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ON INDECOMPOSABLE POLYHEDRA

! E‘compensate for sumewhat inadequate qualifications in ‘Applied Mathematics.

Such a deficiency could be helped by the provision of a tutorial class in the
second year of study.

In addition, an effort should be made to help students who decide rather
late in their courses, say at the end of the Part I year, that they wish to qualify
as mathematical physicists. They might be admitted to the necessary courses,
provided that they have shown suitable ability, and if they rectify the omis-
‘sions in their earlier courses by private reading.

ON INDECOMPOSABLE POLYHEDRA
F. BAGEMIHL, University of Rochester
1. Introduction. We shall prove the following

THEOREM. If n is an integer not less than 6, then there exists a polyhedron, 7,
with n vertices and the following properties:

(I) mn 25 stmple, and every one of its faces is a triangle.

(1I) If 7 is a telrakedron, each of whose vertices is a vertex of 7., then not every
interior point of T 1is an interior point of 7.

(111) Every open segment whose endpoinis are vertices of mw,, but which is noi
an edge of m,, lies wholly exterior to 7.

It is well known that every convex polyhedron can be decomposed into a
set of tetrahedra whose vertices are ali vertices of the given polyhedron [1, p.
280 or 2, p. 57]; and every simple polygon can be decomposed into a set of tri-
angles whose vertices are all vertices of the given polygon [1, p. 246 or 2, p. 46].
Lennes, however, proved {2, p. 55] the existence of indecomposable polyhedra
by constructing a polyhedron which has properties (1) and (I1). His polyhedron,
which possesses seven vertices, does not satisfy (III). Schénhardt [3] subse-
quently gave an example of a polyhedron having six vertices and all three of the
above properties. He showed, moreover, that there is no indecomposable poly-
hedron with less than six vertices.

We shall take 7 to be a Schénhardt polyhedron, and base our construction
of w,, for n>6, on ms. It will be apparent first that, for every n =6, m, satisfies
(I) and the following condition:

(IV) Every triangle whose sides are edges of m, is a face of wn.

Then we shall demonstrate that (III) holds. Finally, (II) follows from (I),
(III), and (IV). For suppose that, on the contrary, there existed a tetrahedron,
7, with its vertices and interior points consisting exclusively of vertices and
interior points, respectively, of w,. Then, because of (IlI), every edge of 7
would be an edge of 7,, otherwise some interior point of 7 would be exterior
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o T by (IV), every face of 7 would be a*f_a'.Ce.c.)f a; and fc

is simple, so that m, would have to be identical with 7. But this would’c
our assumption that n26. : Cl :

2. Description of ms. Let A1, By, Ci be the vertices of an equi at%r
each of whose sides has length 1; and let 4, Bs, C; be the vertices.
angle obtainable from triangle 4,B,C; by first rotating the latter about it
and in its plane, through 30° in the direction 4,B,C1, and then t(ajﬁs.?lé.t’i‘n
unit in the direction perpendicular to the plane 4,B,C}, as in the ﬁgﬁre,

As, B, Gy correspond, respectively, to A, Bi, Ci under this transformation.
Then 7 consists of

6 vertices: 4,, By, C1; 43, Bs, Co; B

12 edges: A1B1, B1C1, ClAl; Asz, B2C2, CzAz; A1A2, B1B2, C1C2; A1321 Blk
Cid.,;

8 triangular faces: A131C1, AszCz; A1A2C1, BleAl, C102B1; A1A2B2, Ble
ClczAz. .
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,,It is evident that ms posse'gses propertxes (I) ‘and’ (IV) and (III) also holds
‘because the only (open) segments whose endpoints are vertices of s, but which
' re not edges qf e, are Al,C?' B4, C1B2,V and these are QbYlQ‘iSlX,,Yholly; exterior

2oy

o 3 Constructlon of - n>6 Let n= 6+k In the mtenor of s, take an
“open c1rcular arc A1A2, with endpoints ‘4, 4., and with a radlus so large, that

-every point of A4, is on the same side of the plane C1A2C2 as Aj, and on the
'same sid¢ of the plane B1A41B; as 4;. (See the ﬁgure ) On A A, choose k distinct
pomts Dy, Dz, <« «, Dy, in the'order A1D1D; - - - Dyp_1Dd;. Then «, shall con-
sist of o ’ Y ‘
" n vertices: Ay, By, Ci; A2, By, Co; Dy, Dy, - - -, Dy

3k+12 edges: A1B;, BiCi, CiAy; A3Bs, ByCy, Cody; B1Bs, CiCe; A1Bs, B1Cs, -
CiAs; ArDy, DiDy, DiDy, - - -, DDy, Dida; GiDy, Cl_Dz, « o+, GiDyy, C1Dk;
ByDy, ByDs, -+« ByDyy, BeDy;
 2k+8 triangular faces: 41B1Ci, A2B:Ce; B1CoBy, GiBiCy, A1B2Bi, A:2CiCy;
C1A1D1, GiD\Dy, GiD:Ds, -+ -, CiDy 1Dy, CiDyAz; BeA1Dy, ByDiDs, BaDsDy,

, BeDi 1Dy, BaD A, )

Obv1ously T, satisfies (I); and it is easy to see that (IV) also holds, by
simply comparing the various triangles in question, with the list of faces of 7.

The open segments whose endpoints are vertices of m,, but which are not
edges of m,, are

A1Cy, Bids, CiBy; DiCy, DaCy, - + -, DiCs; DiBy, DyBy, - + -, DiBy; and all
‘segments connecting pairs of nonadjacent vertices of 7, on A;c/iz, its endpoints
included. It is clear that every segment of this last class is wholly outside m,,
because A;Zz is a circular arc. 4:Cy, B1d4s, Ci.B; were seen to be completely
exterior to m; and since A;fig was chosen to lie within s, these segments are also
entirely exterior to m,.. Every one of the segments Di1Cy, DyCo, « - -, DiCs is
:wlli)lly outside w,. For, each intersects the (open) triangle 4:4.C;, because
A, A, was taken to lie inside ms and, at the same time, on the same side of the
‘plane C14:C, as 4. Consequently, it is obvious that the only faces of m, which
*any of these segments could p0551blv mtersect are the faces CidiDy, C1\D1Dy,

y CiD_1Dy, CiDiA,. But, since AlAz is a circular arc, any open segment
/Joining a point of this arc to a point of the open triangle 414,C; cannot contain
oint of any one of the faces in question. An analogous argument shows that
very one of the segments DBy, D:By, - - -, DyaB1, DiB: is completely
terior to 7,. Hence, 7, saiisfies (I1II).
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