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mensions. So we obtain the partition ATP(RVCL) of the space (Pm)
into the combinatorial equivalence classes. A combingﬁoria% type of
lkhfgg{ﬁf, d’if??fiﬂﬂEiEiSﬁ? is a stratum of rﬂ)“l,d) lan equi-
valence class of such a partition considering as a variety is callec
stratum) . The combinatorial types of the projective point configu-

rations are naturally subdivised on the oriented combinatorial type:

Two point configurations are 2rientedly combinatorial equivalent if

its dual ordered hyperplane configurations can be translated one to
d
another by the homeomorphism of PR - S0 we obtain the partition

TPO “L,d) >~'Tp(ru(i) of the space (P:’)n into the 9{}§p§§diggmbi
natorial types.
Now we assume that in PRd a certain projective basis ( d4

points in general position) is chosen . Basis configuration is a poi

configuration which have the fixed basis as the subconfiguration of
dyn
its first d,+2, points. On the space gc “l,d) < DR)

all basis K -point d,—configurations (n‘z dﬁ*Z )

of
the partitic
Tpln,d) and Tpo(n,d) induce the partitions T} (n,d) ana
Tho(n,d)  into basis compinatorial types and basis oriented combs

nato;%gl types respectively. One can consider a basis (oriented) com-

binatorial type as a factorspace of the corresponding (oriented) com-

binatorial type by the free action of p(}t_d(lR) . With the help

d . \
of the non-homogeneous coordinates on DR connected with the fix

ed basis we can to identify a basis combinatorial type A,G-Tg “L‘d)
with a subvariety of the space of @d+{—vector fl -~tuples. Orien-

d+1
tation of R induce the orientation of M}O—u4ﬂes of points of

the configurations belonging to «. Fixing the orientations of all the

(d*1)-tuples we obtain precisely the partition of «®  into the basis

oriented combinatorial types. Two convex polytopes with odered vertice

are said to be combinatorial equivalent if the order-preserving cor

respondence between the vertices induces the isomorphism of the fae

lattices.

Combinatorial equivalence determines the partition'ATpoa(‘j
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of the space POE(H,dJ “ (Rd)n

lytopes with I,

of all convex d,—po—

odered vertices., a combinatorial ¢

ype of convex po-
lytopes is a stratunm of ATPO{(YL,d)

Combinatorial types of generic

configurations and combinatorial types of generic (i.e. simplicial)

polytopes we call generic. The topological structure of generic com-

binatorial types is of the extreme interest,

One can easily establish that every basis oriented combinatorial
type is a primary semi—algebraic, defined over {2 (i.e. determined

by polynomial equalities and strict unequalities with rational coeffi-

cients) subset of a principal affine set in 8C,(n,,d) The same

is true in the case of polytopes. As we shall see the converse (modulo
sertain stabilization) may be proved:

THEOREM A.

1) For every natural k&' d (d~> 2) + EVery primary semi-

algebraic subset P4 of + defined over QQ

n and b

' -point d

there exist a natural

asis oriented combinatorial type % of projective

~configurations which is stable equiv

{Two semi-algebraic varieties A ,B

ralent to

are stable equivalegg if there

4
egular homeomorphism betweer:A and B X!R

a& certain natural i )

is a piecewise pir for

k
Z) If A4 is an open subset of P then the type 1z may be

chosen to pe generic.

The similar fact Concerning polytopes is a consequence of the

Theorem p and the Gale's duality:

THEOREM B,

1) For €every natural &,WL (ﬂl’> 4) s BVery primary semi-
, algebraic Subset Wf of R& defined over a) their exist a na-
1 tura; (|

and a combinatorig] type of d,-polytopes with d+ﬂ1 ver-

which is stable equivalent to M x G—L(i(ﬁl)

is an open subset of P

F tices &

2) 1 M

thém the type g may
fbe Chosen

to be simplicial .
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It should be mentioned that every combinatorial type of 3 -polytopes

( L S.R.])and the combinatorial types of d -polytopes with d. +5

1 )
odered vertices are topologically trivial (i.e. stable equivalent to

GLS(R\ and GLd([R) respectively) . The combinatorial type
of -polytopes with 10 vertices constructed in [B.E.K.] is the
minimal known example of disconnected (modulo GLA(R} ) polytope

combinatorial type. Every generic basis oriented combinatorial type
of fl -point 2-configurations is trivial when fl & 7 (see the paper
by S.Finashin in this volume). The author has constructed the example
of disconnected type for | = ’19 (see p.6).
Obviously, it is sufficient to prove the Theorems A and B for

the cases of point 2-configurations and d, -polytopes with d+q ver-
tices, respectively. According to which the term configuration fur-
ther means a configuration of points of P[Rz

2°. Before we proceed to the proof of the Theorem A it is nece-

ssary to introduce some new objects.

