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everything we have said in the paper carries over to general ordered fields; in
© Springer-Verlag 1993

particular, the Hodge-Riemann-Minkowski inequalities and generalized Aleksan-
drov-Fenchel inequalities remain valid.

In a different direction, the techniques developed in this paper also lead to
settling questions left open -in [16] about syzygies between the frame functionals,
and their ranges. However, since this would take us away from the topic of simple
polytopes, we shall present this material in a later paper [17].
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Similarly, the assertions of Theorems 12.1 and 12.2 involving Q instead of P are | that is, the same numbers of positive and negative cigenvalues, namely thosc given
also straightforward-all that is needed is a calculation of dimensions, with the § by Theorem 8.6.

additional fact that ts = 0, and the sign of any extra eigenvalue, Note that the cases
r < mof the theorems are trivial. First, t4~2y = 9~ 2 x with our usual convention
(because r < 4d), and hence we have

tTTE(Q) =t E,(P) = B4 (P) = E,-,(Q)
using Theorem 11.3(c), which gives the first part of Theorem 12.1(b). We also have

We now need to obtain the decomposition of the form cx? which will yield
Theorem 13.2. With pe ' (P) as in the statement of Theorem 13.2, we have the
analogue of Theorem 8.5, namely

E(P)= PE,(P)® ANmm-Aﬁ.v_ﬁhk = Ow

ifr 2 1, and, if xe E,(P) is written as x = py + z under this direct sum decomposi-

1972 y2 = 14-2rx 2 and the first part of .;nm:as 12.2(b) W:oim using the analogue tion, then cx? = cp?y? + cz2. We now appeal to induction on r, the assertion being
of Theorem 8.6. The only remaining case is r = (m =)3d. For Theorem 12.1(b) § yriyia if r — o. Counting signs of cigenvalues of the form cx? and of the subform
there is nothing to prove. For Theorem 12.2(b), since ts = 0, we sce that s gives cp?y? (which is also non-singular), we deduce that the form (= 1)cz? is indeed

an additional component in the “primitive” space of Z,(Q). But (—1)'s?=
(—1)"s? > 0, so that the extra eigenvalue has the correct sign, and the required
assertion follows.

positive definite, as claimed.
ﬁ It is worth ending this section with a remark. Theorem 13.2 was proved using
Theorem 8.2, and this, or rather its equivalent Theorem 8.6, was proved by tracing

In conclusion, we have established all the inductive arguments, and so have how the quadratic forms changed with the combinatorial type. In particular, the

shown the main Theorems 7.3 and 8.2. In particular, Theorem 7.2 has been proved.

13 Further quadratic inequalities

Just as the Aleksandrov-Fenchel inequalities generalize the second Minkowski
inequality, so we have generalizations of Theorems 7.3 and 8.2. A monomial is an
element of IT(P) of the form ¢ = p, . .. p,, for some Pis .- .s Dk€X(P).

Theorem 13.1 (Strong Lefschetz decomposition) Let 0=<r<id, and le

c€Ey_5(P) be a monomial. Then cZ,(P) = Z,_,(P).
The name employed here for this result is a convenient misnomer.

Theorem 13.2 (Generalized Aleksandrov-Fenchel inequalities) Let 0 £ r < 44, let

c€Zy-,(P) be monomial, and let pe A (P). Then the quadratic form (— 1)cx? is

positive definite on {xe E,(P)|pcx = 0}.

We shall write SLD(d) to mean that there is a strong Lefschetz decomposition as in

Theorem 13.1, and GAF(d) to mean that the generalized Aleksandrov-Fenchel
inequalities of Theorem 13.2 hold. Then there is an exactly analogous argument to

that of Lemma 8.3 (which we shall leave to the reader; compare the original proof of

the Aleksandrov-Fenchel inequalities in [1]), which shows
Lemma 133 If d 2 1, then GAF(d — 1) implies SLD(d).

We may now use continuity arguments to deduce the generalized Aleksandrov-
Fenchel inequalities from the Hodge-Riemain-Minkowski inequalities.

