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Preface

An arrangement of hyperplanes is a firite collection of codimension one affine subspaces
in a finite dimensional vector space. In this book we study arrangements with methods
from combinatorics, algebra, algebraic geometry, topology, and group actions. These first
sentences illustrate the two aspects of our subject that attract us most. Arrangements are
easily defined and may be enjoyed at levels ranging from the recreational to the expert, yet
these simple objects lead to deep and beautiful results. Their study combines methods from
many areas of matfiematics and reveals unexpected connections.

The idea to write a book on arrangements followed three semesters of lectures on the
topic at the University of Wisconsin, Madison. Louis Solomon lectured on the combinatorial
aspects in the fall of 1981. Peter Orlik continued the course with the topological properties
of arrangements in the spring of 1982. Hiroaki Terao visited Madison for the academic year
1982-83 and gave a course on free arrangements in the fall of 1982. The original project was
to enlarge the lecture notes into a book and a long but incomplete manuscript was typed up
in 1984. The book was revived in 1988 when P. Orlik was invited to give a CBMS lecture
series on arrangements. The resulting lecture notes provided a core for the present work.
Also in 1988, H. Terao gave a course on arrangements at Ohio State University. Patts of his
lectures are used in this book. The fresh start allowed us to take advantage of the recent
TgXnical innovations of word processing and computer aided typesetting.

Time constraints forced L. Solomon to leave the completion to us. Much of the material
in the book is his joint work with one or both of us, and a large part of chapter I1 was written
by him. We are grateful for permission tc use his work, and for his support and friendship.

We thank M. Falk and R. Randell for help on many technical points. W. Arvola obtained
a presentation of the fundamental group of the complement in his PhD thesis. We thank
him for permission to include & modified version of his work. In addition, we owe thanks
to C. Creene, T. Zaslavsky, and S. Yuzvinsky for valuable suggestions, and to V. I. Arnold
for references on the M—property. P. Orlik had the opportunity to lecture on arrangements
at the Swiss Seminar in Bern. He wishes to thank the mathematicians in Geneva for their
hospitality and the participanis of the seminar for many helpful comments. H. Terao gave a
graduate course on arrangements at International Christian University in Tokyo in the fall
of 1989. He wishes to thank all the participants of the course.

University of Wisconsin P. Orlik and H. Terao
March 1991
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A tetrahedron in the cube

Chapter I

1 Introduction

Show that n cuts can divide a cheese into as many

as {(n + 1)(n? - n 4 6)/6 pieces.

Problem E 554. American Mathematical Monthly 50 (1943), p. 59.
Propozed by J. L. Woodbridge, Philadelphia

Solution by Free Jamison, Pittsburgh. [ibid pp. 564-5] Since n straight lines can divide
a plane into (n? + n + 2)/2 areas, the (n + 1)st plane can be divided by the first n
planes into that number of areas. For each of these areas the (n + 1)st plane divides
a piece of cheese already formed into two, and increases the total number of pieces by
(n? + n + 2)/2. Since (n® + 5n + 6)/6 gives the number of pieces for n = 1 or 2, and
since

6 + 2

the expression (n® 4 5n 4+ 6)/6 holds for every n.

w+5n+6 nf4n+2 (n+1P+5(n+1)46
= 5 ,

1t is interesting to note that

(1) n points can divide a line into 1 + n parts,

(2) n lines can divide a plane into 1 + n + (3) parts,

(3) n planes can divide apace into 1 + n + () + (3) parts.
Editorial Note. The general formula

im0

for the case of an m-dimensional cheese, was obtained by L. Schlifli on page 39 of
his great posthumous work, Theorie der vielfachen Kontinuitdt (Denkschriften der
Schweizerischen naturforschenden Gesellschaft, vol. 38, 1901).

History

Such are the humble origins of our subject. In order to maximize the number of pieces, the
arrangement of planes in the problem must be in “general position.” This means that any
two planes have a common line, and these lines are distinct, and that any three planes have
a common point, and these points are distinct. Allowing degeneracy makes the problem
of counting parts much harder. S. Roberts [159] gave a formula in 1889 for the number of
regions formed by an arbitrary arrangement of n lines in the plane. 1t is “the number of
regions formed by n lines in general position” minus “the number of regions lost because of
multiple points”™ minus “the number of regions lost because of parallels.” See J. Wetzel's
article {205] for a modern treatment. There is an extensive literature on partition problems
in Euclidean space and projective spaces. B. Griinbanm summarized much of what was
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To prove this recursion, let P be the set of those chambers in C(A’) which intersect the
distinguished hyperplane H. Let @@ be the set of those chambers in C(A’) which do not
intersect H. Evidently |C(A'Y = |PI+]Q]. The hyperplane H divides each chamber of P into
two chambers of C(A) and leaves the chambers of @ unchanged. Thus |C(A)| = 2|} + Q).
Finally, there is a bijection between I’ and C(A") given by (' — CNH. Thus |[C(A")] = |P|.
Figure 1 illustrates this in the plane. Let I be the broken line. Then |P| = 4 and |Q] = 10,
so we get |C(A)| =