"

2.1. A computation of rational map. Partition of the map's

domain of definition generated by a computation of this map.

ret I be a field and et A be a subset of F . conmsider
the sets of words (f;  {-{ 2, . . over the alphabet Avil MW F
wmexe T {d = %, ) O A =L INBY] A LD ¢
¢ Ol o Th 0 pue () = Lim UL

The set of words (J () with the natural action of the ope-
rations from F is called free algebra of words (see [B] ). Let
O k- () — Fuy {o} be the map of "removing the parenthesis"
and let { be an element of [ . A computation of i OU(A)
ror A € OL(J‘)

denote by SW(A) the set of all subwords of A belonging to

U((d) , SF(A)=6‘*’F(SW(A»C F Let ,I’:(Xh,,,,xk) be a

32, -tuple of independent variables, \94 < [F(}:) . A computation

is an arbitrary word from 69'—‘[; (D € U(H)
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of rational vector-function fz (;)1 S, m)é [Fm(:{) in UC(J“
is a collection of words W:(QM , ...,me)é Oﬁm(ﬂq) where 4);V is
S

a computation of {L for I'm - We denote by SW(W} the

set Q{SW((P”)C (}C(ﬂ) and by SF(W) the set Q{ SF((PJ =

=69(F(:£) (SW(W))C F . The computation W of £ is called
formula if the map (534””_‘ SWIV) — SF(y) is a bijection.
Let ’FC]R . In this case let 'ZQ% ; w ) :{ TEQ(R&' all the
functions from SF(W) are regular at I} . Consider the
equivalence relation ¥ on ’ZQ(}(¥ ,W) : X v k} if and
only if 51}%'1 (v(o) - ulz)= 5“}“ (U(%)" %(%)) for all pairs
WU e SF(Y) LU E Y . The partition of 7@9(£,w)determined
by ¥ we denote by > (x’uf)
S W) éW(w)
2.2. The biregular imbedding 169 % ~ > (the

space of basis configurations).

Let f be a vector-function from O,m(X)yX: (xh---al&), and let\V
be a computation of £ in (fL(O 1 X) Put SW(\V)= { )\{0,1,X} et
=(Xy,. ,Tq )€ zeq 4’1}/ cR £={¢, }msw(Y) (R S here [R R\ {0} .consider

the basis configuration D X, presented by Fig. 1. Here {P"“ 7P°
E, m} is a fixed projective basis.
Pe. P P Pir,8)
On the line LR: po . P"° the points
Px4 m) ka(I) are marked such.thiE {P‘%“}“sw

R (py o phpo,pm sor L¢{:h
where R( 5 ) s ) is a cross-ratio, Ln S

LR B P NP

P4= LR” (P"C.PE) . On the line L, t" *

- ) (6) Fig.1

0" Po" P« the points {PlOA) }Ae Sw(y) Po

are marked such that R( P(O A (g) ) P(o,f) ) PO ) Poc )=

by ror ACSWIY) , wnore py -

=Lon (PoePE) . Consider the constructions

A Pw
of sum, difference, product and quotént of Lm Py ;“} ix+y) N
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L —points defined by Fig.2. By iterating

R Pe(. i t«
of these constructions according to increas-
ing of the W -subwords we can supplement

8
the configuration p(l,?)) to the configu-
(lyw) P, Poo

ration p (.I‘,,g) which has points Lp-1 Ny £ N

Pq;.( )(-L such that Flgz_b
Pq) P*’Po Poo % ) for {/ém . At

the step correspondlng to a subword A€ SW(W)
the point PA eL{;z) A »P1’P07P"°
(Og g N 2)

point with the index B at the primary

is constructed. As a

construction, corresponding to A € S’VT/(W)
the point P(O,MNJ) is chosen. So we

obtain the biregular imbedding D(l'w)
veg (I V)« (R*)™M e §c15%2) wnere Y Led N
is a naturally defined set of indf’ées, }':132&:1 i
crd (5¥)=card (SWIWD+dcard (SW* W)+ Seard (SW W)+ 3
SWHW) ={Ae SW(W) | A =(A, £ A},

SW W) = (A e SWIY)| A = (A, *A,))

D(I,W)

The image of is a union of entire basis combinatorial

types.