Theorem 13.4 HRM (d) (with GAF(d — 1)) implies GAF((d).

We shall show that the analogue of Theorem 8.6 holds, in that the form cx? on
E,(P) has the same number of positive and negative eigenvalues as p9~2"x2 Lo
Prety .-y Pa-,€X(P), and let c:=p,,;...p,s_,. Our inductive assumption
GAF(d — 1) implies SLD(d), and, as in Theorem 8.1, we can say equivalently that
the form cx? is non-singular on Z,(P). If we now replace p; by q;:= (1 ~ )p; + 4
(i=r+1,...,d—r0Z A< 1) the same remains true. Thus, as A varies, the form
keeps the same rank and signature (relative to any positive definite form on 3,(P))

classical Brunn-Minkowski theorem for volumes of linear combinations has not
been employed. In fact, there is more. It is well-known that the usual Aleksandrov-
Fenchel inequalities (in effect, the case r =1 of Theorem 13.2; compare [1])
actually imply the Brunn-Minkowski theorem in a purely algebraic way. One does,
however, lose the characterization of the cases of equality in the theorem.

The Aleksandrov-Fenchel inequalities apply to arbitrary convex bodies. It
would be interesting to know whether the generalized Aleksandrov-Fenchel in-
equalities also have analogues for arbitrary convex bodies; probably, however, this
is not the case. «

14 The face ring

In this section, we discuss the connexions between II(P) and the face ring (or
Stanley-Reisner ring) of the dual simplicial polytope P*. We shall also tie Gale
diagrams into the exposition.

Traditionally (compare, among other references, [22, 19]) it is assumed that the
vertex-set V= {v, ..., v,} of P* spans IE¢ affinely, with each v; a rational vector.
However, we shall drop the assumption of rationality. With each v, is associated an
indeterminate x;. The face ring is then (for our purposes) the quotient of the
polynomial ring R[x,, . . ., x,] by the homogeneous ideal N := N(P*) generated
by the non-faces of P*, that is, by the elements x;,...x;,, such that
onv{v;), . .., vy} is not a face of P*.

. Actually, we are not so much interested in R[x,,...,x,]/N itself, as in
afurther quotient. We now assume that oeint conv V, we then additionally factor
out by the ideal H := H(P*) generated by a suitable family of 4 elements Yidix;
(how we find them will be discussed later); these form a homogeneous system of
parameters (h.s.o.p.). This new ring R[x,, ..., x,1/(N + H) we shall call the
reduced face ring of P*, and we shall denote it by R:= R(P*) (Oda [19] uses the
term Chow ring).

< We see that R is a polynomial ring, and so is graded by degree; if we denote
the grading by R:= ?_, R,, then Stanley [20] showed that dim R, = h,(P).
A perspicuous proof of this result was given in [9].

We shall now prove

s
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436 P. McMullen

We first consider the relationship between the spaces Z,(P)and E,(Q). As might
be expected, there is a fairly close connexion between them. Of course, we can
- regard them both as subspaces of =,(P + Q), noting that P + Q is also a simple
d-polytope; if m = 1 it is isomorphic to Q itself, while if m 2 2ithasn + 1 facets, the
extra facet normal u,, say, being that to its facet F + G, which is a direct sum of an
(m — 1)- and a (d — m)-simplex.
‘We can show fairly directly that, if m < r < d, then Z,(P) is (in a natural way)
a subspace of Z,(Q). However, we shall set this result in 2 more general context,
~The d + 1 hyperplanes H, := aff Gj(withj=1,...,d + 1) bound a d-simplex §,
say. (Observe that § is on the same side of H ., , . . ., H,;,;as Pand Q,and on the
opposite side of Hy, ..., H,,) For future convenience, we perform an affinity, if
necessary, so that S is a regular simplex with unit edge-lengths (this simplifies some
numerical calculations). If we write §:= log S, then Z,(S) = lin§" is 1-dimensional
for each r=0,...,d The r-volume (or weight) of each r-face of § is then
a constant, which we shall write as (r!)~!¢,. (Thus ¢, actually gives the weight on
an r-face of §".) -
Now, we may observe that each face K of § corresponds to a parallel face K of
P + Q, or even of P and Q, except for G and the opposite (m — 1)-face, which is
a scalar multiple of — F. Again, there is no loss of generality in supposing that this
scalar multiple is 1. We say that X is of kind k if precisely k of the vertices of K lie
outside G, and if K is an r-face, we give to K the weight s, (K) := ( — 1)*¢,. We shall
call s, the r-evert (of P and Q); in some sense, we think of turning the simplex
S inside out. Then