_—t——

Figure 1: An illustration of chamber counting

Zaslavsky defined the set L(A) of intersections of elements of A, and partially ordered
L(A) by reverse inclusion. He used the Mabius function of L(.A) to define the characteristic
polynomial of L(A). There is a closely related polynomial x( A, t), defined on L(.A). which we
call the Poincaré polynomial. It follows from the definition that for the empty arrangement
7(A,1) = 1. He proved a result. about the characteristic polynomial, which amounts to the
following recursion for the Poincaré¢ polynomial: m(A.t) = (A, t) + tx( A", t). Since |C(A)|
and r(A, 1) agree on the empty arrangement and satisfy the same recursion for deletion and
restriction, this proves Zaslavsky’s beautiful result:

(4) IC(A) = n(A,1).

Analysis led to development in a different direction. The classical hypergeometric func-
tion F(a,b;c; ) is defined by the series

. (a,m)(b.m)
Fla,bic;2) = MA?EV: m)
where (a.m) denotes the factorial function

I'(a + m)
T(a)

The hypergeometric function satisfies the differential equation

afa+1)---(a+m-1)=

2(1 = 2)F" 4+ (e —(a+ b+ 1)2)F —ablk =0,

and it has the Euler integral representation

r _
F(a,bic;2) = %\c 6 — 1)t — 2)"d.

The function is normalized to depend on the arrangement of the three points 0.1,z in the
complex line. Hypergecometric functions have been defined in several complex variables,
and they have analogous integral representations. These generalizations naturally depend
on arrangements of hyperplanes in affine space, see [2, 92]. Much work has been done in
studying these integrals over various domains. This was the motivation for the investigation
by A. Hattori [91] in 1975 of the homotopy type of the complement of an arrangement of
complex hyperplanes in general position.

We denote by k the set {1,2,...,k}. If I is a subset of k, we denote by |/| the cardinal
number of 1. We define the subtorus T; of 7% by

Tr={zlz=(z,....,%) € T, zi=1forjglI}.

The dimension of T; is equal to |/|.

THEOREM 1. Let Ly,...,Ls be affine hyperplanes in € in general position, where
n+ 1 <k. Then the space X = € — L1 U---U Ly has the same homotopy type as the

space
ur.
Ick
H|=n
This is the complex analog of the cheese cutting problem. There the number of parts in
the complement of a real arrangement in general position depends only on the number of
hyperplanes, but not on their location. Here the homotopy type of the complement of a
complex arrangement in general position depends only on the number of hyperplanes, but
not on their location.

More tools were added to the study of arrangements in 1980. P. Orlik and L. Solomon
{142] used combinatorial methods to study the complement M(.A) of a complex hyperplane
arrangement A. They used Brieskorn’s results to compute the Poincaré polynomial of the
complement of an arbitrary complex arrangement:

(5) Poin(M(A).t) = x(A, 1).

Thus the Betti numbers of the complement depend only on the lattice of intersections of the
hyperplanes. 1. Petrowsky [152] defined the M—property for real algebraic curves.

As early as 1876 Harnack [90} showed that the maximal number of components (max-
imal connected subsets) of a real algebraic curve of order n in the projective plane is
precisely w; —1)(n —2) 4+ 1. At the same time Harnack proposed a process for the
construction of curves with this maximal number of components. Such curves we shall
call in the sequel, M -curves. ...
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complement of a complexified real arrangement was obtained by Randell [157] and M. Salvetti
[170]. The problem was solved for arbitrary complex arrangements by W. Arvola [11]. In
their work on stratified Morse theory, M. Goresky and R. MacPherson [76] generalized the
notion of hyperplane arrangements to arrangements of affine subspaces, without restriction
on their dimensions. They computed the Betti numbers of the complement and showed
that the complement of a real subspace arrangement has the M-property. Salvetti {170]
constructed a finite cell complex of the homotopy type of the complement of a complexified
real arrangement. Orlik {140] constructed a finite cell complex of the homnotopy type of the
complement, of an arbitrary arrangement of affine subspaces. Despite these constructions,
there is still no good criterion to detect nonzero elements in the homotopy groups of the
complement or to determine whether the complement is a K(x,1) space. Even the special
case of complex reflection arrangements is open. Orlik and Solomon [149] defined a subclass
of complex reflection groups, called Shephard groups, and proved that the complements
of their reflection arrangements are K(x,1) spaces. Using the classification of irreducible
complex reflection groups [176], this leaves an infinite family of groups where a fibration
argument may be used, some exeptional groups of rank two where the complement is always
K{x.1), and six exceptional groups of rank > 3 where the problem is still open.

