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A COMBINATORIAL COMPUTATION OF THE FIRST
PONTRYAGIN CLASS OF THE COMPLEX
PROJECTIVE PLANE

ABSTRACT. This paper carries out an explicit computation of the combinatorial formula of
Gabrielov, Gel'fand, and Losik for the first Pontryagin class of the complex projective plane
with the 9-vertex triangulation discovered by Wolfgang Kiihnel. The conditions of the original
formula must be modified since the 8-vertex triangulation of the 3-sphere link of each vertex
cannot be realized as the complex of faces of a convex polytope in 4-space, but it can be so
realized by a star-shaped polytope, and the space of all such realizations is not connected.

0. INTRODUCTION

In a series of papers [24]-[26] in the 1940s, L. S. Pontryagin defined and
studied ‘characteristic cycles’ on smooth manifolds. In the introduction to
the first paper of the series, he stressed the importance of having ‘a definition
of characteristic cycles which would be applicable to combinatorial mani-
folds’ since it would provide an algorithm for their calculation from ‘the
combinatorial structure of the manifolds’. In the late 1950s, Réne Thom
[33], and independently Rohlin and Sarc [28], proved that the rational
Pontryagin classes are combinatorial invariants, and in the 1960s. S. P.
Novikov [23] proved that these classes are topological invariants.

No combinatorial formula for Pontryagin classes was proved until the
mid-1970s, when Gabrielov et al. [6], [7] established a formula for the first
Pontryagin class p,(X) of a combinatorial manifold X. The formula ex-
presses p;(X) in terms of the simplicial structure of X and some additional
structure imposed on X, so in this sense the formula is not purely
combinatorial. R. McPherson [18], N. Levitt [16], and D. Stone [30] have
interpreted this formula from different viewpoints. Gel'fand and MacPher-
son [9], [19] have recently announced a combinatorial formula for the
Pontryagin classes which holds in all dimensions. In none of these papers is
the formula computed for any non-trivial example.

In this paper, we carry out an explicit computation of the Gabrielov—
Gel'fand-Losik formula for the first Pontryagin class of the complex
projective plane with the simplest possible combinatorial structure, the
nine-vertex triangulation CP3 discovered by Kiihnel [13], [14]. We present
an algorithm that can be used to calculate the ‘combinatorial part’ of the
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formula for an arbitrary combinatorial manifold. The ‘non-combinatorial
part’ of the formula requires a close examination of a particular eight-vertex
triangulation M of the 3-sphere which is the link of each of the nine vertices
of CP3. This triangulation M, studied by Griinbaum [11] following classical
work of Briickner, cannot be realized as the complex of faces of a convex
polytope in 4-space. But we show that M can be realized as the complex of
faces of a star-shaped polytope in 4-space. Moreover, we will show that the
space of all such (orientation-preserving) realizations is not connected, so
CP3 violates the connectivity hypothesis made by Gabrielov et al. in the
proof of their formula (condition (A) of [7]).

The paper is organized as follows. Sections 1-4 contain a brief exposition
of the formula for the first Pontryagin class, in the original form presented
by Gabrielov er al. [7] (cf. also [30]). We set notation and establish some
general facts about the required additional structure on X: hypersimplicial
sections and configuration data. After stating the formula, we show how
work of Kuiper [15] can be used to remove the connectivity hypothesis of
Gabrielov et al. if the dimension of X is 4.

Roughly speaking, hypersimplicial sections are chains in a cell complex
A(X) associated to the combinatorial manifold X. The boundaries of these
chains reflect the cell structure of D(X), the dual cell complex of X. In
Sections 58 we give an algorithm for finding hypersimplicial sections. This
algorithm is purely combinatorial and is easy to implement on a computer.

There is no such general algorithm for the configuration data required for
the formula. In Section 9-11 we construct these data for the Kiihnel
triangulation of the complex projective plane. We make considerable use of
the simplicial automorphism group of this triangulation. We also investigate
the Briickner—Griinbaum triangulation of the 3-sphere.

In Section 12 we apply our algorithm to produce hypersimplicial sections
for the Kiihnel triangulation, and then we plug these sections and the
configuration data into the formula for the first Pontryagin class. A
computer-aided computation verifies that the formula gives the expected
answer. The final section contains some remarks and questions.

This work was done as part of the author’s PhD thesis at the University
of Georgia (May 1987). I wish to express my gratitude to my adviser Clint
McCrory for his help and guidance; to the Mathematics Department of the
University of Georgia for its hospitality and challenging atmosphere; to the
College of Civil Engineering in Belgrade for granting me a long leave; and
last, but not least, to my daughters Zorka and Isidora for their innocence
and understanding.
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1. FLATTENINGS AND CONFIGURATIONS
Let L be a triangulation of a k-sphere, and let cL be a simplicial cone over L.
(1.1) DEFINITION. A flattening of L is an embedding
YicL— R¥*!

which maps the cone vertex to the origin and which is linear on simplices
of ¢cL.

Note that a flattening is uniquely determined by the images of the vertices
of L. Using this, it is easy to see that the set of all flattenings of L has a
natural (smooth) manifold structure (as an open subset of (R * 1) {verticesofL}y
We denote this manifold by F(L). The general linear group GL,, , acts on
F(L); the quotient space CF(L) is called the configuration space of L, and its
elements configurations.

Not very much is known about CF(L):

(1.2) if dim L = 1 then CF(L) is contractible;

(1.3) if dim L = 2 then CF(L) is path connected;

(14) if dimL >3 CF(L) can be empty; if nonempty it can be
disconnected.

Statement (1.2) is trivial, but (1.3) is not; this is proved by Cairns [4]. The
first part of (1.4) is also due to Cairns [2], and we shall verify the second
part in Section 10.

Now, suppose that L is a combinatorial manifold, |L| = S* If p is a vertex
of L then its link L' = Lk(p, L) is a triangulation of a (k — 1)-sphere. There

is a map n,; CF(L) —» CF(L’) sending the configuration of L represented by
a flattening

Vel — R
to the configuration m,() of L' represented by the composition
(1.5) ¢l ccL ¥ R — R** ! /y(p) = R*.

Note that, unless = is specified, this composition is not well defined.
However, flattenings obtained from different choices of =~ are equivalent
under the action of GL,, hence the composition (1.5) represents a well-
defined configuration of L'.

Let F,(L), r = 0, be the subset of F(L) containing all € F(L) such that
the number of subsets S of {vertices of L} with the property

[8| = k + 1 and y(S) is linearly dependent
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is at most r. Let CF,(L) be F,(L)mod GL,, ,. In addition to CF (L) (which
we call generic configurations) we will need CF (L) only.
Note that 7 ,(CF (L)) < CF(L').

2. HYPERSIMPLICES

(2.1) DEFINITION. Let p, q be nonnegative integers. The standard hyper-
simplex AP of type (p, q) is the convex polyhedron in R?*4*2 defined by

AP =0, 177792 {Z X, =q+ 1}.

Note that:

(a) dimA”"=p + q 41,

(b) A™? and A?” are isomorphic under x+— x’ where x} = 1 — x;. Ifp+gqg
is even this isomorphism preserves orientation; if p+q is odd it
reverses orientation.

(2.2) EXAMPLES. (a) A" is the standard (p + 1)-simplex.
(b) A'! is a solid octahedron.

(2.3) Let Z and A be disjoint subsets of {1, 2, ... ,m}, and let
n+1—-|Z|<|Al<n+1,n<m
Let

AZ A=[0,11"n{x;=0,i¢AVZ} n{x;=1 ied}n{Yx,=n+1}.

Then A, (Z, A)is isomorphic to A, _14/(Z, ) and hence is a hypersimplex of
the type (p, q) where

q:n—'AL
p=1Z]—q—2.

An orientation of A, (Z, A) (i.e. an orientation of A,_4(Z, @))is determined
by (the parity of) an ordering of elements of Z. Note that A,(Z, A) is a face
of the standard hypersimplex [0,1]" " {Ex, = n + 1}.

On the other hand, it is easy to see that every face (of positive dimension)
of A=[0,1]"n{Zx; = n + 1} is of the form A,(Z, A) (each face of A is an
intersection of a face of [0,1]™ and the hyperplane {Zx,;=n+1}). If
S<{L2,...,m},|S| = n + 1, let A(S) denote the point x = (x,), where x;=1
if ieS, x; = 0 otherwise.
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(2.4) PROPOSITION. There are natural correspondences:

() {vertices of A} = {A(S):S={1,2,...,m},|S|=n + 13,
(i) {k-faces of A} ={A,(Z, A):Z, A< {1, 2,....ml, ZNn A=,
Zl=k+1Ln—k<|d <n+1),
(iti) {orientations of A,(Z, A)} = {parity classes of orderings of Z}.