Lemma 11.1 For each r, the evert s, lies in Z(P + Q).

The calculation is straightforward, once it is noted that there are just k hyperplanes
H; containing K for which § is on the oppsoite side of H jto P or Q. Then k induces
a corresponding change of sign of the outer normal vector at K to an (r + 1)-face of
§ which contains it.

We shall write s, =: s, if the number r can be understood from the context (recall
that m is always fixed). Then we have the following

Theorem 11.2 Each element of E,(Q) differs from one of E.(P) by a unique scalar
multiple of the r-evert.

To see this, we section P + Q in a direction almost parallel to ug, so that the
vertices of F + G are those which are encountered last. The elements of the
corresponding section bases of Z,(P) and Z,(Q) clearly coincide on all r-faces
which do not meet F or G. Subtracting one from the other, and changing signs as
appropriate, gives an r-weight on S, which is just a multiple of 5". The result now
follows.

To avoid constant repetition, we introduce a convention we shall follow
hereafter. If ye Z,(Q), we shall write y = x + vs, with xeZ,(P)and ve R specified
uniquely by Theorem 11.2.

Theorem 11.2 now leads to our earlier claim, since if r = m, the r-evert already
belongs to =,(Q) (the evert can have no component in F, and so is supported
entirely by faces of Q). In fact, counting dimensions, we have more.

Theorem 11.3 (a) If 0 < r < m, then E,(P) = E.(Q);
(b) if m<r <d— m, then £,(P) is a subspace of £.(Q) of codimension 1;
(€) if d ~m <r<d, then Z,(P) = E,(Q).

On simple polytopes . 437

It will help future calculations if we make the following observation. Define
E(P,Q):={xell(P + Q)| x|, = 0if J is a face such that J N (F + G) = §} ;

that is, regarded as weights, the elements of E(P, Q) are supported by the faces of
P + Q which do meet F + G.

Theorem 11.4 E(P, Q) is an ideal in I(P + Q).

The proof is easy: if ec E(P, Q) and x e IT(P + Q), then for each face J of P + Q
which does not meet F + G, we have

(ex)l;=¢el;x]; =0,

so that ex e E(P, Q) also. The remaining properties of an ideal are obvious.

We call E(P,Q) the evert ideal of II(P+ Q), and write E,(P,Q)=
E(P,Q)n E,(P + Q). Clearly, each evert lies in E(P, Q); it is not hard to see that
E(P, Q) is actually generated by the everts. The advantage of Theorem 11.4 is that
it enables us to calculate its elements by their restrictions to the hyperplanes
normal to ug, . .., tg4q.

Let us now make a further observation. Let ze E;_, (P, Q). The z| r; =0 for
eachj=4d +2,..., n,so that the product of z by anything in £, depends only on
its (generalized) support parameters in directions ug, . . ., u4. ;. In particular, such
a product by an element of Z,(P + Q) depends effectively on its support para-
meters in the restriction to F + G.

We can now set up an inductive scheme. As we saw in Lemma 10.3, if
j=1,...,m, then F; is turned into G; by an (m — 1)-flip. Further, the rdle of
F relative to F; is now played by one of its facets ((m — 2)-faces), whereas G < G;
plays the same role as it did before. For j=m +1,...,d + 1, of course, the
situation is reversed. We are now in the position to perform some calculations.

