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Lattice Points in Lattice Polytopes

By
U. Betke, Siegen, and P. McMullen, London
(Received 24 September 1984 )
Abstract. If K is the underlying point-set of a simplicial complex of dimension at

most d whose vertices are lattice points, and if G (K) is the number of lattice points in
K, then the lattice point enumerator G(K,))=1+Y, G(nK)t" takes the form

ope or its boundary, there
result inequalities between the numbers G,(K), where G(nK) = Y on" G, (K).

1. Introduction

IfKisany subset of k-dimensional euclidean space F*, and Z*is the
eger lattice in [, consisting of those points with integer cartesian

®ordinates, then we denote by G(K) = card (K n Z% the number of
Bttice points in K. F urther,

int

nK={nx|xek}

denotes the dilatate of X by the integer factor n > 0. We shall find it
c"llwfnient right from the beginning to work with generating
ons, which are formal power series in the indeterminate ¢. In
Cular, the lgttice point enumerator G (K, 1) is defined by
GK,)=) GnK)r,
i nz0
the convention here is that G(0K) = 1.
ms last-mentioned convention cannot be dismissed without
By, M- A natural convention would be to take G (0 K) = 4 (K), the
“ Characteristic, because this fits in with the valuation property

GKiuKy) + G(KinKy) =G(K) + G(Ky) .

our approach is along the lines of the original papers of
See, for example, [1]). Thusitis often helpful to think of K as

er,
HART (i

' podded in the hyperplane
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Integer Points on Curves and Surfaces '

By
Wolfgang M. Schmidt, Boulder
( Received 1 October 1984)

\bstract. Various upper bounds are given for the number of integer points on
i curves. on surfaces and hypersurfaces. We begin with a certain class of convex
(1o, we treat rather general surfaces in R3 which include algebraic surfaces with the
~weption of cylinders. and we go on 1o hypersurfaces in R" with nonvanishing

Craussian curvature.

1. Introduction. It is well known (JARNIK [8]) that on a plane convex
curve of length / > 1 there are < /*? integer points. This estimate is
best possible, and the constantin < isabsolute. The convex curve may
he i closed curve or it may be a curve y = f(x). In particular, if f(x) is
wice differentiable in some interval of length at most N > 1, with
ather /7> 0 or f” < 0 throughout, and if the range of fis contained in
.n interval of length N, then the number Z of integer points on the
cunve 3 = f(x) satisfies

Z <N . (1.1)

SWINNERTON-DYER [11] took up the question of what can be said if
heher derivatives exist. Let € be a fixed curve y = f(x) where x runs
through some finite closed interval, where /"’ exists and is continuous,
and where /> 0 or /" < 0 throughout. Let Z, be the number of
mteger points on the blown up curve N€, consisting of points
‘}\' v..\v) with (x, y) on €. Then according to Swinnerton-Dyer, we
Tave

Zy < 0 (€. ) NI+ (1.2)

for Nz land e > 0.
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