Moreover, A,(Z, A) is a face of A(Z', A) if and only if
A2 A, AvZcCcAVZ.

(2.5) PROPOSITION (Gabrielov et al. [6, Prop. 5]). The boundary of an
oriented hypersimplex is given by

k
D) 3, (2o rzh A=Y (=1YA(zgp s 20,2}, A)
i=0

k
— Y (=D)A(zg0ees2es 2}, AU{Z))
i=0

if k> 1, where, if |A|=n —k + 1 (resp. |A| = n) the first sum (resp.
the second) is empty.
(i) 0A,({z¢, 2,}, A) = MAU{z,}) — A(4 U {z,)).

3. HYPERSIMPLICIAL SECTIONS

Let X be an n-dimensional combinatorial manifold. Consider the following
standard hypersimplex:

A = [0, 1]""(\{2 xv=n+l}

verX
where vK denotes the set of vertices of a simplicial complex K.
(3.1) DEFINITION. A(X) is the subcomplex of A consisting of all
A(vLko, vo), 0eX

and all their faces. A(X) is a cell complex, with cells of the form A(Z,
A)= A, (Z, A) where A 2 ve, AU Z < vSto for some geX.
Let

Cy = C,(AX); R)

be the group of cellular chains with coefficients in R (R = Z or R = Q).



258 LAZAR MILIN

(3.2) Let X’ be the first barycentric subdivision of X. For every o € X define
its (closed) dual cell by

Do = {reX':3peX, 1 < p, 6 N p = the barycenter of s}.

Then DX = {Do:0€X} is a cell complex and |DX| = |X|.

Assume that every cell of DX has some orientation (the vertices of DX,
i.e. cells dual to n-simplices of X are assumed to be positively oriented). Then
incidence numbers ¢, of dual cells are defined. For every geX,
0Dg =Y .., &, Dt holds (compare with condition (iv) below).

(3.3) DEFINITION. A collection {Bs:geX} < C, is called a hypersim-
plicial section of X if it satisfies the following conditions:

(1) Boeccodima’

(i1) the support of Bo is contained in A(v Lk g, vo),
(i) if dimo = n then Bo = A(vo),
(iv) 0Bo =Y. ¢, Bt

t>a %ot

If k < n, a collection {Bo:o€X, codimo < k} satisfying conditions (i)—(iv)
for all ¢ of codimo < k is called a hypersimplicial k-section of X.

(3.4) PROPOSITION. For every k=0, 1,...,n there exists a hypersim-
plicial k-section of X.
Proof. First note that if codim o > 0 then A(v Lk o, v0) is a ball, hence

(35) Hcodima(A(U Lk g, UO'); R) =0.

The proof is now by induction on k. If codims = 1 then Bo is uniquely
determined by (i)—(iv) (and will be of the form Bs = +A(vLko,v0)). If
codimo > 1 then the existence of Bs follows from (3.5), the assumed
existence of Bt for 1 > ¢ and the fact that

o <Z sﬂB‘c> =0.

(3.6) The construction of Bo is local: we are using only Bt, ¢ < 1. There
are several ways to make it canonical (i.e. to describe an algorithm for
constructing Bo using the combinatorial structure of Lk ¢ and nothing else).
One such canonical construction is described by Gabrielov et al. [7] (see
also MacPherson [18, p. 113]), but in Section 5 we will describe another
which is easier to implement on a computer (all work with R = Q only).
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4. THE FORMULA
Let X be a combinatorial n-manifold such that the configuration space

CF(Lk 0) is nonempty for every 6" *eX.

(4.1) REMARK. There are combinatorial manifolds for which this is not
true (e.g. a suspension of Cairns’ example [2] of a triangulation L of $* with
CF(L) empty); however Whitehead [34] proved that every combinatorial
manifold has a subdivision with nonempty configuration spaces of all links.

(4.2) DEFINITION. Let oeX, codim o =4, and let y be a generic
flattening of Lk ¢. Define a homomorphism
CW):C(AX); R)—~Q
specifying its values on the generators A(Z, A) of C, as follows:
(i) If A(Z, A)is a type (1, 2) face of A(v Lk a, vo) then
Z =1{zy,...,24) Svlko, A =vo U {a},acvlko.
Consider the following ten bases of R*:
Wiz, 24, 2,,a}, 0<a<f<y<4
Let # = number of these having the same orientation, then

(=D*
48

(i) If A(Z, A)is a type (2, 1) face of A(v Lk o, vo) then

CU)A(Z, A) =

Z={zy,...,24} SvLlko, A =vo U {ay, a,}, ap, a,evLka.
Consider the following ten bases of R*:
Yiz,, 25, a0, a;}, O <a<f<4
let # = number of these having the same orientation, then
_(__ 1)#
48
(i) C(UYA(Z, A)) = 0 otherwise.

_ Note that C(y) depends only on the GL, orbit of yeFy(Lko). If
YeCFy(Lk o) define C(y) to equal C(y) where i is any flattening
representing the configuration .

CHUNA(Z, A) =
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(4.3) DEFINITION. Let teX, codimt = 3, and let 0:[C, 1] — F (Lk 1) be
a path with endpoints in Fy(Lk 1) containing only finite number of points
in F; — F,. Define a homomorphism

C(0):C4(AX); R) > Q
specifying its values on the generators A(Z, A) of C, as follows:
(1) I A(Z, A)is a type (1, 1) face of A(v Lk 7, vt) then
Z={zy...,23} Svlkt, A=vtu{a), aevlkr.

Consider the cross-ratio k(t) of 0(t){zy, z;, z,, z;} mod O(t)(a): if P,
i=0,...,4 are points of R>-— {0}, the cross-ratio k of
PoPP,Pymod P, is k = r ,ros/ro,r 3 wWhere

PZ

[Po]_[roz Fos "04} P
= 5 |

P, Fia Tz Tig P,
Note that if k(1)e {0, 1, co} then 0(t)¢ Fo(Lk 7). Let u, = number of
times k(t) passes through one of 0, 1, or oo in the direction
—0—1- 00—, and let y_ = number of times it passes through one
of these in the opposite direction (both as ¢ increases from 0 to 1).

Then

CO)A(Z, A)) = ‘”—2_4“—‘.

(i) C(OXA(Z, A)) = 0 otherwise.

Similarly as before, if 0 is a path in CF,(Lk 7) with endpoints in CF,
containing only a finite number of points in CF, — CF,, set C(0) = C(0)
where 0:{0, 1] - F is any path such that the diagram

F,(Lk 7)

A

[0, 11 —% = CF,(Lk7)
commutes.
(44) For each ¢" /eX, j=3, 4, choose a generic configuration
¥, € CFy(Lk o). Then for each pair ¢" % < 1"~ we have two configurations

of Lk, and mp, where CFo(Lk 6)> CFy(Lk 1) is the projection
described in (1.5). Choose a path (7,”:[0, 1] - CF(Lk 1), such that
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(7m(0) = 17/” '0,,,(1) = nz}a. Finally, choose a hypersimplicial 4-section
{Bo:a" X, j < 4} of X.
Let

@sy pP=Y ':C(J,,)Bo + Y s,,,C((I,,)Br](Da)*
g" 4 " 3>¢

where (Do)*: C,(DX; Q)— Q is defined by (Do)*Dt =4,.(=1 if 6=1, 0

otherwise). (For a discussion of the formula, see [30].)

(4.6) THEOREM (Gabrielov —-Gel'fand—Losik). Assume

(A) for every 6" *eX, CF(Lk 0) is connected,
(B) for every 6" *eX, CF(Lk o) is simply connected.

Then

(i) P is a cocycle in C*DX; Q);
(ii) its cohomology class [P]e H*(DX; Q) is independent of the choices
made in (4.5),
(i) If X is a smooth triangulation of a smooth manifold X then [P] is the
first Pontryagin class of X.

(4.7) REMARK. We do not know whether CF(L) is simply connected for
every triangulation L of $%. Strong supporting evidence is provided by the
following result of Bloch et al. [1]: Let L be a triangulation of $? and let
o?eL. Then the diagram space of (L,0) (=the space of all simplexwise
linear homeomorphisms L-int ¢ — A?) is contractible.

