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Abstract. For any set P of n points in general position in the plane there is a convex
decomposition of P with at most 10n�18

7 elements. Moreover, any minimal convex decom-
position of such a set P has at most 3n�2k

2 elements, where k is the number of points in
the boundary of the convex hull of P .
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1. Introduction

Let P be a set of points in general position in the plane. A set P of convex
polygons with vertices in P and with pairwise disjoint interiors is a convex
decomposition of P if their union is the convex hull CH Pð Þ of P and no point of P
lies in the interior of any polygon in P. A convex decomposition P of P is minimal
if the union of any two polygons in P is not a convex polygon.

J. Urrutia [3] conjectured that for any set P of n � 3 points in general position
in the plane, there is a convex decomposition of P with at most nþ 1 elements.
Later, O. Aichholzer and H. Krasser [1] gave a set Pn with n points, for each
n � 13, such that any convex decomposition of Pn has at least nþ 2 elements.

In this article we prove that for any set P of n � 3 points in general position in
the plane, there is a convex decomposition of P with at most 10n�18

7 elements.
Moreover, we prove that if P is a minimal convex decomposition of P , then P has
at most 3n�2k

2 elements, where k is the number of points in the boundary of CH Pð Þ.

2. Convex Decompositions

Let P be a convex decomposition of a set P of points in general position in the
plane. An edge e of P is essential in P if either e is contained in the boundary of
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CH Pð Þ or a [ b is not convex, where a and b are the two polygons in P that share
the edge e. If e is not essential in P, then Pn a; bf gð Þ [ a [ bf g is a convex
decomposition of P which we denote by P� e.

Let u, v and w be points in P . We say that the triangle 4uvw is empty (with
respect to P ) if there are no vertices of P in the interior of 4uvw.

Theorem 1. For each set P of n � 3 points in general position in the plane, there is a
convex decomposition P of P with at most 10n�18

7 elements.

Proof. If n ¼ 3, then the boundary of CH Pð Þ is a convex decomposition of P with
1 element. We proceed by induction assuming n � 4 and that the result holds for
every proper subset of P with at least 3 points.

If possible, let x and y be two non consecutive points in the boundary of
CH Pð Þ and let L and R be the closed halfplanes defined by the line joining x and y.
Let P1 ¼ P \ L and P2 ¼ P \ R. By induction, there is a convex decomposition P1

of P1 with at most 10n1�18
7 elements and a convex decomposition P2 of P2 with at

most 10n2�18
7 elements where n1 and n2 are the number of points in P1 and P2

respectively.
Clearly P1 [P2 is a convex decomposition of P . Let a and b be the unique

polygons in P1 and P2, respectively, that contain the edge e ¼ xy. Since a [ b is a
convex polygon, e is not essential in P1 [P2 and therefore P ¼ P1 [P2ð Þ � e is
a convex decomposition of P with at most 10n1�18

7 þ 10n2�18
7 � 1 elements. Since

n1 þ n2 ¼ nþ 2, P has at most 10n�23
7 elements.

We may now assume that the boundary of CH Pð Þ has exactly 3 points which
we denote by a, b and c.

Case 1. There is an internal point x of P such that none of 4axb, 4axc and 4bxc
is an empty triangle.

Let P1 ¼ P \4axb, P2 ¼ P \4axc and P3 ¼ P \4bxc. By induction, for
i ¼ 1; 2; 3, there is a convex decomposition Pi of Pi with at most 10ni�18

7 elements,
where ni is the number of points in Pi. Clearly P1 [P2 [P3 is a convex
decomposition of P .

Since 4axb is not empty, there is a point u in the interior of 4axb which is
adjacent to x in P1. This implies that at least one of the edges ax or bx is not
essential in P1 [P2 [P3 (see Fig. 1).

Fig. 1. Edge ax is not essential in P1 [P2 [P3
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Analogously, at least one of the edges cx or bx and at least one of the edges ax
or cx are not essential in P1 [P2 [P3 . We claim that there are two edges e1; e2 2

ax; bx; cxf g such that P ¼ P1 [P2 [P3ð Þ � e1; e2f g is a convex decomposition of
P .

Since n ¼ n1 þ n2 þ n3 � 5, the number of elements in P is

jPj ¼ jP1 [P2 [P3j � 2

¼ jP1j þ jP2j þ jP3j � 2

� 10n1 � 18

7
þ 10n2 � 18

7
þ 10n3 � 18

7
� 2

¼ 10ðn1 þ n2 þ n3Þ � 68

7

¼ 10ðnþ 5Þ � 68

7

¼ 10n� 18

7

Case 2. There is an internal point x of P such that two of 4axb, 4axc and 4bxc
are empty triangles.