Lemma 11.5 Let 5 be the r-evert, and let pe 5" (P). If k Z m, then p*s = 0.

To prove this, we bear in mind the observation above. Since our calculations
depend on F rather than on P, and since the class [F] of F has no k-component if
k 2 m, the mixed volume calculations for p*s must yield 0, as required.

If that proof seems too quick, we can proceed alternatively as follows. Let
2€E; (P, Q), with k= m as before. As usual, we are taking m = 1. We can
suppose that the origin o€ F; thus the support function of P in any direction

" Moy Um+ 1, - - -, Ugey 15 0, and in calculating p*z, we need only evaluate (p*~!z)| F

forj=1, ..., mInsuchan F;, we see that z restricts to an element of an evert ideal
of type m — 1. We can now appeal to induction (we have lowered both k and m by
1), to say that (p*~'z)[r, = 0; if m = 1, then the support function of P at F is
identically 0. Thus p*z = 0.

More generally, let ze E,(P, Q), with r <d — k. If p*z % 0, then we can find

F some weZ;_;_,(P + Q), such that p*zw < 0. But zwe E,;_ (P, Q), contradicting

what we have just shown. We conclude that we have proved
Lemma 11.6 Let ze E(P, Q), and let k = m. Then p*z = 0.

A similar argument would apply, to show that q*z = 0 whenever k > d — m,
however, we shall not need such a case. What we shall need to find is g¢~ % s2, when
sis the r-evert. We begin with s2. We can perform this calculation as if we were
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432 : P. McMullen

this covers the cases d < 1. Further, for r = 4d there is nothing to prove. If
1 < r < 4d,let F be any facet of P, and write f:= p|rand y := x|p. Thenf ¢ ¥y =
(p?~¥x)|r = 0. By HRM(d — 1) with F instead of P, and noting that f = logF,
we have (— 1)7f4"2r~1y2 >0, with strict inequality unless y = 0. Multiplying
by p (using the mixed volume calculation, and noting that the support parameters
of P are all positive after a suitable translation), we deduce that
(= 1)7p4 ¥x2=p-(—1)p 2~ 1x? > 0, with strict inequality unless x| = 0 for
each facet F of P, that is, unless x = 0. Since ( — 1)"p9~*x2 > 0 contradicts
p?~ % x = 0, we conclude that x = 0, as required.

In the rest of this section, we shall assume that HRM(d — 1) holds, and hence
that we have the Lefschetz decomposition of II{P). We next recall Theorem 5.2,
which says that the vector spaces SZ,(P) and =Z,-,(P) are in duality. If 0 < 5 £ 4,
and A is a subspace of Z(P), we write

Ati={yeE,,(P)|yA=0},
which we call the annihilator of A.
Lemma 84 If0 <r £ 1d, then

E(P)=(p* > E,1(P)*

The proof is straightforward. If x € Z,(P), so that x e Z,(P) satisfies p? 2 *!x =0,
then pd=2"*1xy =0 for all ye=Z,_,(P), and hence xe(p? *1&,_,(P))*. The
argument is reversible, and the lemma follows.

For our purposes, there is an important consequence.

Theorem 8.5 If1 < r < 4d, then 5;(P) = pZ,_,(P)@®Z,(P). Moreover, if x € E,(P)
is expressed as x = py + z with ye E,_,(P) and ze E,(P), then

E&INsXN — Emluw+u.<~ + valpaNm .
Since we are assuming LD(d), we know that the subspaces pE, ., (P) of Z,(P) and
pi=¥r+iE__ (P)of £,_,(P) both have dimension h,_,(P) = dim &,_ (P), and so
the subspaces of the theorem have complementary dimensions in Z,(P). Suppose
then that

x€pE,—(P)n(p?™ ¥ E,_(P))*

(here we are using Lemma 8.4). Since x = py for some ye=,_,(P), it follows that

P rYE, (P) = (py)(pTHHE,y(P) = xp*HHIE, L4 (P) =0,

so that y =0, since p?~2"*25,_,(P) = Z4_,+(P) separates =,_,(P), and hence

x = 0. Thus the subspace are indeed complementary. The decomposition of the
quadratic form is an immediate consequence.