On the other hand, we have an example of a triangulation L of S3 such
that CF(L) is disconnected (the link of a vertex in the combinatorial
manifold X to which we wish to apply the theorem, see Proposition 10.5).
But, if dim X = 4 then assertion (A) can be removed from the theorem. We
need the following smoothing result of Kuiper [15].

(4.8) THEOREM (Kuiper). Let X be a combinatorial n-manifold such that
CF(LK p) # 0 for every vertex p of X. If

(49)  m_(CF(Lk 6))=0, all ¢*eX, all k >0

then for every choice of t/7,,€ CF(LKk p) there exists a smooth structure on
X = |X| with the following two properties:

(1) the triangulation of X by X is a smooth triangulation;

(i) for every vertex p of X the natural configuration of Lk p (in the tangent
space T,X) and the configuration v , belong to the same component of
CF(Lk p).
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REMARK. Part (i) is a particular case of Kuiper’s theorem 4. Part (ii)
follows easily from his method of proof: he starts with an arbitrary collection
of flattenings (Brouwer charts in his terminology) at vertices of X and
applying carefully chosen homotopies obtains a collection of smoothly
compatible charts. The key is his Lemma 3.3 which makes it possible to
choose required homotopies f, so that the first derivatives of /f; depend
continuously on ¢, thus providing a path from ¥, to the natural flattening
of Lkpin T,X.

(4.10) COROLLARY. If dim X = 4 then Theorem 4.6 holds without asser-
tion (A); moreover (iii) does not require smoothness of a triangulation.

Proof. Conclusion (i) is trivially true. The proof of (iii) by Gabrielov et
al. uses only the following consequence of assertion (A): the natural
configuration of Lk o (in (T X(To),, b = the barycenter of o) and the chosen
configuration l/Z, belong to the same component of CF(Lk ¢) for every
" *eX.

Note that conditions (4.9) are satisfied (cf. (1.2) and (1.3)) so, by the
Kuiper theorem, [P] is the first Pontryagin class of some smooth structure
on |X|. The remark that a PL 4-manifold has a unique smooth structure
(Cerf [5]) finishes the proof.

5. AN ALGORITHM FOR HYPERSIMPLICIAL SECTIONS:
INTRODUCTION

We want an algorithm for computing B, 6" “eX, k < 4 using only the
combinatorial structure of Sts, so all computations are to be done in
A,(v Lk 6, vo) which is isomorphic to A,_ (v Lk o, &) (cf. (2.3) and (3.3)).

(5.1) LEMMA. Let C,= C,(A(v Lko, vo); Q) be the group of hypersim-
plicial chains. Then there is a homomorphism I': C p—1— C, such that

(i) 0I'0 = 0 where 0:C,— C,_, is the boundary operator,
(i) T is invariant under the action of the symmetric group S,i., (i.e.
I'g = gI" for every geS,1xo).

Proof. C,and C,_, are vector spaces over Q. Let {b,},.; be a basis of C,.
Then {0b,},.; span C,. Let J < I be such that {b,}, is a basis for aC,;
define a homomorphism I'y:0C, — C, by I'y(db)) = b;, jeJ, and extend it
arbitrarily to a homomorphism I';:C,_, —» C,. It is easy to see that I',
satisfies (i). Then I is the average of {gT'og ™", g€ S, i s}
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(5.2) PROPOSITION. Let {Bt:t€X, codim t < k} be a hypersimplicial
(k — 1)-sectionof X and let I':C,_, — C, be as in (5.1). Then, if codimo = k

Bo=T < y s,,,Bt)

satisfies conditions (1)-(iv) of Definition 3.3.

Note that in the case k = 1, Bo is already determined (cf. the proof of
Proposition 3.4).

A natural basis for the vector space C, consists of all p-dimensional faes
A(Z, A) of A, (vLka,v0), so we will determine I': C,_, - C,, k=2,3,4,in
terms of these natural bases. Since I is invariant under the action of S,
it suffices to determine I'A(Z’, A) for one representative A(Z', A’) of each
type of (k — 1)-dimensional faces of A,(vLkag,vs) (there are k — 1 types

(pp+q+1=k-1.

(5.3) Thus, our algorithm for computing Ba, codim ¢ = k, consist of a list of
formulas

(54) TAZ, A=Y w(Z, 4; Z', ANZ, A),
Z,A

one formula for each type of (k — 1)-dimensional hypersimplices. Then, if

(5.5) Y e,.Br=Y %Z, A)NZ, A).
VAN 4

T>08

Bo can be obtained as

(5.6) Bo = Z WZ', AYTAZ, A).
ZzZ' A
{Bc} obtained using this algorithm are simplicial invariants. More pre-
cisely

(5.7) PROPOSITION. (i) Bo is independent of the orientations of Drt, T # o;
a change in the orientation of Do results in the multiplication of Bo by —1.

(i) If g:vSte — vSt(go) is a simplicial isomorphism then B(go) = ¢,gBo
where ¢, = +1 if orientation of D(gyo)= g(orientation of Do), ¢, = —1
otherwise.

Proof. (i) A change in the orientation of Do results in the change of the
sign of all ¢,,, 0 < 7, and all ¢,,, 0 > . The proof now proceeds by induction
on codimo.

(i1) B(go) and Bo differ only in the names of vertices and (possibly) in the
orientations of Dgo and De. The proof is again by induction on codim g,
using the fact that I' is S, , , invariant.

t0°
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Before explicitly stating formulas for the s we need to introduce some
notation, useful in dealing with actions of finite groups on ‘subscripts’.
(Think of Z, A as subscripts for a, 7, A in (5.4)—(5.6).)

6. NOTATION: TWISTED GROUPS AND FORMAL SUMS

(6.1) DEFINITION. A twisted group G is a group G together with a
homomorphism ¢: G — {1, — 1} where {1, —1} is considered as a multiplica-
tive group.

(6.2) EXAMPLE. (i) Every group G has the trivial twisting: &(g) = +1, all
geq.

(ii) §x- the symmetric group on a finite set X, with the usual twisting
ex(9) = (—1)"®, n(g) the parity of the permutation g.
(iii) Every subgroup of a twisted group G (in particular every subgroup
of Sy) can be made twisted by restricting the twisting of G.
(iv) Let A(Z, A) be a face of A(v Lk o, &) and let G 4 be the subgroup of
Svaa
Gza=1{9€S,1.09Z = Z, gA = A}.

Then

Gz.a=1{ghihy:geS,, hyeS,, hy€S,1ka-2- 4}
and we can define GZ,A by

¢z,4(gh1hy) = £2(9)

where ¢, is the usual twisting of §,. This means that, for g€ Gy 4,
¢z.4(9) = +1ifl g preserves the orientation of A(Z, A), ¢; 4(9) = —1 other-
wise (cf. Proposition 2.4(iii)).

(6.3) If M is an element of the rational group ring of S, (i.e. if M = Zr,.g,.,
rie Q, gie SuLka’) let

MA(Z, A) = Z riA(g,Z, g;A)

and similarly for anything else indexed by (a collection of) subsets of v Lk &
(e.g. «(Z, A), etc.)
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(6.4) DEFINITION. Elements of the rational group ring of S, , are called
Jormal sums (of permutations). If M and N are two formal sums, MN will
denote their product (in general MN # NM), so that, for example

(MN)A(Z, A) = M(NA(Z, A)).

(6.5) EXAMPLES. (i) If G is a twisted group we will use the same symbol
G to denote the formal sum Y pec E(9)g.

(i) Gz,;q = §ZSA§vaa—Z—A;
SxSy =0 = 5,5, for every finite set X.

(i) If H is a subgroup of G and &y = &gy then GH = HG = nG where
n = |H| is the size of H.

