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SOME NOTES ON TRIANGULATING POLYTOPES

Carl W. Lee

1. INTRODUCTION

Let P be a convex d-polytope with vertex set V. A subdivision
cf P is a collection of distinct d-polytopes § = {Pl,...,Pn}
whose union is P, such that the vertex set af each Pi is a sub-
set of V, and that PiﬂPj is a (passibly empty) face of both Pi
and Pj for all i,j. A subdivision will be called proper if n>i.
1 each Pi is a d-simplex, then we have a triangulation cf P.
The set of all the faces of all the Pi’ including the empty set
and each of the Pi themselves, will be called the set of faces
of the subdivision. Given two subdivisions S = {Pl""’Pn} and
T = {Ql,...,Qm}, we will call T a refinement of S if every Pi
is the union of some of the Qj. Denocte by X the callecticn of
all subdivisions af P. Place a partial order on I by writing
S<T if S and T are two different subdivisions for which T is a

retinement of S.

<. CONVEX POLYGONS

Consider the camplex Z for a canvex n-gon P, i.e. consider all
possible ways of choosing a st of noncrossing diagonals of P.
This is a simplicial complex of dimension n=4., Perles (141
asked whether Z is realizable as the boundary complex of some
canvex (n—3)—polytobe @. As background information, ha cited a
paper by Huguet and Tamari [4]1 in which this is claimed to te
true. They reference Tamari [13] and Friedman and Tamari (313.

We have naot yet had the cpportunity to check the first cf these



two papers, but Perles paints out that in the seceond a totally

different complex is shown to be polytopal.

Haiman tS] constructs the dual of the desired Q by abtaining a
~defining set of inequalities, one for each diagonal of the
n-gon. Subsequently, we ahproached this problem from the point
of view of Gale diagrams (?1, which led to the following con-
struction: Label the vertices of P from O to n-1 consecutively
around the perimeter. Also, let A be the boundary complex of
any (n=3)=-dimensigcnal simplex and number its vertices from 1 to
n-Z. Consider the collection S of all sets of consecutive inte-
gers of the farm (i,i+l,...,j}, where 1¢i¢jsn=-2, excluding the
set (1,2,...,n=22. On the one hand, each member of S corre-
spands to a diagonal of P, that joining verticaes i-1 and j+1.

On the other hand, each membar of S correspands to a face aof A.

Order the members of S, Fi""’Fm’ saQ tha# i<j whenever FJCFi'
Starting with a, perform stellar subdivisions of the faczs cor-
responding to Fl""’Fm in thatvcrder. The resulting complex is
isomarphic to Z and is easily seen to bae pPolytopal. Becauses the
number of triangulations of the n-gon, and hence the number of
fa&ets of @, is a Catalan number, we have chosen to call Q a

Catalan peclytope. In fact, a more general construction tech-

nique allows us to conclude the following:

Thegrem 2.1: Let P be a convex paolygan. Then X is realizable as
the boundary complex of same conve:x simplicial (n-3)-polytaope
Q. Morecver, for any convex (n=3)~palytaope R with at mes: n
verticas, tHere exists a subdivisicn of its boundary comple:
that is iscmorghic tc Z. If R is simplicial, the sutdivi;z:n is

achievable by a sequence of stellar subdivisions.
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One can in fact construct Q@ to reflect gecmetrically the symme-

try of a regular n-gon:

Theorem 2.2: There exists a realization of @ such that there is

an orthogonal group of transformations acting on Q that is isao-

morphic to the dihedral group.

The f-vector and the h-vector of @ are alsao of interest. The
f-vaector is given by the formula of Kirkman [71 and Cayley (21,
but can be derived easily once ane has determined the compo-

nents of the h-vector.

Thecrem 2.3: Far the polytope Q,

= 1 n-3, ,n—1 e
hl A=T ( i )(i""l)’ 0¢i¢n-3,

= _1 n=3, ,n+j-1 -
fj_l = m=r ! P )¢ j*1 )y 0£3¢n-3.