2.3. Free basis configurations

tet ( be a basis configuration, B  is a fixed projective
basis,BCC, catd (B) = . Denote by OZP(C) the set of
all projective lines which are incident with more then two points of
C L ree ze( cput Ve(z)=card ( Eoé |I<E)
The point I is said to be proper if I/, x)>3 , otherwise
i1s unproper point of (, . In the latter case [,  is said to be a

free extension of the subconfiguration C\{\L} . The configuration




533

C is said to be free if it is possible to order the points of
C\B (C\B:(C4 ,..~,C&)) in such a way that the configuration M
U{C4,‘..,(‘,j} is a free extension of BU{C“,,,,C‘{‘{]} for 161&,
Generic configurations and the configurations presented by Fig. 1,2

are examples of free configurations. A free basis oriented combinato-

rial type of configurations is an oriented combinatorial type of free

basis configurations,

3°. The Theorem A is a corollary of the follewing three Lemmas

which connect the objects defined in p.2.

LEMMA 1.

1) For every primary semi-algebraic variety M , defined over
@ there exist 3 natural &,,m, ; & regular vector-function
1? € Qm[X1 Y- ,XkJ and its formula Y ¢ (]Lm(071,x4 i A,_,xk)such
that the partition Z: ( { ,W) has a stratum [ stable equivalent
o M.

2) 1If M is open (i.e. is defined by strict inegualities only)

then the stratum r can be chosen to be open.,

LEMMA 2.

"X
1) For every rational vector-function £6 (D ( 1,...,X&) , 1its
/
computation W in L/(/ (0,1,x1 ,...,X&) and a stratum Te Zl (!,W)
(+.¥)
there exists a basis oriented combinatorial type /5‘: Im D
stable equivalent to 1 .
k

2) If the stratum T is open in IR and IV is a formula
than the type /5 can be chosen to be free.

LEMMA 3. For every free basis oriented combinatorial type /5 of
configurations there exists a generic basis oriented combinatorial

type which is stable egquivalent to ﬁ .

4°. PROOF OF THE LEMMA 2.1
,¥)
4.1. Put Q(ﬁ,W)= I!’T‘Lp = 8(/ ( SW) (see p. 2.2) .Consider

the projection H; 9”11.[.[)—»- IR& , ﬂ= ﬂ4°( Du’w))~4 ¢ where
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k W(Y)
ﬂ4 - projection of lR X ([R ) ( on the first factor. Let
X  be an oriented combinatorial type of basis configurations,

¥ < Q(PW) . Let P' ’Pze X and let H(Pt)= I,L for 1}=1,2.
DLI,W)

By the definition of the set of points P nlL ~{PA }AeSTN(‘V)U

@(x\(m)(ﬂ) , where Ac¢

and Pz belong to one oriented com-

{p } is such that R ) (
PA P1’P0 1P 6
¢ SW ) {,2 . Since P4

binatorial type the points from (p‘\Pm)ﬂ L and (Pl\ P-dn l_»2
are arranged in the same order on the affine 1ine LR\P,,. Hence X'
and  I* belong to one stratum of £ y)

4.2. It is not difficult to show that ﬂl XU is a

{RSW(W

trivial fibration with a fibre
4.3. Fix any order on the set SW(W) . Let T be a
stratum of Z (*E YW) - Note that independently of Ier the

d.w *
configuration p b (I,QBA BA&ST/(W) ) lies in the same oriented type

/5(?”, = ) c 9(;,“” when g: P Z 82 for arbitrary A €
(—S_\—/\—/(W) From the p.4.1 it followsc:h{\at \—H/B(’Xv,* ))= T . Hence,

SW (W)
by p.4.2 we obtain that ﬁ(r,%) is homeomorphic to TXP ( .
This homeomorphism may be chosen piecewise biregular,defined over Z
4.4. The statement 2) of Lemma 2 may be proved by the induction

on the increasing of the Llf —subwords.