The study of algebraic geometry over the complex numbers leads to different questions.
The general plane cubic curve has nine inflection points. They have the property that a line
through any two contains a third, see Figure 40. In 1893 J. J. Sylvester conjectured that it
was impossible to have a non-linear finite set of points in real space with this property. This
was proved by T. Gallai.

Let A, be the projective n-space (n > 2) over some field K. A finite subset X of A,
is called a Sylvester-Gallai (S-G) configuration if it verifies the following condition:
(*)H P.Q € X.with P # Q, the line joining P and Q contains at least one more point
of X. (Equivalently: no line intersects X in exactly two points.)

An S-G configuration is called finear (planar) if it is contained in a line (plane). If K
is the field of real numbers, it is known that any S-G configuration is linear. Over the
field of complex numbers there are well-known examples of nonlinear S-G confignrations
(e. g. the nine inflection points of a nonsingular cubic.)

Is there a nonplanar Sylvester-Gallai configuration over the field of complex numbers?

Problem 5359. American Mathematical Monthly 73 (1966), p. 89.
Proposed by Jean- Pierre Serre, Paris, France

In 1977 Y. Miyaoka and Sh. -T. Yau proved the inequality ¢} < 3c; for the Chern numbers
of an algebraic surface of general type. Equality occurs if and only if the univeral cover of
the surface is the complex ball. The corresponding surfaces are called ball quotients. Several
explicit examples of ball quotients were constructed by F. Hirzebruch {96]. Related results
were obtained by A. Sommese [178] and B. Hunt [97]. We quote from the introduction of
[19]. where there is an excellent description of this work:

Die hier untersuchten Flichen erhalten wir hauptsichlich als :x:SEoT@—.ﬁ_vum:_:xm:a
zu Geradenkonfigurationen in der komplex-projektiven Ebene. Diese Uberlagerungen
der projektiven Ebene sind entlang einer Menge von Geraden lokal mit der Ordnung
n > 2 verzweigt. Die Chernschen Zahlen (der minimalen Desingularisierungen) dieser
Flichen sind dann durch die kombinatorischen Invarianten der Geradenkonfiguration
bestimmt. Wenn wir nun die Miyaoka-Yau-Ungleichung ¢} < 3¢c; anwenden, so er-
halten wir wiederum Ungleichungen fiir diese kombinatorischen Invarianten, aus denen
sich iiberraschenderweise Sitze iiber Geradenkonfigurationen in der Ebene (und durch
Dualisierung auch iiber Punktkonfigurationen) ergeben, die sich bisher nicht auf ele-
mentarem Wege beweisen lassen.

Let A be an arrangement of lines in the plane. Let t; be the number of points which lie on
exactly j lines. For a real arrangement, Melchior [127] showed that if A has at least three
noncollinear points then ¢; > 3 + 4 + 25 + 3tg + - --. As a consequence of his work on ball
quotients, Hirzebruch [95] proved the following inequality for a complex arrangement of k
lines with t, = ¢,_y = 0:

Ly+ta> k+ty+ 2+ 3t + -

This enabled L. M. Kelly [106} to show that every S-G configuration over the field of complex
numbers is planar.

The work on hypergeometric functions in several variables has become a major new area
of research. In this generalization there are linear functions f = {fi}, complex exponents
a = {a;}, and a real polytope A C R". The integral

:Pb&u\»h._.:Rz&_...&,

is a function of these variables. The linear functions {f;} determine an arrangement A and
the algebra A(A) enters this work. There are unexpected connections with algebraic K-
theory and conformal field theory. Among the principal practitioners are K. Aomoto {3, 4],
1. M. Gelfand [72, 75], V. Schechtman and A. Varchenko [174]. For a recent survey see [199].