Thoerem 8.5 can be thought of as saying that the quadratic form p¢~2*2)?
with yeZ,_,(P) is-a subform of p*~2x? on Z,(P). In fact, it is usuaily more
convenient to state Theorem 8.2 in an equivalent form.

Thoerem 8.6 If 0 < r < 4d, then the quadratic form ( — 1)"p?~*x? on Z,(P) has
Y50 (= 1)'h,_i(P) positive eigenvalues, and Y[~ (— 1)'h,_;_,(P) negative ones,
relative to any positive definite form on Z,(P).

It is clear that the statement of the theorem is implied by Theorem 8.2, when we
bear in mind the remark above, about the embedding of one form in the other. For
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the converse, we again use the remark, and Theorem 8.1, which states that the form
is non-singular. The subform p?~2"*2y? accounts for h,_,(P) of the eigenvalues
with appropriate signs given by the theorem with r — 1 in place of r (the initial case
r = 0 is trivial). There remain g,(P) = h,(P) — h,_,(P) eigenvalues, which all have
Eommmnm:l:-.HrmmmacmﬁcomzmornmnoEonoBEnBozSQmonB w.TExN

with xe Z,(P), and Theorem 8.2 thus follows.

9 Continuity arguments

It is sometimes helpful to be able to prove a result in a somewhat special case, and
the use continuity arguments to establish it in general. We shall discuss such
continuity arguments in this section. Since, as before, we are assuming an inductive
framework, we shall suppose that the Hodge-Riemann-Minkowski inequalities

"HRM(d — 1) hold, and hence that we have the Lefschetz decomposition LD(d)
(Lemma 8.3).

We shall prove a very general result.

Theorem 9.1 If Theorem 8.6 holds for one choice of simple d-polytope P, then it holds
for all polytopes Q in the same connected component of its isomorphism class.

This means that, if Theorem 8.6 holds (and hence Theorems 7.3 and 8.2 do also) for
one particular polytope P, and we can obtain Q from P through a continuous
family of isomorphic polytopes, then the corollary holds for Q as well. As a special
case, we can thus vary P freely within its strong isomorphism class (or, equivalently,
vary p := log P freely within X (P)).

We prove the theorem as follows. There is a technical problem, because we are
changing the subalgebra IT(P) with P, and so the subspace Z,(P) also changes,
particularly if we think of it as the h,(P)-dimensional subspace of a real vector
space of dimension f,(P) (with coordinates indexed by the r-faces of P) determined
by the Minkowski relations, since these relations also vary as P varics, although
obviously in a continuous way (and so the subspace itself varies continuously as
a coordinate subspace). However, it will then follow that the primitive subspace
Z,(P) also varies continuously with P.

We may, though, regard =,(P) as an h,(P)-dimensional space, coordinatized
relative to a section basis constructed as in §6.If Q is combinatorially isomorphic to
P, and close enough to it in the Hausdorff metric, then the basic r-faces of Q will be
those corresponding to the basic r-faces of P, since vertices of the two polytopes will
be of the same type with respect to the moving section. The induced weights on the
remaining r-faces will clearly change continuously with Q, and thus so will the

_ quadratic form q¢~ ¥ y? with g := log Q, since we can regard ye =,(Q) as a vector in

a fixed space. The form is always non-singular with a fixed rank (we use the
induction HRM(d — 1) = LD(d) as before) and so has the same signature within

. some neighbourhood of the original P, yielding Theorem 8.6 for Q.

We may remark that any simple d-polytope P can be approximated as closely

. as we wish by isomorphic polytopes with rational vertices. Thus any strictures

apparently imposed by rationality can already be removed. We may also tiit the
“facets of P slightly, and so approximate P by isomorphic polytopes whose facet
normals are in linearly general position.
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Lemma 5.4 Let 0 <r S d, and let xeQ,(P) be such that x + 0. Then there exists
yeZ,-,(P) such that xy + 0.