7. FORMULAS FOR I'’s

Recall (from (5.4)) that
TNZ', A)Y= ) Z, A; Z', A)AZ, A)

Z,A

and that the I'’s are invariant under the action of S, ,. This means that if
g€ Gy 4 then

a(gZ9 gAa Z,: A,) = CZ',A'(g)a(Za A; ZI’ A’)’
ie. that «(Z, A; Z', A’) depends only on the ‘orbit’ Gz,, 1+A(Z, A) so we can

TABLE I
r-¢,-c¢c,
'A(12, 3)
2(m — 3, Z,, A,
— 1/m 123,0
(m = 3)/m 134,0
—(m=3)[mm—1) 1234
(m~3)(m-1) 1243
(m — 3)/m{m — 1) 1342

[(m — 3)(m — 4))/m(m — 1) 134,5
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TABLE 1
r-c,—»cC,
(a) TA(123,9)
3 m — 4ty Z, A,
1/m 12340
—(m—4)/m 12450
(m—4)/m(m—1) 1234,5
—{m—4)/[(m—1) 12354
—(m—4)/m(m— 1) 1245,3
— [(m — 4)(m — 5)}/m(m — 1) 1245,6
[(m — 4)(m — 5))/m(m — 1)(m — 2) 1234,56
— [(m — 4)(m — 5)]/(m — 1)(m — 2) 1235,46
— [2m — 4)m — 5)]/m(m — 1)}m —2) 1245,36

— [(m — 4)(m — 5)¥m — 6)}/m(m — )(m—2) 124567

(b) TA(123,45)

3 m — )y, Z;, A,

— [(m — 4)(m — 5)]/2(m — 2) 1236,45

write
(1.1)  TAZ, A)=Y «,G, ,AZ, A).
iel
Here I is the set of Gz 4 orbits of hypersimplices A(Z, A), A(Z;, A,) is a
representative of the orbit i, and

1
o, =—aoZ,, A; Z', A,
m,;
where m; is the number of elements of G, , leaving A(Z;, A) fixed
(m; = |Gz 4 " Gy, A.

Since A,(v Lk, vo) is isomorphic to A,_,(v Lk o, &), codime = k (the
isomorphism: A(Z, A)«A(Z, A —vo), cf. (2.3)) and A, _,(vLko, Q) is
isomorphic to A, _,(m) = A,_ (12...m,F) where m = [vLk o} we present
formulas for

G (Bi— 1 (m); Q= C (A (m); Q), k=12,3,4

in the form prescribed by (7.1). Note that m >k (since
m=|vLka| > 1 + dimLko = codimg = k).
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TABLE 11
r:C,-»C,

(a) TA(1234,5)

4(m — S)la Z,, A;
— l/m 123450

(m — 5)/m 12356,0
~{(m — 5)fm(m — 1) 12345,6

(m—5)/(m— 1) 123465

(m — 5)/m(m — 1) 12356,4

[(m — 5)(m — 6)}/m(m — 1) 12356,7
— [(m — 5)(m — 6)]/m(m — 1)(m — 2) 12345,67

[(m — 5)(m — 6)}/(m — 1)(m — 2) 12346,57

[2(m — 5)(m — 6))/m(m — 1)(m — 2) 12356,47

[(m — S)(m — 6)(m — T))/m{m — 1)(m — 2) 12356,78
— [(m = 5)X(m — 6)(m, — T))/m(m — 1)(m — 2)(m — 3) 12345,678

[(m — 5)(m — 6)(m — T)]/(m — 1)(m — 2)(m — 3) 12346,578

[3(m — 5)(m — 6)(m — TY}/m(m — 1)(m ~ 2)(m — 3) 12356,478

[(m — 5)(m — 6)(m — 7)(m — 8))/m(m — 1)(m — 2)(m — 3) 12356,789
(b) TA(1234,56)

4 (m — S)la; Z;, A;

[(m — 5)(m — 6)1/2(m — 2) 12347,56

[(m — 5)(m — 6)(m — 7)]/2(m — 2)(m — 3) 12347,568
(c) TA(1234,567)

4(m — S)lo Z,, A

[(m — 5)m — 6)(m — 7)}/6(m — 3) 12348,567

8. ON THE PROOF OF THE FORMULAS FOR I'’S

Let C,=C,(A,_,(12...m, &), Q) be the group of hypersimplicial chains.
We are looking for I': C, _, — C, satisfying the conditions of Lemma 5.1:

8.1 oro =9,
8.2) I'g = gl" foreverygeS,, ...

Condition (8.2) implies that it suffices to determine ['A(Z, A) for one
representative of each S, ,, orbit of (k — 1)-dimensional hypersimplices, i.e.
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for one representative of each type of (k — 1)-dimensional hypersimplices.
Moreover, it implies that I'A(Z, A) is of the form

(83) TAZ A=G,,Y %AZ, A)
iel

where Gz, 4= §ZS 4S2.m—z—a, L is over I = collection of all nonzero
‘orbits’ Gz, 4A(Z', A') of k-dimensional hypersimplices, and A(Z;, 4) is a
representative of orbit i.

The idea is now a simple one: plug (8.3) in (8.1) and solve for «;. We will
describe how to do this in the case k = 2 and give some comments about
the cases k = 3, 4.

REMARK. The I'’s listed in Section 7 satisfy (8.2); the computer program
A (described briefly in (12.6) can be used to check that they satisfy (8.1) for
specific values of m. Here we answer the question how to obtain these I's.

There is only one type of 1-face of A, (12...m, &), namely (0, 0), so
consider its representative A(12, 3). There are eight nonzero 2-dimensional
G, 2.3M(Z, A), whose representatives (Z;, A)) are:

84 l=1, 2, 3: (123’ g)’ (1243 Q), (1349 Q):
(84) i=4,5 6,7, 8 (123, 4), (124, 3), (134, 2), (124, 5), (134, 5).

Since it suffices for I to satisfy
8.9 o' 0A(Z, A) = 0A(Z, A)

for only one 2-dimensional A(Z, A4) of each type, consider first A(123, ¥)
and then A(124, 3).

Write 0A(123, )= — A(23, 1) + A(13, 2) — A(12, 3) as
1 ~
0A(123, )= — m Gi3,5A(12, 3).
Then

or 0A(123, )

~ S = or G133, zA(12, 3)

1 ~ -
== 2(m — 3)! Glzz,zGugaZa:A(Zi, A)

= _56123,QZ“iA(Zi, A)
(since Gz, Gy 5= 2m — 3)!Gyp3 5, of. Example 6.5(ii)), so that (8.5)
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becomes

66 T wdlZ, Al =5 [12.3),

where [Z, A] = Gy 5 A(Z, A).
It is easy to compute 4{Z;, A;]:
i=1 0[123, @] = —-3[12, 3]

(since [23, 1] = —[13, 2] = [12, 3]; we are always representing [Z, A] by
its first representative in lexicographic order).

i=23 0[124, ] = —[12,4] + 2[14,2], o[134, Z1=[12, 4]—2[14, 2];
i=4,5 0[123,4] = 3[12, 4], a[124, 3] = [12, 3] + 2[14, 2],
i=67 0[134,2] = —[12, 3] —2[14,2], o[124, 5] =[12, 4],

i=8  3[134,5]= —[12, 4].

Replace these 0[Z;, A,] in (8.6), and equate the coefficients of [ij, k]:

1

(87) —3a1+a5-—-a6=2(m—_3)!

(12, 3D

—a, +ay+ 30, +a, —ag=0 ([12, 4])
200, — 2003 + 205 — 204 = 0 ([14, 2]

Repeat a similar procedure with A(124, 3):

0A(124, 3) = -G 13450012, 3),

2(m — 4)
ol 0A(124, 3) = 35124,3C4s...mza.-A(Z.-, A)
(C4s...m is defined by 6124.3612.3 =2(m — 4)!6124,3(:45“.";)’

(8.6) ) ad[Cos. .m(Zi A)] =7 [12, 3]

(m — 2!

where [ ] denotes 5124'3( ).
Compute o[C,5s (Z;, A)], eg:

0[Cys..m(124, &) = 0([124, &] + (m — 4)[125, F])
= —3[12, 4] +(m — 4)[15,2] — (m — H[12, 5]
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and obtain
1
B7)  —m =3y — o5+ (m = Doty = 50— (12, 30
2(m — 3o, + 20, + 20, + (M —2)og —ag =0 (13, 2]
—30, + oy + g+ 0y =0 ([12, 4])
—(m— 4, + (m—do, + (m— 2o, + g =0 ({12, 51
2(m ~ Vo, — (M — dotg + 20, +ag=0 ([15, 2]

The general solution of the system (8.7)—(8.7') is

1 1
@8) o= m % am—Dm—a)y

— = ! + 2x
%=X % = 2m(m — D(m — 4)!

= 1 —2x o, =
%= 2m(m — 4)! 7Y

1 1

oy = y g 2y

T mm = Dm =4y = Imm — Dm—5)

where x and y are arbitrary rational numbers.

REMARK. We must be a little more careful about the cases m = 3, 4. If
m = 4 then a, = ag = 0 (since Z,, A, and Z,, A4 do not exist) and, in (8.7,
the equations corresponding to [12, 5] and [15, 2] should be omitted. All
this has the same effect as setting m =4, o, =ag =0 in (8.7)—(8.7") and
(8.8), provided we write (m — 4)/(m — 4)! instead of 1/(m — 5)\. The dis-
cussion of the case m = 3 is similar and shows that it is convenient in (8.8)
to write (m — 3)/(m — 3)! instead of 1/(m — 3)!