In order to study the structure of the algebra A(.A), it is sometimes useful to have a
standard way to choose a basis. Such a basis, called the broken circuit basis, was constructed
independently by Bjorner [24], Gelfand and Zelevinsky [75], and Jambu and Terao [104].

Most of the recent work on free arrangements is attempting to solve one of three out-
standing conjectures: (i) the complement of a complex free arrangement is a K(x, 1) space,
(i1) the restriction of a free arrangement to one of its hyperplanes is free, (iii) the property
that A is free depends only on L(.A). Ziegler [221] gave an example of a free arrangement and
a non-free arrangement such that their latiices are isomorphic. One is defined over a field
of characteristic three, while the other is over characteristic not equal to three. Conjecture
(iti) is still open for arrangements defined over the same field. S. Yuzvinsky [209, 210] gave
interesting necessary conditions in terms of lattice homology for an arrangement to be free.
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Examples

First consider some real arrangements. The only central 1-arrangement consists of the
hyperplane {0}. An affine 1-arrangement consists of a finite set of points. For 7 = 2.3 we
agree to use r,y, z in place of 2;,7,,73. A central real 2-arrangement is a finite set of lines
through the origin. An affine 2-arrangement is a finite set of lines in the plane.

Figure 2: Q(A) = zy(z + y) and Q(A) = ry(r +y - 1)

Example 2.5 Define A by Q(A) = zy(x + y). I consists of three lines through the origin,
see Figure 2.

Example 2.8 Define A by Q(A) = zy(z+y —1). Then A is centerless. It consisis of three

affine lines, sce Figure 2.
Real 3-arrangements are examples which display some of the intricacies of the general case.

Example 2.7 Let R3 have its usual basis. Conasider the cube with vertices (£1,+1,41).
1ts nine planes of symmetry form a central 3-arrangement defined by

Q(A) = zyz(z ~yMz + y)(z — 2Hz + 2)(y — 2)(y + 2).

These nine planes intersect in lines which are ares of rotational symmelry for the cube. The
group of symmetries of the cube is the Coreter group of type By. We shall refer to this
arrangement as the By-arrangement.

We can visualize central real 3-arrangements by the deconing construction of Defini-
tion 2.15. As usual, we think of the projective plane P2 as the disk with identification of
diametrically opposite points on the boundary. The picture we draw is therefore the inter-
section of the arrangement with the upper hemisphere. The same idea may be conveyed
by a slightly different picture which is casier to draw. Since we assume that the line at
infinity is in A, we may identify its complement. in PZ with R? and draw the corresponding
affine arrangement. Here we must remember that parallel lines meet at infinity. In

12

Example 2.7 we let the plane z = 0 go to the line at infinity. If we substitute z = 1 in the
remaining linear forms we get an affine 2-arrangement. In order to remember that the line
at infinity is in our arrangement we draw a frame at “infinity” in Figure 3. It is easy to find
and label the 13 lines of intersection in the 3-arrangement of Example 2.7 by finding the 13
points of intersection in Figure 3.

\

e /

Figure 3: The By-arrangement

Example 2.8 Let Ap be the Boolean arrangement defined by
Q(A) = zyz3-- 20

This is the arrangement of the coordinate hyperplanes in R’

Example 2.9 For 1 <i<j</{let H;; = ker(z; — z;). Let An be the braid arrangement
e et et et T e ettt e
defined by ; |

CQ) = T @i-sp).

1<icj<e

1
H
{

While the examples above also make sense over finite fiélds, the next example can only

be stated in that setting.

Example 2.10 Let V be an £-dimensional veclor space over the finite field of q elements,
¥,. Let A be the arrangement of all hyperplanes in V.

Basic Constructions
Definition 2.11 Let |A| denote the cardinality of A.

)
)
)

B S
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The Complement of a Complex Arrangement

Next we consider field extensions. Let L be an extension of K. Every arrangement. (Ak. Vi)
gives rise Lo an arrangement over L.

Definition 2.21 Let (Ak. V) be an arrangement with defining polynomial Q(Ax). The L-
exlended arrangement is in V = Vix Rk L. I consists of the hyperplanes: Ay, = {H 0x L |
H € Ak). Thus Q(AL) = Q(Ak).