The extreme case r = d is trivial. The crucial case is r = d — 1; we shall prove that
first. If xeQ,_,(P) with x = 0, then there is some facet F of P for which the
restriction x| of x to F does not vanish. If F = F;and & := #;€ Z,(P) corresponds
to F; (that is, we choose & with support parameters 1; = t and 5, = 0if k = j), then,
by direct calculation, x|r = xi (these are both numbers). That is, xi % 0, as
required.

Now suppose that r < d — 1; we proceed by induction on d. Since x = 0, we can
find some r-face G of P on which the weight x | induced by x does not vanish. Let
F be any facet of P which contains G; then x | & 0. By the inductive assumption,

and using Theorem 2.4 (which says that x> x|p maps I1(P) onto II(F )), we can :
find a ze 5,4, -, (P), such that (xz)|r = x|rz|r % 0. With i as above, and y = zij, |

we then have xy = xzii & 0, and we have completed the proof.
Lemma 5.4 says that =,_,(P) separates 2,(P). There follows at once

dim Z,(P) < dim 2,(P) < dim Z,_,(P) .

Interchanging the roles of r and d — r shows that we have equality throughout, and
the two theorems are immediate consequences.

We may note that Theorem 5.2 already shows that Z,(P)and EZ,_.(P) have the
same dimension; we shall identify this dimension in §6 below. The argument of the
first part of Lemma 5.4 can be extended to yield

Theorem 5.5 Let x€ E,(P), and let G be anr-face of P.If F, . . ., F4, are the facets
of P which contain G, and if iiy, . . ., uq—, are the corresponding elements of Z,(P),

then

.X_Q = det QH-M» e mmlw s
where det U := /det UU T, and U is the (d — r) x d matrix whose rows u,, . . ., g,
are the unit normal vectorsto P at Fy, . .., F4_,.

Actually, it is not necessary here to assume that the u; are unit vectors, since scaling
u; (and hence det U) by 4; > 0 scales i; by 4; "

6 The dimensions of the weight spaces

We now establish a basic result of the paper. As usual, P is our fixed simple §

d-polytope with n facets.
Theorem 6.1 If 0 < r £ d, then dim E,(P) = h,(P).

In fact, we shall use Theorem 5.1, and work with the spaces Q,(P). The idea of the
proof is to show that at each vertex of type r acquired by the moving half-space of
§4, we can freely assign an r-weight to the corresponding r-face of P.

It is easy to see that we have no more freedom than this. Obviously, we can
make no new assignment of r-weight at a verttex of type s with s < r. At a vertex of
type s with s > r, we similarly have no freedom, because the Minkowski relations

completely determine the r-weights on the newly acquired r-faces through the

vertex.

VA oataap e PIU LU e

The only problem is that of consistency, that is, that the assignment of weight
on the new r-faces determined by the Minkowski relations on the (r + 1)-face

 through the vertex (in the latter case above) is independent of the particula

(r + 1)-faces from which they are calculated. There is nothing to prove if s = r + 1
and it is clear that the general case s = r + 2 will follow from the case s = r + 2

So, we change the notation, and write r = d — 2. Suppose that we have assigne:
a weight w(F’) to each (d — 2)-face F’ of a simple d-polytope P which does no
contain a fixed vertex v of P, in such a way that the weights satisfy the Minkowsk
relations where appropriate. A (d — 2)-face F of P which contains v also contain
d — 2 of the d edges of P through v; let L be the plane spanned by the remainin
2 edges, and fix an orientation of L. The section of P by a general translate ¢

L (which does not contain a vertex of P)is a polygon, whose vertices correspond t
' {d — 2)-faces of P, and whose edges correspond to facets. With respect to th
' orientation, the (d — 2)-faces of a given facet G of P can be called lower or uppes

according as they are encountered first or second in going around such a polygona
section.