Without loss of generality we assume that 4axb, 4axc contain no points of P
in their interiors.

Subcase 2.1. 4bxc is not an empty triangle.

By induction there is a convex decomposition P1 of Pnfag with at most
10ðn�1Þ�18

7 elements. Clearly P1 [ fDaxb;Daxcg is a convex decomposition of P .
Since Dbxc is not empty, there is a point in the interior of Dbxc which is adjacent
to x in P1 . This implies that there is an edge e 2 fxb; xcg which is not essential in
P1 [ fDaxb;Daxcg and therefore P ¼ ðP1 [ fDaxb;DaxcgÞ � e is a convex
decomposition of P .

In this case the number of elements of P is

jPj ¼ jP1 [ fDaxb;Daxcgj � 1

¼ jP1j þ jfDaxb;Daxcgj � 1

� 10ðn� 1Þ � 18

7
þ 2� 1

¼ 10n� 21

7

Subcase 2.2. 4bxc is an empty triangle.

In this case n ¼ 4 and P ¼ fDaxb;Daxc;Dbxcg is a convex decomposition of P
with 3 elements.
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Case 3. For each interior point u of P , exactly one of Daub, Dauc and Dbuc is an
empty triangle.

Let z be an interior point of P . Without loss of generality we assume that Dazb
is an empty triangle.

Subcase 3.1. There is an interior point x of P such that either (axzb or (azxb is a
convex quadrilateral that contains no points of P in its interior. Without loss of
generality we assume the former.

Let P1 ¼ P \ Daxc, P2 ¼ P \ Dxcz and P3 ¼ Dbzc . By induction, for i ¼ 1; 2; 3,
there is a convex decomposition Pi of Pi with at most 10ni�18

7 elements, where ni is
the number of points in Pi. Clearly P1 [P2 [P3 [ (axybf g is a convex
decomposition of P .

Since Daxb is empty, Daxc cannot be empty. Therefore there is a point in the
interior of Daxc which is adjacent to x in P1. This implies that there is an edge
e1 2 xa; xcf g which is not essential in P1 [P2 [P3[ (axzbf g. Analogously there
is an edge e2 2 zc; zbf g which is not essential in P1 [P2 [P3 [ (axzbf g. We
claim that P ¼ P1 [P2 [P3 [ (axzbf gð Þ � e1; e2f g is a convex decomposition
of P .

Since n ¼ n1 þ n2 þ n3 � 4, the number of elements in P is

jPj ¼ jP1 [P2 [P3 [ f(axzbgj � 2

¼ jP1j þ jP2j þ jP3j þ jf(axzbgj � 2

� 10n1 � 18

7
þ 10n2 � 18

7
þ 10n3 � 18

7
þ 1� 2

¼ 10ðn1 þ n2 þ n3Þ � 61

7

¼ 10ðnþ 4Þ � 61

7

¼ 10n� 21

7

Subcase 3.2. For each other interior point u of P , z is an interior point of Daub.

Since Dazb is an empty triangle, Dazc must contain at least one point of P in its
interior. Let x be a point of P in the interior of Dazc such that Dxza is an empty
triangle. Analogously, there is a point y of P in the interior of Dczb such that Dyzb
is an empty triangle.

Subcase 3.2.1. Dcxb is an empty triangle.

Let P1 ¼ P \ Daxc and P2 ¼ P \ Dxzb. By induction, there is a convex
decomposition P1 of P1 with at most 10n1�18

7 elements and a convex decomposition
P2 of P2 with at most 10n2�18

7 elements where n1 and n2 are the number of points in
P1 and P2, respectively. Clearly P1 [P2 [ Dazb;Daxz;Dcxbf g is a convex
decomposition of P .
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Since Dcxb is an empty triangle, Daxc cannot be empty, therefore there is a
point in the interior of Daxc which is adjacent to x in P1. This implies that there is
an edge e1 2 xa; xcf g which is not essential in P1 [P2 [ Dazb;Daxz;Dcxbf g.

Since Dczb is not empty and Dcxb is an empty triangle, Dxzb is not empty.
Therefore there is a point in the interior of Dxzb which is adjacent to z in P2. This
implies that there is an edge e2 2 zx; zbf g which is not essential in
P1 [P2 [ Dazb;Daxz;Dcxbf g.

We claim that P ¼ P1 [P2 [ Dazb;Daxz;Dcxbf gð Þ � e1; e2f g is a convex
decomposition of P .