The formula for TA(12, 3) given in Table I is the same as (8.8) with
x=y=0.

As can be seen from the case k =2, conditions (8.1)-(8.2) do not
determine a unique I'. If k > 2 the number of free a,’s increases. In the case
k =3 the system corresponding to (8.7)—(8.7') has 32 equations and 32
variables, 13 of those variables are free. What is remarkable is that a
particular solution of this system can be chosen so that F'A(12, 3) and
I"'A(123, 4) have a similar pattern (cf. Tables I and II in Section 7); eight of
the non-free variables in this particular solution are zero. In the case k = 4
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a conjecture was made that I is like the one in Table III and then it was
verified that it satisfies (8.1) (finding a general I" requires a general solution
of a system with 80 variables).

9. THE KUHNEL PROJECTIVE PLANE CP3

The complex projective plane has a triangulation with nine vertices whose
discovery was announced in Kiihnel and Banchoff [13] (see also [14]). This
triangulation, which we denote by CP3, can be thought of as a subcomplex
of dA®, the boundary of the 8-simplex A®. The CP3 contains all 1- and
2-simplices of A® (36 and 84 simplices respectively), and it contains 90
3-simplices and 36 4-simplices (out of 126 3- and 126 4-simplices of A%; in
fact, for every 4-simplex a* of A8, either ¢* or the 3-simplex o> opposite to
o* in A® belongs to CP3). The complete list of 4-simplices of CP2, each given
by a 5-tuple of integers from 1 to 9, is given in the Table IV.

TABLE IV
Simplices of CP2

12456 45789 78123
23564 56897 89231
31645 64987 97312
12459 45783 78126
23567 56891 89234
31648 64972 97315
23649 56973 89316
31457 64781 97124
12568 45892 78235
31569 64893 97236
12647 45971 78314
23458 56782 89125

It is indicated in [13] how it can be proved that CPZ is indeed a
triangulation of the complex projective plane. A preprint by Morin,
Yoshida and Marin [22] contains three different proofs, among them a
construction of an explicit homeomorphism

h:|CP3| ~ CP?

(§4 of [22]). Unfortunately h is not a smooth triangulation: h is degenerate
at the vertices of CP3. This means that configurations cannot be obtained
in the usual way for smooth triangulations: as configurations in the tangent
space.
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The symmetries of CP3 will allow us to reduce the number of configur-
ations to be chosen.
Consider the permutations

o = (147)(258)(369),
B = (123)(465),
T = (12)(45)(78),
y = (@B)” !B = (123)(456)(789)
and the following subgroups of the symmetric group S,, o:
Gs,, generated by a, §, and 1;
G,,, generated by o and B;
G,, generated by a and y
(the notation is such that |G,] = r).
(9.1) PROPOSITION. (i) G, is the full group of simplicial automorphisms
of CP3; all elements of Gs, preserve orientation.

(i) G, acts transitively on CP3: for every pair i, je {1, 2,...,9} there is a
unique g;;€ Go such that g;;(j) = i.

REMARK. The arrangement of 4-simplices in Table IV reflects the action
of Gs,. Using our notation from Section 6 we can write the complete list of
simplices of CP? as

G5, (3¢12456) — 1(12459>)

Here 1/6 and 1/2 indicate that {12456) and {12459) are invariant under
subgroups of G5, of order 6 and 2 respectively and the minus sign indicates
that {12456} and {12459) have opposite orientations (since they have a
common 3-face {1245)).

(9.2) PROPOSITION. There are two G, orbits of 1-dimensional simplices
of CP$; their representatives are {69) and {89) (see Figure 1).

In order to apply the formula for the first Pontryagin class to the Kiihnel
triangulation of CP? we must make our way around assertion (B) of
Theorem 4.6 (and then use Corollary 4.10). The best we can do is repeat the
assertion in the special case at hand:

ASSERTION (B) If L is either one of triangulation of S* indicated in Figure
1, then CF (L) is simply connected.
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(a)

5

(b)
Fig. 1.

By Proposition 9.1(ii) it suffices to choose a configuration |/79 of Lk{9);
a configuration lzi of Lk{i) is then represented by the flattening y; = ¥ 4g,;,
where Y, is the flattening representing the configuration ,. Our choice for
the flattening Y4 is described in Section 10 and it will be proved there
(Proposition 10.4) that Y4 and y,f belong to the same connected compo-
nent of Fo(Lk{9}), the space of generic flattenings of Lk{9).

For every 1-simplex <ij> of CP3 there are maps

CF(LK(jY) —> CF(Lk{ij») <2~ CFy(Lk<(i))

Given an unoriented 1-simplex {ij} we have two choices for the configuration
;; of Lk{ij>:ma; and m;y,. Since G,, contains no element of even order,
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an orientation chosen on one l-simplex induces orientations on all 1-
simplices in its orbit. Thus define y;; as

9.3) ‘;ij = nil/;j

where the oriented simplex (ij ) is the same G, orbit as the oriented simplex
<{69) or (89> (cf. Proposition 9.2).

(9.4) EXAMPLES. Y45 = ngls,
Fro = s,
Wi =ToW;, i=1,23,
Yio=mts i=4,56.
According to (4 4), for each pair i, {i, j} we need a path 0, ;; between the

i,ij

configurations w and =; :,// Each pair i,{i,j} belongs to the G,, orbit of
exactly one of the followmg four:

8, {8,9}; 9, {8,9}; 6, {6, 9}; 9, {6, 9}.
Moreover, there exists a unique g € G, such that either

() gG,j)=6,90r9,6
or(ii) geG, and g¢(i,j)=8,90r9,8.

(9.5) PROPOSITION. It suffices to choose

—~ —~ -~ ~

06 69> 09 69> 08 89 09 89

and then define 0l i accordmg to either (i) or (ii), as 0l i 06 699> OF 09 699>
etc. Moreover, 0y ¢, and 0y 4, can be chosen to be trivial.

Proof. If g(i, j)=9, 6 or 9, 8 then, by the definition of t//,l, l//” njt;,., sO
Ot ;j has both required endpoints the same.

If g(l N=28, 9, geG, then Ol = 08 sod has endpomts (nstllg)g—~
T, 1// t//” and (ngfg)g = 7; l//,, which are as required for 7, , i

If g(z ) =16,9,9€G,,, then the endpomts of 0, = 06 60d are (1 61//9)g and
(nglp(,)g and the required endpomts for 0 ;are m; n// and 7 l/l Are (ngl5)g
and 7, x// (n 91//6)g and n n// the same?

Recall that zl?,- = t/79g9j, go;€ Go. Since ggs;' (9) =9 and gg5;'€G,, it
follows that ggs;' €{id, B, B*}. If, say g=Byg,;, then (nGJQ)g=ni(J9B9j) and
;= (Y 9gg;), if not the same, belong to the same connected component
of CFy(Lkij ») (by Proposition 10.4 and the continuity of =;).

The proof that (n 9{/;6);1 and © jt/7,. belong to the same component of
CF(Lk<jj ») is analogous.
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This is sufficient since all we need to know about the path (7“1. is where
(and how) it crosses CF, — CF, {(cf. (4.3)).

10. A FLATTENING OF Lk{(9)>: GRUNBAUM’S TRIANGULATION OF §3

(10.1) Lk(9) consists of the following 20 3-simplices

1237 7145 7124 1245
7264 7236 2364
7356 7315 3156

2138 8254 8215 8457
8165 8136 8647
8346 8324 8567

The symmetry group G, of Lk{9) is generated by S = (123)(465) and
7 = (12)(45)(78); all elements of G, are orientation preserving. (The above
display of 3-simplices of Lk{9) reflects the action of Gg; note that orienta-
tions of the displayed simplices are consistent, so they determine an
orientation of Lk{9).)

In fact, Lk<9) is simplicially isomorphic to Griinbaum’s triangulation M
of $3 (see Griinbaum [10, p. 2247; his vertices ABCDEFGH correspond to
our 78453612, respectively). M is a triangulation of S with eight vertices
which cannot be realized as the face complex of the boundary of a convex
polytope in R* (see Griinbaum and Sreedharan [11]). However, this
property of M does not prevent M from having a flattening.

(10.2) PROPOSITION. Let y:M — R* be a map, linear on simplices, with
values on vertices as follows:

i ¥

1 ~1 J3 1 1
2 o N4 1 1
3 2 0 1 1
4 0 -2 1 1
5 1 =3 1 -1 1
6 J3 1 -1 1
7 0 0 0 1
8 0 0 —a —1
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() If 0 <a< 1, is aflattening of M.