For each (d — 2)-face F’, there is a constant y(F') 2 0, which is the factor b
which (d — 2)-volume is multiplied under the projection on a (d — 2)-space ortho

- gonal to L; in fact, y(F’) = 0 precisely when the affine hull of F’ contains a translat
of L. The Minkowski relations say that, for each facet G of P,

Y WFeE)= Y wF)e(F).

lower F' c G upper F'c G

Il F = G, this then assigns w(F) (with respect to G), since F is the only (d — 2)-fac

y of P through v whose affine hull does not contain a translate of L. Now, a (d — 2]

face which is upper for one facet is lower for the next in the orientation. Hence, if w
sum up the above relations over all facets G, the terms y(F')w(F") all cancel, excep
possibly for F’ = F. But then they must cancel for F’ = F also, and the assignmen
of w(F) is unique.

Finally, we remark that there are h,(P) vertices of P of type r, and this prove

" the theorem.

There is an obvious way to construct a basis of Z,(P) using Theorem 6.1

A typical member of the basis is obtained by assigning the weight 1 to on

particular r-face acquired at a vertex of P of type r. (we call this a basic face), an
0to all the other such r-faces. What results is the section basis of =,(P), with respec
to the given direction 0.

7 The g-theorem

As stated in §1, the main aim of the present investigation is to present a proof o

what is called the g-theorem entirely within convexity. We shall now describe thi
theorem.
The g-vector (go(P), . . ., ga+ 1 (P)) of the simple d-polytope P is given in term

of g(P,7):= 3725 g.(P)t" by
gP,t)y:=(1 -0h(P,t)=(1 -1 f(P,7—1}.

Thus g,(P) = h,(P} — h,_;(P) for each r. We can recover h,(P) from the g,(P) b
h(P,7) = (1 — 1) g(P,1), or h,(P) =}, ., g,(P). Note that the Dehn-Sommervills
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424 4 P. McMullen

The crucial connexion is that which determines the facial structure of Q from its
representative g. We write

Gji= {xeQI{xu;> =1n;},

which is (in general) a facet of Q. We then call a subset V' < U facial (for Q) if
{G;|u;e V'} is exactly the set of facets which contains a (non-empty) face of Q. We
call a subset V' < U cofacial (again, for Q) if gerelint pos V. Then we have from

[14]:

Theorem 3.2 If QeP(U), then V < U'is a facial .w:vmm\m\ow Q if and only if
V:= {il;|u;¢ V} is a cofacial set.

The polytope @, through its representative g, determifies a type cone X (Q), which
is the intersection of the sets relint pos ¥ which contain g. Every polytope in 2(U)
whose representative lies in (@) is then strongly isomorphic to Q. The type cones
have another characterization (see [14]): they are the maximal relatively open
nmnswx subsets of pos U on which the representation is (non-negative) linear, so
that .

A0, + »NQNT(.FS + 42932,

with g; the representative of Q; e 2(U).and 4; 2 0fori=1, 2.

A particularly important case arises from our original simple polytope P. Here,
the type cone X (P) is full-dimensignal, and hence its linear hull is E"~ itself.
Theorems 3.1 and 3.2 together then yield

Theorem 3.3 Let P be a simple d-polytope with n facets. Then the first weight space
Z,(P) of II(P) is isomorphic to E"~° :

Under this isomorphism, if Q is a summand of P, then Q has a unique representat-
ive g € cl 2" (P), which is then identified with log Q. Note, though, that if Q has fewer
facets than P, or is lower dimensional, it may well have further representatives in
the cone pos U.

For future reference, we repeat the observation of [14] that the representative
q of Q e #(U) also represents each face G of Q. However, it must be borne in mind
that some of the normal vectors u; may now be redundant for G, meaning that the
corresponding hyperplane {x e IE4| {x, u;> = 7} does not meet G, or supports it in
a face of dimension at most dim G — 2, so that G has other representatives than q.

