIEHT TO NEWLY COMPLETED 2-FACE
AND “CHASE LPWRED"™ ™ i-facEs
EENERTY yERTICES ©F TYPE ‘{ t 2

(MeMULLEN)






ANOTHER BRSIS :

RT YERTEX OF TYPE 2 ASSIEN ARBITRARY
WEIGHT TO NEWLY MET (d-¢)-FACE
AND COMPLETE BY ASSIGNING VDNIQUE
WEIEHTS TO ALL (d=C)-FPCES MEETIAG
NEWLY CONBLETED (-~FACE

CALL THIS THE (d-()-WEIGHT ASSOCIATED
WM+t THE 2-FACE



apclS (S MORE “LocAL’



How To MULTIPLY WEIGHTS (Me Hul.LEN)

IF & IS AN 2-WEIGHT oN P
b 1s A j-WEIGHT ON Q
“THEN ¢ 1S AN ‘”J »WEIGHT ON Px @

WHERE
C(FxG)= alF)b(G)

IF 0. IS AN T-WEIERT ON J?
ANDP @ 12 R FIROTECTION (LINERR IMACE)
¢F F, THEN ONE CAN OCTAIN R
“PRC\TECTED -WEIGHT ON @

a,

o(J'= SAME SCALING FACTOR AS FOR
¢~ VOLUMES

IF o €L (F), bef: CF)
0ETE 1y (z+ )-WEIGHT on P X P
FRESECT 'ra P+P (=27%)
TOGET (4 {)-WEIGKT oy P



ONE DECOMPOSITION INDUCED BY FIBER
POLYTOPE FOR PxP — P+ P



MCNULLEN'S PROOF OF q-THEOREM
* 2(P) 15 A GRADED ALGEBRA

. DH“\‘RQ‘: (P) = '-,‘- (P)

d-2¢
* MOLTIPLICATION BY P IS A BISECTION :

L2:(P)——10), . P)
(L ¢ed/e)

{ ] )
Q,—0—Q, = 0,0, 0,
L é e ® > a ’r
t - hz ’hd.'b hé-'z'gﬁ
h-VECTOR 1S SYMMETRIC, NONNEGATIVE, UNIMOOAL
<( b))
LEFSCHETZ BISECTION

UNLIKE FIRST PROOF OF g-THEOREM, NEED
NOT REQUIRE P To BE RATIONAL

WHEN P s RATIONAL, SU(P) coprRESPONDS 1D
COHOMOLOGY OF ASSOCIATED TORKC VARIETY



ANGTHER PERSPECTNE ON WEIGHTS

= {yrq 3 |, 1%snf
P(.x)—§~3 ‘3("“’)""”3
V(x) = vor (P(xY)

FOR X, = |, V(X) IS A HOMOGENEOUS POLYNOMIAL
of DEGREE d.

R=RI[&,... 5% 1

LET 2 €R BE HOMOGENEOLS OF DEGREE )
a VXY s HOHO(:ENEOUS OF DEGEEE. d-¢
“CoRRESPONDS TO AN 3-WEIGHT a.’

ALL t-COEIGHTS ARE OBTRINABLE THIS WAY

SIMPLE , dim P=d

TU RUCLTIFLY LEIEHTS 0./, L'
TN 20 X O FR
a,\f(v) CORrESPOANDS TO 4.
EVO) rpEsFenps 1 4
T ek VOO copeEstonds T et

THE sSpPec(AL KFOWEIGHT P ORRESPONDS
» 2 P,
ox, T T Oxn



ToRIC h-YECTOR
P: d-poLyToPE
h(P)= Che, b,y by )
d d-i
h(Rt)= 2 h;t

g (P) = (3°,3,,..., SLJ/ZJ)
Ld/2]

3(P,'L>= ? 3£ti
3o=l"c'> 35.:"'2,"‘&-1, 120 ¢lY)

q(8, )= hig,t)= |

dim &
h(Bt)= T qUkG,+)&-1) "

G caceor P
G g



O -FACES

|- FACES
L-FACES
3-FRCES

Y x (\+ot)(t-!)°
I x (14t)t=1)°
g% (1)(t-t)
g (t)(‘b-t)z
I x adge0)?