5°. PROOF OF THE LEMMA 3.

Let C be a basis point configuration, B < C is the fixed

projective basis. (Hpre we follow the notations of p.3.3). Put \/(C)‘

‘\/ [C] Z \/ , where [C] is the basis oriented

T
combinatorialiype containing (4 . We prove Lemma 3 by the in-
duction on \/(j-”) ce Vig)=( then B is generic, by the de-
finition. tet V(g)>( (e p . In this case among the points of
C\B there exists an improper point X . Consider the two

situations: 1) V (x)=1 ana 2) V. [x)=2
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1): Let \/C(x):f ,EfoCP(C) , L¢ E (see Fig. 3a)
Denote by oZ(C) the set of all projective lines which are in-
(x)
cident with more than one point of C . S

Denote by SC(I») the star of the

point I in the geometric complex €
2 7 N N
generated on p{p\ by the line confi- , 1’ 7
guration 0( (C) . Choose the line : /
\ . Fi g?)b ? ‘o,
8 ¢o<(() such that 6 is in general / p
~ nl
position with respect to the points C a /
7

of C\{x}velnCZ{x} . Fix on

the open segment SC(I) n{ two points Flg.3€

(7]
Ay, Q, separated by I (see Fig.3b). \
Consider the configuration C = (C\ {LH U

U iﬂn,a,,} (Fig. 3c) - By the trivial arguments it can be proved

that the oriented basis combinatorial type [6) is pilecewise- bireqular
homeomorphic to [C}"[R3=F”R’, V([ED:V(C) =V(c)-1 and [E]is free.
2): LetcVC(I)=Z ; {‘,CIGXP(C); 1;6{7 ﬂ{ (see Fig.4a)

o A, L,
f«/(x C A}M o T M
Fig.4a ></Fig.4b Wﬁg%
v
/ F1g 4d / Fig.4e

Fix on the open segment 34 n SC two points {)4 , 62 sepa-

1
rated by X (Fig.4b). Consider the configuration C = (C\{ I)))U
{g g } (Fig.4c) . The configuration C[ is free, [Cl ] =

“LCIxR™= pxR* V(L('])- VIC = Vip) . Since

\/C,(€1)=1 and 814 B we are at the situation of 1). (see
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Fig. 44, 4e).

6°. Examples

6.1. For { éa)ﬁL(X1 o X &) and its formula ¥  in 61(0,4)
Xh..,, X&) put G(W):Ca?d(SW(W»‘L 1o C(L'Zd/ (SW+(W)) +

+ 20 card (SWH W) +3

(see p.2.2 for the definitions SW ' and SW ' ) . Because the
proof of the Lemma 2.3 has a constructive character it enables us to
obtain the following evaluation:

COROLLARY 1. m

For every rational vector-function 2&@ (Xi R Xg)its formula

W in 06(0,1,X4,..,,Xk>and a stratum ¥ ¢ Z(g,W) their exists
a generic oriented combinatorial type of G(W) -point 2-configuration
stable equivalent to 7.

On the basis of the Lemma 2 and 3 one can easily construct various
particular examples of generic oriented combinatorial types with non-
trivial topology. The fact is that even very simple couples (vector-
function, its formula) generate partitions Z which have open

strata with non~trivial topology.

6.2. An example of a disconnected generic oriented basis combina-

torial type of configurations.