We have identified =, (P) with IE" "¢ in a natural way above. In this context, the
multiplication by an element of Z,(P) is performed by means of the mixed volume
calculation (see §6), bearing in mind the separation Theorem 2.2 of §2. However, we
can also identify an element of = (P) with the values taken by frame functionals of
type 1; when we are concerned with a given strong isomorphism class, this just
corresponds to the lengths (which may be signed) of the edges of polytopes in the
class. In this context, it is worth recalling [7, 15.1.2], which shows (in effect) how the
edge-lengths determine the support parameters of the facets.

|
4 The Dehn-Sommerville equations V7. Q %

P

Let P be a simple d-polytope with n facets. If 7 is an indeterminate, we write
S(P, 1) =Y 4.0 f{(P)t) =Y p 14™F, where f;(P) is the number of j-faces of P, so
that (fo(P), . . ., fi-1(P)) is the f-vector of P, and the second sum extends over all

On simple polytopes 425

non-empty faces F of P. (P is taken as a face of itself, but we usually omit mention
of fy(P) =1 in the f-vector; the empty set is not counted as a face) Then the
h-vector (ho(P), ..., ha(P)) of P is defined by h(P,1):=f(P,t—1), with
h(P, ) =: wn o h:(P)t". The central relationship involving the h-vector is:

Theorem 4.1 (Dehn-Sommerville equations) If P is a simple d-polytope and
0<r £d, then h(P) = hy_,(P).

Because this theorem is so important, we shall give its proof. In fact, the method of
proof is equally important for what follows. Let v be a (unit) vector, which does not
lies in any of the finitely many hyperplanes through o orthogonal to an edge or
diagonal of P. Consider the faces of P which lie in the variable half-space
H™(v, B) := {xeE?| {x, v) < B}. As B increases, so that H™ (v, f) moves through
P, it acquires one vertex of P at a time. We say such a vertex is of type r (with
respect to v) if precisely r of the d edges-of P which contain it lie in H™ (v, ) (and the
remaining d — r do not). In acquiring this vertex, H~ (v, B) also acquires an r-face of
P, and all its s-faces (with.s < r) which contain the vertex; there are just {7) such
s-faces. Thus, the total contribution to f(P, 1) from this acquisition is 4f(P, 1) =
Yi.o()r®*=(r+ 1), whence the corresponding contribution to h(P,7) is
4h(P, ) = v". It follows that h,(P) is  the (necessarily non-negative) number of
vertices of P of type r.

‘The proof is now easily completed. If we replace v by — v, then a vertex of
type r with respect to v becomes one of type d — r with respect to — v. Thus
h,(P) = hy,(P), which is the assértion of the theorem.

This approach to the Dehn-Sommerville equations was first given in a brief
note at the end of [12], where the proof of the upper bound theorem for the
numbers of faces of polytopes with a given number of facets was also sketched.

5 Weights

We now introduce a crucial definition for our investigations. This coincides (as we
understand from Carl Lee and Jonathan Fine — private communication) with the
notion of linear stress on the dual polytope. Denote by Z,(P) the family of r-faces
of a polytope P. Then an r-weight on P is a mapping : % ,(P) — R which satisfies
the Minkowski relations, namely that
M SAM, .\vc ;= O N
F;cG
where such a sum runs over all the r-faces F; of an (r + 1)-face G of P, with v; the
unit outer normal vector (parallel to aff G) to G at F;. The real vector space of

 r.weights on P is denoted by Q,(P).

The separation Theorem 2.2 associates each element x € Z,(P) with a unique
r-weight &, so that there is a natural embedding =Z,(P)s Q,(P). For this reason, we
often use a symbol such a w for a weight, and write w| ¢ for its restriction to a face F.

. (If wis an r-weight, and F is an r-face, then w| is the value of w on F.) Our aim in

-this section is to prove that, for a simple polytope, this embedding is a isomor-
phism. We may remark that this will not remain true for a general polytope; for
example, if P is a simplicial d-polytope with n facets, then Z,(P) is 1-dimensioanl for
eachr =0, ..., d; however, we clearly have dimQ,_(P)=n — d.

‘We begin, however, with an attempt to give a little insight into how multiplica-

tion _o_.nd works, and how it might be extended to multiplication of weights. It is
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