¥
I+t
-e+8t
S-10t+C%"
143207+t

|4 2b 400+
€1,2,2,1)



IF P 15 rRATIONAL :

COMPONENTS OF TORIC h-YECTOR CORRESPOND
To DIHENSIONS OF NTERSECTION HOMOLOGY

h(P) (S NONNEGATIVE, SYHHETRIC, UNIMOOAL
L EASY
THERE ARE OMBINATORIAL TYPES of
POLYTOPES THAT CANNOT BE REALIZED
AS RANONAL POLYTOPES

CUIDED EY WEICGHTS AND INTERSECTION

HOMOLOEY, CAN WE DERIVE PROPERTIES
OF h(P) FOR NOT-NECESSARILY-RATIONAL

REALIZATIONS OF PoLYTOPES 7



CRUTIONARY EXAMPLE

h¢P) = (1,2,2,1)
dim LCPY= (1,1,2,1)



ALMOST-SIMPLE POLYTOPES

P 1S ALMOST-SIMPLE IF THE RESULT OfF
TRUNCATING ALL OF |ITS VERTICES IS A
QIMPLE POLYTOPE

EXAMPLE : EVERY 3-POLYTOPE IS ALHOST
SINPLE

THEOREM (FOEGE +L ). IF P 1S AUMOST
SIMPLE THEN h(P) 1S SYNMETIRICE NONNEGRTIVE
($ UNI\MODAL?)



RESTRICTIONS

IF a €f2;, (P) AND F 1S A FACE oF P
THEN &|_€R; (F)

IF a,b € fL(P) AND F is A FACE OF P

THEN
(ab)l, = G, Yol



SR

L § C FoRMULAS

F Q=~ IxP
t— INTERVYAL

THEN h(Q,6)= O +t)h(P %)
@,b,c,b,a)— (a,a+b,bic,bec,ash, a)

F Q= CP
> PYRAMID OVER P (“ConE™)

THEN h(Q,5)= q(Rt) +t h(RtE)

(a,h, C, b,ﬁ-)_’ (0.. L, <, (% b)a)



TROUNCATION OF A VERTEX

v

h(P)z h(@) +h(RY-h(@NR)
h(Q) +h (CF) = h (IF)
h(Q) + 3(F)—L(F)

h(Q) = h(PY+ h(F)-g(F)
|
dim P’F D CF)

SUGGESTS TRYING TO FIND SPACES FOR
h(P) AS SUBSPACES OR QUUTIENT SPSCES

oF 520Q)



CRUCIAL FACTS

* IF F (S A FACET CREATED BY TRUNCATING
A YERTEX THEN

{a] I @ 1S AN Z2-WEIGHT ASSOCIATED WITH

S
A (d-2)-FAcE G oF F }

= 5N, (F) lec4d-i
e ple)

" IF F, AND F, ARE EACH FACETS CREATED BY
TRUNCATING VERTICES U, AND v;, RESPECTIVELY,

AND IF a (5 AN 2-WEIGHT ASSOCIATED WITH A
(2-0)-FACE OF F, THEN el =0

{
2



THEOREM . SUPPOSE P 1S ALHOST SIMPLE
WITH VERTICES Vj,..,Vm. TRUNCATE THE
VERTICES TO oemw siHPLE Q WITH TRUNCATION

FACETS F,..., Fm.
LET Q (Q)" {aeﬂ (@) : a.l =0 ‘v’J}

THEN dim g 2,(Q)= h; ¢P), fﬂéie

d .
COROLLARY : dim'RQ;(Pk h; (P), [$]«i¢d.
1.E, NO NEED TO MODIFY DEFINITION Of
?-WEIGHTS FOR LARGE z',_

QUESTIONS . BASED ON INTUIITION FIRON

PeTELOCTION BOIOLOEY, .
o KO TUDSS TUD AFPRCPIIATE SPAILT ¢

04i¢l§) sHoulh WE USE

£:(@)= [Pd”‘] QJL(G) ¢

« \STHERD A LEFSZHETZ ACTION WHICH
IMELIES UNIMOEARLITY 07 h(F) ¢ (

» ~
* < | -



WHAT ABOUT GENERAL POLYTOPES ?

P: d-proLyrore
TRUNCATE O-FACES
|- FACES
2-FACE S

d-2)-FaceSs
TV OBTRIN SIMPLE @ = Tronc(P)

h(@eh(P)+ 2 [ h(2k Fit)-g(OkF ) hmunc F ¢)

F:F A PXE OFP

Feé g

F#£p .
m'
NONNECATIVE IF h unire?
o i~ ,(L. &

INTERFRETATION V(A WEIGHTS .?
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