Since n ¼ n1 þ n2 � 1, the number of elements in P is

jPj ¼ jP1 [P2 [ fDazb;Dayz;Dcybgj � 2

¼ jP1j þ jP2j þ jfDazb;Dayz;Dcybgj � 2

� 10n1 � 18

7
þ 10n2 � 18

7
þ 3� 2

¼ 10ðn1 þ n2Þ � 29

7

¼ 10ðnþ 1Þ � 29

7

¼ 10n� 19

7

Subcase 3.2.2. Dcya is an empty triangle.

Interchange y and x and a and b in Case 3.2.1.

Subcase 3.2.3. Both Dcxb and Dcya contain at least one point of P in their in-
teriors.

Since z lies in the interior of Daxb, both triangles Dcxb and Daxb are not empty
and therefore Daxc is empty. Analogously Dbyc is also empty.

Subcase 3.2.3.1. The quadrilateral (cyzx contains at least one point u of P in its
interior.

Without loss of generality we assume that u lies in the interior of Dcxz.
Let P1 ¼ P \ Dcxz and P2 ¼ P \ Dczb. By induction there is a convex decom-
position P1 of P1 with at most 10n1�18

7 elements and a convex decomposition P2 of
P2 with at most 10n2�18

7 elements, where n1 and n2 are the number of points in P1

and P2, respectively. Clearly P1 [P2 [ Daxc;Daxz;Dazbf g is a convex decom-
position of P .

Since Dcxz is not empty then there is a point in the interior of Dcxz which is
adjacent to x in P1. This implies that there is an edge e1 2 xc; xzf g which is not
essential in P1 [P2 [ Daxc;Daxz;Dazbf g. Analogously, there is an edge
e2 2 zc; zbf g which is no essential in P1 [P2 [ Daxc;Daxz;Dazbf g. We claim that
P ¼ P1 [P2 [ Dayc;Dayz;Dazbf gð Þ � e1; e2f g is a convex decomposition of P .
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Since n ¼ n1 þ n2 � 1 as in Subcase 3.2.1, the number of elements in P is at
most 10n�19

7 .

Subcase 3.2.3.2. The quadrilateral (cyzx contains no points of P in its interior.

In this case P ¼ a; b; c; z; y; xf g and Dayc;Dayz;Dazb;Dbzx;Dbxc;(cyzxf g is

a convex decomposition of P with 6 ¼ 10 6ð Þ�18
7 elements. Since cases 1, 2 and 3

cover all possibilities, the result follows.

3. Minimal Convex Decompositions

Let P be a set of n points in general position in the plane and T be a triangulation
of P . An edge e of T is flippable if e is contained in the boundary of two triangles r
and s of T such that r [ s is a convex quadrilateral. F. Hurtado et al proved in [2]
that T has at least n�4

2 flippable edges.
In this section we use similar technics to show that T has a set fe1; e2; . . . ; etg

with at least n�4
2 edges such that the faces of T � fe1; e2; . . . ; etg form a convex

decomposition of P .
For every convex decomposition P of P let GðPÞ denote the skeleton graph of

P. That is the plane geometric graph with vertex set P in which the edges are the
sides of all polygons in P.

If P is a minimal convex decomposition of P , then for every internal edge e of
GðPÞ, the graph GðPÞ � e has an internal face Qe which is not convex and at least
one end of e is a reflex vertex of Qe.

Therefore we can orient the edges of GðPÞ as follows: The edges lying in the
boundary of CHðP Þ are oriented clockwise, and every internal edge e is oriented
towards a reflex vertex of Qe. If both ends of e are reflex vertices of Qe, the
orientation of e is arbitrary. Let GðPÞ

���!
denote the corresponding oriented geo-

metric graph.
The following lemma is presented here without proof.

Lemma 1. If P is a minimal convex decomposition of P then:

a) The indegree d�ðuÞ of every vertex u of GðPÞ
���!

is at most 3.

b) If uz!; vz! are arcs of GðPÞ
���!

, then uz and vz lie in a common face of GðPÞ.
c) If uz!, vz! and wz�! are arcs of GðPÞ

���!
, then z has degree 3 in GðPÞ and lies in the

interior of the triangle uvw.

Lemma 2. Let P be a minimal convex decomposition of P . If k is the number of
vertices in the boundary of CHðP Þ, then jV3j � 2jV0j þ 2jV1j þ jV2j � ðk þ 2Þ, where
Vi denotes the set of vertices of GðPÞ

���!
with indegree i.

Proof. By Lemma 1b, the graph GðPÞ can be extended to plane geometric graph
F1 in which all internal faces are triangles such that if uz! and vz! are arcs of

GðPÞ
���!