(i) If0<a<landa+#2— \/5, Y is a generic flattening of M.

Proof. We will give two proofs.

L. ¥ is given by an 8 x 4 matrix. Let det(ijk!) denote the 4 x 4 minor (of
the matrix ¥) containing the rows (i), ¥(j) ¥(k), ¥(I) in that order. Then

(1) ¥ is a flattening of M if and only if det(ijk/) has the same sign for
every 3-simplex <ijkl) of M, where the ordering of vertices of all {ijkl>
is consistent with some orientation or M;

(i) ¥ is a generic flattening if and only if, in addition to condition (i),
det(ijkl ) # O for every 4-tuple ijkl.

Conditions (i) and (ii) are easy to check. In fact, 0 < a < 1 if and only if
det(ijkl) > O for every 3-simplex (ijkl> with the ordering of vertices as in
(10.1), and if @ = 2 — /3, then det(1348) = det(2168) = det(3258) = 0.

II. Let N =M — St(8). N is a 3-ball and it is easy to see that |N is an
embedding of N in R* x 1 (see Figure 2). Hence, ¥: M — R* embeds M as
YN U cone over d(YyN) with vertex y(8) (see Figure 3). Next, check that the

040 7

® € R¥xix1

® € RZx0x1

O € R*x-1x1
o

4

Fig. 2. y|N as seen from above.

\VN }: — R3 X 1
\J\‘ R x-1
y(8)

Fig. 3. Yy(M).
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origih O (of R*) is inside ¥M (Yinside has meaning since
YM = 0(y(8) .yN)). But, O is inside YyM if and only if a point P(0, 0,a, 1),
symmetric to ¥(8) with respect to O, is inside YN and P is inside YN iff
0 <a <1 since

YNNOXxOxRx1=0x0x[01]x1.

All that remains to prove is that ¥(8). N can be realized as 0.y M; this
follows from the fact that ¢ N can be realized as P.y/(d N). The verification
of this is similar to the verification at the beginning of the proof that YN is
an embedding.

Y is generic unless P belongs to some plane determined by ¥(i), ¥( j), y«(k),
i, j, k < 6. It is easy to see (in Figure 2 for example) that the only plane
intersecting 0 x 0 x [0, 1]e P are 134, 126, and 235 and then to compute

that the intersection point is (0, 0, 2 — \/3).

(10.3) DEFINITION. Define ;€ CFo(Lk{i}) to be the configuration given
by the flattening ¥ with a=3if i =9; if i #9 then set ; = Y49, Where
goi€ G, go;i) = 9.

(19.4) PROPOSITION. y and B (f = (123)465)) belong to the same

connected component of Fy(M), the space of generic flattenings of M.
Proof. B is rotation through 120° in the first two coordinates.

The next proposition is not needed in the sequel, but is rather interesting in
view of assertion (A) of Theorem 4.6.

(10.5) PROPOSITION. ¢ and Yt (t = (12X45)78)) belong to distinct
connected components of F(M), the space of all flattenings of M.

(10.6) COROLLARY. The configuration space CF(M) has at least two
connected components.
Proof of (10.5). Suppose that ¢, is a path in F(M) such that ¢, =,
¢, = y1. Let det,(ijkl) be the corresponding minor of the 8 x 4 matrix ¢,.
Note that, if {ijkl) is a 3-simplex of M (as in (10.1)) then

det, (ijk) > 0, all¢,
but if ijkie {1234, 1235, 1236} then
dety(ijkl) > 0, det,(ijkl) <0

(since det,(ijkl) = dety(z(ijk]))). Also note that since the codimension of
F —F, (inF) is at least 2, without loss of generality we can assume that
¢, eF,(M), all ¢t (i.e. that for every t, at most one quadruple ijki has
det, (ijkl) = 0).
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Now, if for some ¢ det,(1234) = O then there are 4, # 0 such that
®:(4) = 1,101) + 4,02 + 2,0,03).

Since
det,(7124) = X1, det,(712i) = A, det,(7123) = — A, det,(1237)

and both (7124) and {1237} are (properly oriented) simplices of M, it
follows that 4; < 0. But, since {1245 €M,

0 < det,(1245) = 1, det,(1235)

so that det,(1235) < 0.

Thus, 1234 cannot be the first element of {1234, 1235, 1236} for which det,
changes sign (we proved that det,(1235) must change sign before
det,(1234)).

Proofs that neither det,(1235) nor det,(1236) can be first to change

sign are similar to (and in fact equal to 2 and B multiples of) the proof for
1234,

11. Og g6 AND 0Oy ¢4

According to Proposition 9.5 it suffices to find paths
0g.50:[0, 11— CF,(Lk(89))

and

0s.69:[0, 1] - CF ((Lk<69))

with required endpoints: ngify and mefg, meWe and mey, respectively. The
additional requirement is that both paths have only a finite number of
points in CF, — CF (see (4.3)). The paths [0, 1] —» F, we will find are paths
in the flattening spaces and 68,89 and 56_69 are their projections into the
corresponding configuration spaces.

(11.1) Given @, ¢, € Fy(L), L a triangulation of the 2-sphere, our strategy
for finding a path {¢@,} = F,(L) between ¢,, ¢, is as follows: First, find @,
@, € Fo(L) such that

(i) Pg» ©; and @, are in the same connected component of Fy(L);
(ii) for every vertex v of L, p,veR? x {—1,1},i =0, ;
(iti) for at least four vertices @y = @,.

Then we have to move each of the remaining vertices from position @ to
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position @,, so that no more than one triple of vertices is linearly dependent
at any moment, and certain triples are not allowed to be linearly dependent
at all (those triples are vertices of 2-simplices of L). These conditions can be
easily visualized if we plot —@,v in R? x 1 for each @,veR? x (—1); then
everything is going on in R? x 1 and there linear dependency = colinearity.

Next, for each case (i, j =8, 9 or 6, 9), we list, in Tables V and VI, the

TABLE V
08,89
(i) LKk(89)
123 125 136 156 234
245 346 457 467 567
(ii) Po = Mgl @ = oYy = (n,¥,)y,
7 = (123)(456)(789)
! -1 J3 12 1 -1 -3 1
2 -1 -3 1/2 2 2 0 1
3 2 0 12 300 - J3 1
4 0 -2 -3 4 _.f3 | 1
5 -3 1 -3/ 5 J3 1 -1
6 J3 1 -32 6 0 -2 -1
7 0 0 —1/2 7 0 0 -1/

ngy, and m,y, are obtained by expressing ¥, in terms of the basis (1, 0, 0, 0),
(0, 1, 0, 0), —2¢4(7), —244(8) and then omitting the last and third coordinates
respectively.

(iii) Po 71
1 -2 6 1 1 -2 6 1
2 -2 —6 1 2 -2 —6 1
3 4 0 1 3 4 0 1
4 0 -2 —1 4 3 3 -1
S —1 1 —1 5 0 -6 —1
6 i 1 —1 6 -3 3 -1
7 0 0 —1 7 0 0 -1

: normalize each ¢y(i) so that the 3rd coordinate is + 1; rounding and scaling in the
first two columns of ¢,.

@,: rotation through —120° in the first two coordinates then similarly as in @,.
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(iv) 05,85
Linearly
dependent
Step 4 6 triple
po O -2 -1 -1 1 -1 1 1 -1
1 03 -1.5 -1 145
2 06 12 -1 246
3 —-09 03 -1 356
4 0.6 —1 —1 147
5 -08 —-04 -1 357
6 02 14 -1 267
7 0 15 -1 256
8 -07 -1 -1 345
9 0.9 -05 -1 146
10 1.5 05 -1 347
11 -05 -25 -1 257
12 -1 2 -1 167
13 3 3 -1 124
14 0 -6 —1 135
15 -3 3 -1 236
P, 3 3 —1 0 -6 -1 -3 3 -1
Read, for example row 8, as: Step 8 is to move vertex 5 along the straight line from
previous position (—0.8, —0.4, —1.0) to (—0.7, — 1.1, — 1.0); the only linearly depend-
ent triple occurring during this move is 345
TABLE VI
O6.69
) Lk{69>
135 138 158 234 237
247 348 357 478 578
() 9o = me¥s 91 =6 = (T3P0,
o = (147)(258)(369)
1 -3 1-/3  2/3 1 1-/3 2/3 1-./3
2 1 0 0 2 1 0 0
3 1+/3 ~1 -2/3 3 1+/3 -2/3 -1
4 0 1 0 4 0 1 0
5 -3 —1+/3 6 5 172 32— /36
7 0 0 t 7 0 0 1
8 12 V36 =1 8 -3 6 —1+./3
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@y express Y, in terms of the basis Y4(2), Y4(4), ¥o(7), ¥o(6) and then omit the last

coordinate.