Consider the vector-function (}E @2[ ] . (}/: (XI—X,“? and its
formuta @ =[P, P, T= L{X«X1=A), (4 (({(0-D-1)-1D-1)] ¢

CO 0,0 5 SFI®)=0,0,-1,-2,3 -4 - % X =X QXJeon-
sider the stratum 1 of Z((}’CP) , where "1 = [\ZIZQR\ "> T> X+

>0>(m2~m)>~j—{7-1>—2>—3>~4q}= {me[Rl0>(Iz~L)>'[{T)

= (0 ?iz,)u (—4?: ,1) . The stratum g is open and disconnected. Hence

?
by 2) Lemma 2 and by the evaluation of (,(L“((i(s ) from p.2.2 there

exists a disconnected free oriented basis combinatorial type of 43—
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-point confiqurations. By Corollary 1 there exists a disconnected ge-
neric oriented basis combinatorial type of 144-point configurations.
By specialization of the general construction for the particular case
£ ((}’ (D) the author had constructed the examples of a disconnect-
ed free oriented basis combinatorial type of 16-point configurations

and a disconnected generic oriented basis combinatorial type of 19-

-point configurations (see [m]).

6.3.

An example of generic oriented combinatorial type which is

homotopically equivalent to S

Consider the vector-function FL h( ﬁ X -5 + >/2 >/)

6 @ [X )/ | 4 The function ?L X >/ has unique minimum
| atthepOLnt I“(q— Z) gL( “%:FL&

- According to the

definition, for arbitrary formula W of the vector-function %/

the set of rational functions SF(W)C@(X,V) contains the

functions ‘ﬁlq and 2 + Hence, the partition Z(h,W) contains

the partition :ZS(H’LW of the set S: {(1‘1’(}){ ?L4(l,%/)> #Lz: *1% }=
=R Vix } - Suppose that the formula W has the follow-

ing property:

(=) u(l*)* U/(I*)#O for every WU,V ¢ SF(Urf>

such that {u,ﬂ*{ﬁu,h} , UtV

Then by the definition of Z MMW) there exists unique open

stratum Y {g* W ﬁ Z gl, w such that V(I*,w)D(V(I’*)ﬂ 9)=

; =Vix ) N{z* } for a s(ertaln neighbourhood V(X*) of point I*,
Obviously Tty ()) (I, ,\‘V» * 0

Consider the following formula of the vector~function h

X=0% %, 0=1 (R K) = (K20 + Ly x (y =4

1

A== T e a1 %y
5 TR
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P>

SF(X)=1-16,-15, .. -2, \Y-1h, by Oy 4 x5
0,08 KLY, )

),

One can easily verify by direct calculations the correctness of con-
*
dition (=) for X . Hence, .7[:4 (\) (I, s X/)):#O . More detailed ana-
~ - (W) »
lysis enables us to establishe that YL, is homotopically
1 .
equivalent to S (see Fig.5). By 2) of Q(x* X,)
b
X
Lemma 2 and by the evaluation of ca“zd(S )
L
from p.2.2. there exist a free basis z

oriented combinatorial type of 146-point

configurations which is homotopically

A = — = —

Fig.5

1 there exists a generic basis oriented combinatorial type of 514-

equivalent to \)(I/*, X/) . By Corollary

point configurations which is homotopically equivalent to 1)("[,*’%)
7°. PROOF OF THE LEMMA 1.

We prove the Lemma 1 by the extension of the procedure used in
p.6.3. Here we shall outline the proof of statement 2) of Lemma 1. The

statement 1) is proved by the analogous but more refined analysis.

7.1. Let ﬂ: , (E be a fields, G} = ﬂ: and £ be a vector-
m
function, z € [F (-}:) , where f/:(xq,...,Xk) . We introduce
k
the following notations: %g; = {JZQ ([} l UII):O} and in the case of
k
G=R: 1"={z<R" [ Hn)>0}
"(X)
DEFINITION. A computation ¥ of a vector-functiocn £ € IF (}"
0
is said to be non-degenerate at point xhe (g@ i “CC(}(¥,W)) if LL(I*)*‘

+ U’(I*) for arbitrary ¢ , v ¢ SF(\U) such that k%,V} o
C;t {{11”4,{“1,,0),1&*17'.

Let M be the variety being introduced in the statement 2),
1
+
Lemma 1, let M=£L , where *\,z (¥L4 Y- hm)(‘ lRmHH 7._.,X&}.Wit—

hout loss of generality (i.e. substituting if it is necessary the va-

2

riety M by a stable equivalent one) we can assume that the poly-
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j iq ip
nomials ?Lj are homogeneous, ‘FLJ = Z PL‘./ o X for
Loty =D ot
j& 1om and the following assumptions are valid:
(%) ‘Fh (Lj) z HL(L}) v 7 Am(%) for arbitrary point

+
%Q?L which is near to origin;

(%) the set C(?\/):{hi . } LT C\R is

(T Ty tﬁ'..ftk = Dih) y ] € {:
algebraic independent over @
7.2. PROPOSITION 1.