, then F1 contains the edge uv. For each vertex z 2 V2, let T ðzÞ denote the
triangular face of F1 bounded by the edges uz, vz and uv, where uz! and vz! are the
two arcs of GðPÞ

���!
with head in z.
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Let F2 be the plane geometric graph with vertex set V0 [ V1 [ V2, obtained from
GðPÞ by deleting all vertices in V3. Notice that each internal face of F2 is a triangle
and that T ðzÞ is a face of F2 for each z 2 V2. By Euler’s formula, the number of
internal faces of F2 is 2ðjP0j þ jP1j þ jP2jÞ � ðk þ 2Þ. Since each vertex u 2 V3 must
lie in the interior of a face of F2 which is not a face of F1, there are at most as many
vertices in V3 as faces in F2 which are not faces of F1. That is jV3j �
ð2ðjV0j þ jV1j þ jV2jÞ � ðk þ 2ÞÞ � jV2j ¼ 2jV0j þ 2jV1j þ jV2j � ðk þ 2Þ.

Theorem 2. If P is a minimal convex decomposition of P , then P has at most 3n�2k
2

elements, where k is the number of points in the boundary of CHðP Þ.

Proof. Let G Pð Þ be the skeleton graph of P and G Pð Þ
���!

be the corresponding

oriented graph. By Lemma 2, d� uð Þ � 3 for each u 2 V G Pð Þ
���!� �

and therefore

E G Pð Þ
���!� ��

�

�

�

�

� ¼ jV1j þ 2jV2j þ 3jV3j, where Vi is the set of vertices of G Pð Þ
���!

with

indegree i. It follows that

2 E GðPÞ
���!� ��

�

�

�

�

� ¼ 2jV1j þ 4jV2j þ 6jV3j

¼ 5 jV0j þ jV1j þ jV2j þ jV3jð Þ � 5jV0j � 3jV1j � jV2j þ jV3j

Since n ¼ V G Pð Þ
���!� ��

�

�

�

�

� ¼ jV0j þ jV1j þ jV2j þ jV3j and, by Lemma 2, jV3j � 2jV0jþ
2jV1j þ jV2j � ðk þ 2Þ,

2 E G Pð Þ
���!� ��

�

�

�

�

� � 5n� 5jV0j � 3jV1j � jV2j þ 2jV0j þ 2jV1j þ jV2j � ðk þ 2Þð Þ
¼ 5n� 3jV0j � jV1j � k � 2

Since all vertices in the boundary of CH Pð Þ have indegree 1 in G Pð Þ
���!

, V1j j � k
and therefore

2 E G Pð Þ
���!� ��

�

�

�

�

� � 5n� 3jV0j � 2k � 2

� 5n� 2k � 2

By Euler’s formula, the number of internal faces of GðPÞ
���!

is

1� V G Pð Þ
���!� ��

�

�

�

�

�þ E G Pð Þ
���!� ��

�

�

�

�

� � 1� nþ 5n� 2k � 2

2
¼ 3n� 2k

2

The result follows since the elements of P correspond to the internal faces of
GðPÞ
���!

.
Let G1 be the geometric graph in Fig. 2, and for i � 1 let Giþ1 be geometric

graph obtained from Gi as in Fig. 3, where Gi is a copy of Gi with the 3 convex
hull edges removed and placed upside down.

For i � 1, Gi is the skeleton graph of a minimal convex decomposition Pi of a
set Pi with ni ¼ 6i� 2 points and. Since Pi has ri ¼ 9i� 6 ¼ 3ni�6

2 elements, this
shows that the bound in Theorem 2 is tight for k ¼ 3. An analogous family of
convex decompositions can be constructed for any k � 3.
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Corollary 1. If T is a triangulation of a set P of n points in convex position in the
plane, then T it contains a set e1; e2; . . . ; etf g with at least n�4

2 flippable edges such
that the faces of T � e1; e2; . . . ; etf g form a convex decomposition of P .

Proof. Let P be a minimal convex decomposition of P such that all edges of GðPÞ
are edges of T . By the proof of Theorem 2, the graph G Pð Þ has at most 5n�2k�2

2

edges, where k is the number of points in the boundary of CHðP Þ. Since T has
3n� k � 3 edges, there are at least 3n� k � 3� 5n�2k�2

2 ¼ n�4
2 edges in T which are

not edges of GðPÞ. Clearly each of these edges is flippable in T . h

4. Final Remark

It remains as an unsolved problem to decide whether there exists a constant c such
that for any set P of n points in general position in the plane, there is a convex
decomposition of P with at most nþ c elements.
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