@,: express Y, in terms of the basis (2), ¥4(4), Y4(7), ¥,(6) and then omit the last
coordinate.

(iii) Po o

1 -1 -6 8 1 —1 8 -6
2 1 0 0 2 i 0 0
3 1 —8 -8 3 1 -8 -8
4 1 3 0 4 1 3 0
5 -1 6 38 5 -1 —4 -2
7 1 0 3 7 1 0 3
8 -1 2 -2 8 —1 38 16

Multiply both ¢, and ¢, by

300
1 t 0|eGLy
1 01

and get first columns with corresponding entries having the same sign (GL7 is
connected!). Then proceed similarly as in the case 89.

(iv) b6 69
Linearly
dependent

Step 1 5 8 triple
Po —1 -6 8 -1 6 38 —1 2 -2

1 -1 -6 5.5 128

2 -1 —6 2.1 147

3 -1 -6 0.6 148

4 -t -6 1.1 124

5 -1 -6 —41 134

6 -1 —14 84 257

7 -1 =31 1.6 258

8 -1 =343 028 457
9 —1 —348 0.08 458
10 -1 —36 —-04 245
11 —1 —49 -52 123
12 -1 —41 -6 178
i3 -1 —-13 -6 137
14 -1 —4 =2 345
15 -1 38 16 248
16 -1 1.5 —6 127
17 —1 8§ -6 147

—1 8 -6 -1 —4 =2 —1 38 16

S
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following:

(i) 2-simplices of L = Lk{ij) (see Figure 1).

(i) @0 =y;;=mny; and @, = n;y); (note that =, is not well defined on
flattenings unless an isomorphism R*/y,(j) = R3 is specified (see
(1.5)), so we have to do this also).

(ii)) @, and @, satisfying conditions 11.1(i)-(iii) above. (We do not know
whether such @, and @, exist for every pair of flattenings ¢, and
¢, € Fo(L) of an arbitrary triangulation of $2, so we give a brief
description of how they are obtained in the cases at hand.)

(iv) Paths between @, and @, (described in steps, one step changes
position of only one vertex) together with all linearly dependent
triples along the way.

REMARK. The procedure described in (11.1) is needed only for finding the
paths. Verifying that these are indeed paths with all the required properties
and that the list of linearly dependent triples (i.e. the list of points of F 1—Fo
on the path) is complete is much easier; a computer can do it.

(11.2) DEFINITION. 58'89:[0, 1] - CF(Lk(89)) is the path in the con-
figuration space represented by the path 0y 4, in the flattening space; 0
is represented by 0 ¢o.

Note that, although (11.2) does not determine (78,89 and 56,69 completely
(parametrizations are missing), it does determine C(f) (see Definition 4.3).

6,69

12. P,(CP%)
The formula for P,(CP3) is of the form

°
P, = z p:D*iD>
i=1

where D*<i) is a cocycle in C*(D(CP3%); Q) defined by D*Ciy(D<j) = o;;
(D<k) = the cell dual to the vertex k of CP3), and

pi=CWIBAY + 3 £:;;CO:) B
t¥
where y; is the configuration of Lk{i) (chosen according to 10.3), 5,-,,7 isa
path in F,(Lk<{ij>) (9.5, 11.2), B<i>, B{ij)> are elements of the hypersimplical
section determined using the algorithm of Section 5, and ¢;,;; 1s the incidence
number of dual cells D{i) and D{ij).
Note that, in order to apply the algorithm of Section 5, we must specify
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orientations of dual cells (and these orientations will determine the incidence
numbers ¢; ;).
Since CP? is orientable we can make use of the following

(12.1) PROPOSITION. If X is an oriented n-dimensional combinatorial
manifold then there exists a natural correspondence orientations of ¢ < orien-
tations of Do.

Namely, an orientation of c€X (given as a parity of an ordering of its
vertices, say {v,...v,») determines an orientation for every (n — k) simplex
t of X’ belonging to Do: the vertices of t are b,,...,b,, the barycenters of
simplices

6=0,<0,<--<g,(k+1=n)
respectively; each o, i > 1 has an additional vertex w; (in addition to

vertices of ¢,_,), and we say that the orientation of t determined by
6= {Ug... 0, I8
either {(bob,...b,y or —{byh,...b,>
depending on whether the orientation (v,...v,w,...w,> agrees with the
orientation of X or not.
It is easy to see that orientations of top dimensional simplices of Do

determined by the orientation <v,...v,) of ¢ are compatible; therefore they
determine an orientation of Dg.

(12.2) COROLLARY. If ¢ denotes an oriented simplex of X and Do the
correspondingly oriented dual cell, then

(i) D(—0) = —Do;

(i) (—1D)¥mgS, = &2, where &5, P are incidence numbers of simplices

o < 1, dual cells Do > Dt respectively;

O ~
(i) 20 i dipnin = T1

We will use the above correspondence with the orientation of CP3
determined by (12456).

(12.3) PROPOSITION. (i) For any two vertices i, j of CP3
CWIBCI> = CW B ).
(i) If i, ij and k, kil are in the same G, orbit, then
C(0,,)Bij> = C(O,x)BLKD.
Proof. (i) Let ge G, g(i) = j. Then ), = |7/jg and B{j) = gB{i). It easily
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follows from the definition of C() in (4.2) that C( B = cW 9B,
(ii) Analogous to (i).

(12.4) COROLLARY. For any two vertices i, j of CP}

Pi = Pj-

(12.5) PROPOSITION.

Po = CJo)BC9Y + C(05 40)BC(89> + 3C(0 45)B69D.

Proof. 0y 45 and 0, o, i = 4,5,6 are trivial paths (9.5). 9,97 and 8,89 are
in the same G, orbit; 9,91, 9,92, 9,93 and 6,69 are in the same G, orbit.

(12.6) To compute p,, we use three computer programs: A, B, and C.

Program A is designed to compute Tv, ve V,, where T: V; - V, is a linear
map and V}, i = 1,2 is a Q-vector space spanned by all A(Z, 4) (of a certain
dimension). Various examples of T for which this program is used are
T=T,T=0,and T = formal sum of elements of a twisted group acting on
vV, =V,

Programs B and C are used to compute C(},)Bs and C(ﬁ,,,,)Bt.

All three programs can be used for computing P,(X), X any com-
binatorial manifold, provided configuration data {},,¢" *eX} and
{0,,., 6" *R< 1”73} are given. (I know of no algorithm for finding
configuration data, say on a computer.)

The procedure for computing B{9), B{69), and B{89) has several steps.

Step 1 (Preparation). The I’s must be transformed from the form (7.1)
(given in Tables I, 11, and III) to the form as in (5.4). We need the following
Isth=2,m=3,4,5 6 k=3 m=7, k=4, m=8. Program A can be
used; moreover, using the same program it can be checked that these I'’s
satisfy condition 5.1(i).

Step 11 If dim ¢ = 4 then, by Definition 3.3(iii), Bo = A(vo). If dimg = 3,
say o = (ijkl>, then it follows from the proof of Proposition 3.4 that
Bo = A(mn, ijkl) where (ijkin) has orientation agreeing with that of CP}
(and dijklm) has the opposite orientation).

Step I11. For each 2-simplex <ijk) € CP3, compute

C(ijky = Z{Bijkly:1e v Lk{ijk)}.

Note that, since the Bo’s are invariant under the action of G,,, Ca will be
invariant too, so it suffices to find C{ijk) for only one representative of each
G5, orbit. There are five distinct orbits of 2-simplices of CPZ; their
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representatives are (see Figure 1):
(2695, Lk{269) = 347;
(3695, Lk{369) = 157248;
(389>, Lk(389) = 1246;
{689, Lk(689> = 13475;
(789>, Lk{789) = 456.

Using Program A, compute B{ijk) = I'(C {ijk)) in each of the five cases.
STEP IV. There are only two G, orbits of 1-simplices of CP2, represented
by <69) and {89 (for their links see Figure 1). When computing

Cijy = E{BCijky: ke v Lkdij))

(if = 69 or 89) we use Proposition 5.7 and (orbit representatives of) B{ijk)
computed in Step III so that

CL69) = Z{B{k69): k # 6,9}
= [(12)45X78) + id]B<269> + B{369)
+ [(184275)396) + (174)(285)(396)1B<389)
—[(12)(45)78) — id]B<689)
and similarly
C(89) = [(123)(465) + (132)(456) + id]B{389)
+ [(132)456) + (123)(465) + id]B<689) + B{789).