The components aof h(Q) can be interpreted in terms of same of

the many problems isaomorphic to that of triangulating an n-gan.

Suppose we have a subdivision af some convex d-polytope P and
we consider the combinatorial complex obtained by joining every
face of the subdivision that lies on the baoundary of P ta a new
peoint z. If the resulting ccmplex is iscmorphic to the baoundary
complex of saome convex (d+1)-polytope P*, then we will call the
subdivision pglyhedral. In this case, the complex of facaes in
the subdivision carresponds to the complex of faces of P* nat

containing =z.

Thecrem 2.4: Every subdivision of a convex n-gon P is palyhe-

dral.



This is trivial to see: Think af P as being made of paper, and
imagine creasing it slightly along the diagenals of the subdi-
vision, introducing a new paoint z above the palygon, and taking

the convex hull.

It is also clear that every triangulation of P can be con-
structed by starting with a triangle, and then successively ad-
ding an triangles, esach cna being glued along one edge to the

convex camplex of preceding triangles.

This can be genéralized to a method of triangulating arbitrary
convex d-polytopes described by Billera and Munsan (11 in the
mare general context of ariented matroids. (See also.EIO].) The
vertices aof the pclytope_P are ordered and successively "placed"
into position, and at each stage the convex hull af the currently
placed vertices is praovided with a triangulation. Intuitively, as
each new vertex Vi is "placed," the current triangulation is ex-
tended by constructing a simplex with apex Vi and base F for
every face F of the present triangulation that is "visible" from
Vier We will say that the resulting triangulation S of P is var-=

tex-placeable. Sc we have the trivial result:

Thegrem 2.35: Every triangulation of a convex palygon is vertex-

placeable.

Further, Billera and Munsan prove the faollowing:

Thecorem Z.6: Every vertex—-placeable triangulation of a convex

¢-pclytope is polyhedral. ( T thing (Po(}'m)‘heémg — V@%LQ}’U/\Z\



3. POLYTOPES WITH FEW VERTICES

By @ polytope with few vertices we mean a convex d=-polytope

with d+1, d+2, or d+3.vertices. Since the case of a convex
d-palytope with d+l1 vertices is trivial, we assume that we have
a d-polytope P with d+2 vertices. Consider any praper subdivi-
sion S of P. Then S must be a triangulation. Choase any simplex
in the triangulatiaon, which is the convex hull of d+! vertices.
Any facet of this simplex that is not on the boundary of P must
be the base aof another simplex whose apex is the remaining
(¢+2)" vertex of P. This implies that the triangulation is

completely determined by the initially given simplex, and that

¥

Checase a point O in the interior of P in affinely general posi-

it is vertex-placeable.

meaning ok

tion with respect to the vertices of P, and regard the vertices
of P as the Gale diagram [4,13] of a set of d+2 distinct pcoints
in Rl. Since the convex hull of these points is 1-dimensianal,
it has two facets, implying that there are exactly twg d-simp-
lices cantaining O formed from the vertices of P. Hence F ad-

mits exactly twa triangulations.

Now lat P be a convex d-polytope with d+3 vertices, and let S be
any subdivision of P. If we join the original faces of F ta a new
peint z, the resulting complex is taopologically a d-sphere with
d+4 vertices. Hence by Kleinschmidt (83 and Mani {111, this com-
plex is realizable as the boundary complex of saom2 convex

1
(d+f%-pclytcpe P*, shaowing (after "pulling" z) that the criginal
subdivisicn is palyhedral. If we consider the Galae diagram of P
and remcve the point z° carrasponding to z, tha resulting config-

uration will be a Gale diagram for P.
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"Assume now that S is a proper subdivision that is not a triang-
ulation. Suppose we want to find a refinament of S. Then there
must be some Pi of S which is the convex hull of d+2 vertices
that 1s to be further subdivided. But there are only two ways
of doing this, and both are triangulations and vertex-place-
able. Alsa, each face in this triangulaticn of Pi that does not
lie on the boundary of P must now become the base of a simplex
with apex being the (d+3)rd vertax. This implies that S has ex-

actly two refinements, both vertex-placeable triangulations.