Let 9& (Qm [ X1 U XL ] be a polynomial vector-function and
*

0
let I be a point from . Suppose that for * the
R P §,%

following assumptions are valid:

m
1) There exist a non-degenerate at TL* formula CP& UZ' (0,1,

X, Ce XYL) of 9( ;
2) (}1(%)> L7 gm(z) for arbitrary point % ¢ 9,+ which
is near to "))*.

~ m
Then there exist the other vector-function 9/6 (D, ) [>/4 by yb”] and
; its formula (D ¢ UC“M (0’1 ’>/1 AU Yh ) such that the partition
4
Z(g’q})contains an open stratum which is stable equivalent to the
+ *
cone over g/ with the apex X

For the proof see p. 7.5.

m
Consider a vector-function % € Z [S‘,Xz} where 54 =
= {Ad — F=( . AxX)->— A
iAu,.A.,u}cn.,wk:c.(m,j&1:m’x Ry ki), %1( 4 Brorig D) R
{ i . {
'X41'..' ka for je 1 m . The vector-function % can be re-

3 m
garded as the generic homogeneous polynomial vector-function R - [R

of degree DHL) - From the assumption (xx) on C(ﬁ/) it follows

+
that (0One (c{h), @) % v loneg ¥L (we denote by = a stable
€quivalence of semi-algebraic varieties). For the couple (%,(C(#ﬂ,@»

the assumption 2) of Proposition 1 is valid (it follows from (%)),
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. . {
while the assumption 1) is not. Consider a vector-function % - the

k .
composition of % and the "generic translatlon of [R "o

Y QmLﬂ,T,f,] where J (T, Tq) % > AZ“‘__MV'

} j .o it 1= DR
X T (K T eor e dim
Choose a point t*= ft:, _“,<L1) such that the set
k
C(A)U {t:}£=| = Rk' is algebraic independent over Gl : Eut
* ™~
~t*= (‘t* .A‘,'<tk)€ R . Obviously, COWQ<uth:_tﬂ (ﬁ{ ) S
{
% 00 gy 0)% M . <) be the composition of # ana the
"generic homotety of [R " e@ [04 'T %<, f/] @ =4 % for
j€ 1ZHL . Choose a point & é[Q , L5 0 such that the set
?L\U {t t‘ U &*} = R is algebraically independent over
4
@ . Obviously, (/O“’Q’(Q(M,t*, &*’At*) g x (/Oﬂze(c“‘/)‘ti—;{t) % .Put

9(%)=—(C(Aﬁ{ttdf}—t*) . For the couple ( 7 ,g[h» the assumption
2)yof Proposition 1 is valid (it follows from the construction). We

shall complete the proof of statement 2), Lemma 2 by presenting of

the non-degenerate at 9( *b) formula of ’27 in UC (0,1 , 574 5 T’o(/, };)

7.3. The Horner-type computation HO“H”- of a polynomial vector-

function.

ret | be a field and let {X,,.., Xy} be a collection of inde-

pendent variables. Consider the family of the maps {K ‘]tgo oo

where Kii[F[Xh..‘,X@]w[F[X“.‘.,X@_q,xm,u X] Kt«v(p

is a coefficient of {L for t -degree of ¥Xj
For Q¢ F put Horn (g)= 9 5
for g FLX, .., Ky eue

Hotn (%) {Hotn (K (}HX (Homn(Ki((}\)*

v Xy Hown (K; “Ga. b (g0 ) e iy, Xe o Re)
Let £=(¥4{m)€ﬂj [Xh_..,)\“
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Put Hovn (1) = (Hown o, Hon (B ) ¢ (/[m(C(f), Koo K ).
7.4. Consider the vector- function %4 (p.7.2) as an element

of @ [9(7,][}}

#; - T (AT )Xo X jelim

. for
Lty < DIk) Vsl

Denote by (*T) the point ( _rgv) (% )(D.ld T)

{
PROPOSITION 2. The computation HO"CW(% ) of the vector-function
1
% is a non-degenerate at point (“‘I) formula of % in

o H W T om B

jed
One can obtain the proof of Proposition 2 by direct calculation .