Program A is again used. Finally, compute B{69) = I'(C{69) and
B(89)> = I'(C{89)).
STeP V. Similarly, as in Step IV, first compute

CL9> =Z{B9i):i+#9}
= [(169)(247)(358) + (158)(269)(347) + (147)(258)(369)
—(132)(456) — (123)(465) — id]1B{69)
+[—(12)45X78) — id]B{89),
and then compute B{9)> = I'(C{9>).
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Now, using ¥, 58,89, and 04 ¢, obtained in Sections 10 and 11 and
programs B and C, we compute
CWo)BC9) = —1/42,
C(04.45)B(89) = 3/28
C(0¢ 49)BL69) = 1/12.
Thus, by Proposition 12.5,

_ 1,3 .11
Po= """y

Therefore
1
P,(CP3) = 3 Z{D*iyi=1,...,9}.

REMARKS. (i) Since 9(1/3) = 3, P,(CP3) agrees with the smooth P,(CP?)
(compare [21, Example 15.6]).

(ii) Had we chosen the opposite orientation on CP3(—<12456) instead
of {124563), B{ijkl> in Step II would have the opposite sign, so that all
subsequent Bo would change sign, thus resulting in py = —1/3. But a
change in orientation of CP3 will cause a change in the orientation of D{i),
so that P,(CP?®°) remains unchanged.

13. REMARKS
13.1. On our Version of the Formula

A careful reader will note a few minor differences between our statement of
the formula (in Section 4) and the original version in Gabrielov et al. [6].
Notational differences aside, these are:
(a) Our Pis a cochain in C*(D X; Q) while theirs is a chain in C"_ «4X;Q),
the chain complex on the simplices of X with the boundary operator
3 defined using incidence numbers of dual cells:

do =Z{Pr:t <a};

it is obvious that C*(DX) and C,,_*(X) are isomorphic. This isomor-
phism, together with the natural correspondence of incidence numb-
ers of simplices and incidence numbers of dual cells (see 12.1), is, in
fact, the simplicial form of Poincaré duality.
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(b) When defining C(y) (see 4.2), Gabrielov et al. [6] use —(—1)* for
both types (1.2) and (2.1) of hypersimplices; we follow Stone [3] in
using (—1)* for type (1,2) and —(—1)* for type (2,1). A possible
cause for the discrepancy is in a typographic error (our computation
would give an incorrect result if the signs from [6] were used).

(c) Finally, [6] does not have assertion (B) that the configuration spaces
of triangulations of $2 are simply connected. Instead, there is a claim
that assertion (B) easily follows from a result of Chung-Wu Ho [12].

13.2. Flattenings vs. Diagrams

If K is a triangulation of a sphere S* then, for every ¢*ecK, K — ¢ is
simplicially isomorphic to a subdivision of the standard n-simplex A* (with
no new vertices on the boundary 9A* of A¥). A homeomorphism
h:|K — o] = A* which is linear on simplices of K — ¢ is called a (Schlegel)
diagram of K (based on o) (compare Griinbaum [10, p. 42]). The space of
all diagrams of K (based on the same o) is an open subset of (int A¥)*K~»
(cf. Section 1); denote it by L(K, o).

Diagram spaces have been studied by several people, sometimes with the
motivation that these spaces are used by Cairns [3], Whitehead [35], Thom
[33] and Kuiper [15] in their studies of the problem of smoothing a
combinatorial manifold. In the first non-trivial case, k=2, I(K, ¢) turns out
to be contractible (Bloch et al. [1]; earlier Cairns [4] proved its connected-
ness; and the already mentioned result of Ho [12] is that L(K, o) is simply
connected), but almost nothing is known in the next case k = 3. There are
sporadic examples showing that

(a) L(K, ¢) depends on the base simplex ¢ ek. In fact,

LM, <12453) = & # L(M, {4578))

where M is Griinbaum’s triangulation of §* with vertices as in Section
10 (see pp. 222-226 of [9]).

(b) The diagram space can be disconnected: Starbird [29] describes a
subdivision K of A* with no new vertices on dA® (and at least 17
vertices altogether) such that I(K) is disconnected.

However, the smoothing theory of Cairns and others uses configuration
spaces, not diagram spaces: a typical theorem shows that obstructions for
smoothing a combinatorial manifold X have coefficients in homotopy
groups of configuration spaces of links of simplices of X (e.g. [15],
theorem 4.8). There are some variations in the spaces used (orientation-
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preserving flattenings, configurations whose vertices are on the unit sphere,
geodesic triangulations of a sphere, etc.) but these spaces are always based
on flattenings. The only exception is Thom’s lecture at the 1958 Interna-
tional Congress in Edinburgh in which he goes from a geodesic triangula-
tion of a sphere to a diagram (‘par une inversion on est ramené a
considérer...") without further explanation and then makes a conjecture that
every diagram space is aspherical [32, p. 251].

The problem here is that the connection between flattening and diagrams
requires that the flattening is convex (i.e. that a flattening realizes K as the
boundary of a convex polytope; one then uses a central projection to obtain
a diagram) and flattenings are not a priori convex. For example, if for some
6, LK, 0) = & then K has no convex flattening (thus M has no convex
flattening, but, as we now know, it has a flattening). Note that a generic
flattening of K realizes K as the boundary merely of a star-shaped polytope.

1t is interesting to note that Cairns in [4] proves that for a triangulation
K of 2, both the flattening space F(K) and the diagram space L(K, o) are
connected, but he gives two similar but independent proofs (and does not
derive one as the corollary of the other). There is a similar situation with
the non-connectedness result for F(M) (10.5): McCrory [20] has proved
that the diagram space L(M, (4578)) is also disconnected (thus providing
an example much simpler than Starbird’s [297). It is worth mentioning here
that Kuiper [15] has proved that the direct limit (under the directed system
of compatible subdivisions) of configuration spaces of S° is connected; the
proof depends on a deep (and hard) result of Cerf [5].

The only conclusion which can be drawn from all this is in the form of
QUESTIONS. (1) What are the homotopy properties of configuration
spaces? What is the relationship between diagram spaces and configuration
spaces?

(2) Does the existence of convex flattenings of K imply some nice
homotopy properties of CF(K)?

(3) If IK| = §2, is CF(K) contractible? simply connected? (In particular, is
our assertion (B') true?)

(4) MacPherson’s variant of the formula [18] requires only
T (CF(Lko"™ %) = 0; Levitt’s variant [16] does not require it. Is the
formula (Theorem 4.6) valid without the assumptions (A) n(CF (Lk 6" %))
=0 and (B) n,(CF (Lk 6" %)) = 0? (In general?, for 4-manifolds?)

13.3. 'The Role of Flattenings

Levitt [16] has an interpretation of the formula which does not require
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hypersimplicial data. He uses transverse plane fields instead of flattenings,
but these two are more or less equivalent (see Whitehead [35]). On the other
hand, the smoothing theory of Cairns, Whitehead, and Kuiper shows that
any generalization of the formula to higher Pontryagin classes, requiring
flattening data, might, in fact, require the existence of some kind of smooth
structure (say with singularities contained in some skeleton of the combina-
torial manifold in question). A similar message is provided by Stone [31]
where he constructs a ‘combinatorial Gauss map’ for a C' submanifold of
Euclidean space. Recent work on the combinatorics of flattenings has been
done by MacPherson [19]. The work of Levitt and Rourke [17] shows that
local combinatorial formulas for characteristic classes could be obtained
from explicit cocycles representing the cohomology of the classifying space
for piecewise-linear bundles.

QUESTIONS. (1) How much information about X is retained in a hyper-
simplicial section of X? What minimum additional information is needed to
recover characteristic classes of X? (Note that Gel'fand and MacPherson [§]
showed that there are natural hypersimplices inside the Grassmannian G¥.)
In the case of rational classes, does this additional information restrict the
scope of the formula?

(2) Note that the conditions 5.1(i)-(i1)) do not determine a unique
hypersimplicial section I'. Is there some canonical way to choose T,
which implies a meaningful property of {Bas} (compare Proposition 5.7)?
[t is reasonable to expect that by requiring more from I' in 5.1, the
amount of information carried by {Bs} can be increased.
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