Let V' be a Gale transform of the vertices of P. Choose a new
point z° cn'the unit circle centered at the origin and regard
the result as the Gale diagram of a convex (d+1l)-polytope p*

with d+4 vertices, cne of which is the vertex 2z carrespanding
toc z'. Then the complex A af faces of P* that do not contain =
is a topolaogical ball. One can show that A is iscmarphi: to a
pProper subdivision of P (see McMullen [121), and that as =
moves around the unit circle, all such subdivisicons arise in

this way.

From the abave discussion, we may deduce:

Thecrem 3S.1: Let P be a convex d-polytope with few verticss.
Then all subdivisions of P are polyhedral, and all triangula-

ticns of P are vertex—-placeable.

We alsc have the analague of Catalan peclytopes for pclytopes

with few vertices:

Thearem JI.2: Lat P be a convex d-p2lytope with n vertices,

whara d+lind{d+7. Then Z is realizable as the becundary complex

of scme simplicial ccnvéx (n-d—-1)-polytope Q.



4. GENERAL POLYTOPES
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Both of the above rasults can break down if we have a convex
d-polytope P with n vertices Qhere d>2 and n>d+3. Consider the
S-polytope that is a triangular prism with six vertices
c,D,E,F,G,H, triangular faces CDF and HGE, and sﬁuare faces
CDGH, DFEG, and FCHE. Placa a new vertex B just above the face
CDF and take the canvex hull. The resulting polytope P admits a
subdivision R into three square-based pyramids BCDGH, BDFEG,
BFCHE and one simplex BHGE. Each of the pyramids can be triang-
ulated independently, which allaws one to construc: a chain
R<(S<TKU of four distinct proper subdivisions. Thus I cannot be

isomorphic to the boundary complex of any convex palytope of

dimension n-d-1=3,

Naw take P and twist the triangle CDF slightly so that the
threze square faces decompose into the six triangular faces CEGD,
CGH, DEF, DEG, FHC, and FHE. Think of each of the square faces
as expanding into a tetrahedron. This new polytope P’ can be
triangulated into simplices CDGH, DFEG, FCHE, BDHC, BDHG, BFGD,
BFGE, BCEF, BCEH, and BHGE. If the boundary faces are ncw
joined to a new point A, the resulting triangulated J-sphere is
dual to the Brickner sphere, which is not polyteopal -—- see
Grinbaum [4, pp.222-2241. Thus P’ has a nanpolyhedral (and
hence non-vertex-placeable) triangulation. This triangulaticn

was discoverad in a conversation with Kleinschmidt,

Some ideas of the previous sectiaons do carry over to some ex-—
tent, however. Let P be a convex d-palytope with n verticzs and
chacse a new peint Q in the intericr of F in affinely general

pasition with respect ta the verticee of P, Then treat the ver-
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tices of P as the Gale diagram of some set of n peoints whaose con-

-

vex hull is a simplicial’'convex (n-d=-1)-polytope Q. One can de-
fine a surjection from the collection of subdivisions of P anto
the collection of faces of @ such that if S and T are two subdi-
visions with S<T, then the image of S is contained iﬁ (possibly
equal ta) the image of T. If one first selects any two different
subdivisions, by a judicious chaoica aof O cne can obtain a @ for

which these two subdivisions are mapped onto different facss.

Qne can also take a Gale transform V' of the vertices of P and
consider the unit (n-d-2)-sphere centered at the arigin. For
every choice of a point z' an this sphere, there is an assccia-
ted polyhedral subdivision of P exactly as in the case of
d-pclytaopes with d+3 vertices [12]. The sphere can be parti-
tioned into regians corresponding to identical subdivisiens,
and in this manner one can construct a spherical complex of

some (but not necessarily all) subdivisions of P.
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