Now we are able to construct a non-degenerate at point 9”’\/)

formula of in 0[(0,1,94,77%7 \I, ) . Let {HJ

be a certain formula of the vector--function

0{(0,1, &477) . Replace in formula

j .
{th (ﬂ,f]v)}{,, *Lb.< DJ(_S
/ jelim ; =

HO'trL (% ) the subword H i (\94 ,T) by the word (o(,x HL P
Yyly Lyeeaby

for every (j,h,... R i/h) - Thus we obtain a formula w of the

vector-function in (f (0747 9",?,0(/7 £) . The non-degeneracy

of W at point 9( ) follows immediately from the Proposition

2, linearity and homogenity on {Hi‘ -%} of the polynomials

from SF( HO‘trL (%4)) and from the algebraic independence

over Q of the set {C(&)}U {t:}f); U {OQ*} .

7.5. PROOF OF THE PROPOSITION 1 (p.7.2).

We shall demonstrate how to rearrange the couple (}/ from
the statement of Proposition 1 to obtain a new couple (}, CP which
has the following property: the partition Z( ED) has a stratum

4

which is stable equivalent to 9/+ﬂ \/<33*) , where V(x*) is a
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small convex neighbourhood of x¥

Because of the assumptions 1), 2) of_ Proposition 2 their exists
A=A
a collection of rational numbers Pk =12 such

that

A oxte K, ={zeRM M 22, < M ror ied:k

b) the primary semi-algebraic set COt’L€x, (}+ is piecewise-bi-

+
regular homeomorphic to 9/ n K/\ .

c) 5‘/9“(%(1‘,)— U(x»= DL(}YL(LLH}) - V(t})) for arbitrary rational
functions Y,V € SF(q)) and arbitrary points I,\l},(‘ K,\ n (},+,
Let Z be a certain new variable. Consider the vector function

FeQ ™ M, K Z ), GUE 2= 0 - see aby (W)= wlr],
where /u,’b ,"[I{I ¢ IN N
Consider the following computation P of q‘- P = CP,
et jons €@ ONEZ), wpere
/“'f; 'ijv
“ (Z + Z )4’ Lt Z)((Z* Z)"'*Z )) , when X@>0

—~

1 - |
L L AZ 2V 2V 0-2) . ~Z) . when <0
Ml )
It is easy to check that SF(®)=SF(®)U/\U{¥Q/Z}£41U
V] {‘&, Z }ZL:‘ for a certain Ml and M, , and that q\j

is a formula when CP is a formula. Let T be a stratum of
Z (g,, CP) which contains the point “}*, C*) , where %*é K,\ﬂ
N 9+, ¢*>max {Uv“}/‘) er SF(CP)U /\} . According to the construction,

the stratum r is biregular isomorthic to

(K,n 9+)XR4 T Kan g" g cone . gh.

8°. The Theorem B is a simple corollary <f the Theorem A and the
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Gale duglity. Consider an ordered configuration [ = {Cé}?—l of
Rs -vectors. The Gale face of C is a subconfiéuration Cl of
C such that Q¢ 'Zefillt Cone (C\Cl) . Let G’(C) be the
lattice of Gale faces of the configuration C . If all points of
C are Gale vertices than their exists a convex polytope D €
€ PO{ (ﬂ,_zf,h,) such that G(C) is the face-lattice of D
Moreover, there is the canonical biregular isomorphism between
LCIIGLRY ana TPI/AGL ,  (R) , where [Cq] ana [P),
are the combinatorial type of Gale diagramms ard of convex polytopes
which contain C and P » respectively; AGLn_q (R) is the
group of affine automorphisms of ,Rn_4 (see [GT] ). By the con-
struction similar to the Perle's one (see [G1, § 5.5 Theorem 4] )
we can to put in correspondence to arbitrary oriented basis combina-

torial type « of point 2-configurations the combinatorial type

3 .
T(x) of P“ -Gale diagramms such that T(M/GLB(IR\} e
If the type « is generic then the type § (&) can be chosen

generic too.
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