One example of this is a complexified real arrangement. It is already quite difficult to
visualize the complexification of Example 2.5. In real dimensions we have three 2-planes in
4-space which meet only at the origin. The complexification of the Boolean arrangement, is
the arrangement. of the coordinate hyperplanes in €,

The complexified braid arrangement occurs in the theory of configuration spaces and
braids. Recall that a braid on ¢ strands may be viewed as the graph of the motion of ¢
distinct points in the complex line between times ¢ = 0 and t = 1, subject to the condition
that the points remain distinct thronghout the motion. Thus we have a map f : [0, 1) — €
such that for each ¢ the image point (fi(t), . ... f«(t)) satisfies the condition fi(t) # f;(t). The
braid is pure if f(0) = f(1). Thus a pure braid is the image of a circle in the complement
of the hyperplanes H; ;. The variety N(A) is called the superdiagonal and its complement
M(A) =V \ N(A) is the pure braid space.

Reflection Arrangements

Next we define a collection of arrangements with particularly nice properties. Let K = R
or € and let GL(V) denote the general linear group of V.

Definition 2.22 An element s € GL(V) is a reflection if it has finite order and its fized
potnt set is a hyperplane H,. We call H, the reflecting hyperplane of s. A finile subgroup
G C GL{V) i3 called a reflection group if it is generated by reflections.

Definition 2.23 Let G C GL(V) be a finite reflection group. The set A = A(G) of reflecting
hyperplanes of G is called the reflection arrangement of G.

16

3 Outline

Combinatorics

I'he intersection poset L(A) is an important combinatorial invariant of the arrangement
A. We study its properties in chapter Il. In section 4 we give L{A) a partial order by re-
verse inclusion and show that it is a geometric lattice in case A is a central arrangement.
We construct the face poset of a real arrangement and show its connection with oriented
matroids. We also define supersolvable arrangements here and a generalization called ar-
rangements with a nice partition. In section 5 we define the Mobius function and study its
properties. We also present notes on the interesting history of this function dating back to
Euler. In section 6 we define the Poincaré polynomial of A, x(A,t). It is related to another
combinatorial function called the characteristic polynomial. We show that if cA is the cone
over the affine arrangement A then

m x(eA,t) = (1 + )x(A, ).

A fundamental technical tool in this book is the method of deletion and restriction
which allows induction on the number of hyperplanes in the arrangement. It uses the triple
(A, A', A”) of Definition 2.14. We prove a theorem of Brylawski [35] about the Poincaré
polynomial under deletion and restriction:

2 (A t) = x(A',t) + tx(A,0).

In section 6 we also prove a theorem of Stanley [181] which asserts that if L(A) is supersolv-
able then

k)] (A, t) = (L 4+ byt). - (14 bet),

where the b; are non-negative integers. We close the chapter with a section on the connec-
tions between arrangements and graph theory. This includes the chromatic polynomial, a
precursor of the characteristic and Poincaré polynomials.

Algebras

In chapter 111 let K be a commutative ring. We construct certain algebras over K associated
with A. We construct the graded algebra A(A) for a central arrangement A in section
8. This construction is generalized to affine arrangements in section 9. The algebra A(A)
is the quotient of the exterior algebra E(A) based on A by a homogeneous ideal I{.A),
A(A) = E(A)/1(A). This algebra is constructed using only L(A). In the literature A(A)
is sometimes called the Orlik-Solomon algebra. It will reappear in chapter V with a
topological significance. We prove that the K-algebra A(A) is a free graded KX-module
and that its Poincaré polynomial is equal to x(A,t). This gives an interpretation of the
coefficients of 7(.A.t). We construct a K'-basis for A(.A) as a free graded K-module using

17
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12. this provides a presentation of the cohomology algebra in terms of generators and re-
lations. ‘This is the topological interpretation of A(A). Thus the cohomology algebra of
M(A) depends only on L({A). These results have several consequences. They provide an
elementary proof of Brieskorn's Lemma {33]. Thev show that the Poincaré polynomial of the
complement is

Poin(M(A),t) = n(A.1).

Thus the coefficients of m(.A,1) are also the Betti numbers of the complement. They show
the common origin of formulas (2), (4), (8), and of (1), (5), {7). They also show that if
A is a real arrangement then M({A) has the M-property. In section 23 we prove that the
complement of a supersolvable arrangement admits a strictly linear fibration. This is the
topological interpretation of (6). In section 24 we describe some related recent results: work
of Falk and Kohno on minimal models, Manin and Schechtman’s work on discriminantal
arrangements, Falk’s geometric linking, the cohomology of the Milnor fiber of a generic
arrangement, and the results of Goresky and MacPherson on arrangements of subspaces of
arbitrary codimension.

Reflection Arrangements

In chapter VI we assume the presence of a symmetry group. Suppose (A,V) is an ar-
rangement and (; C GL(V) is a finite group such that G(A) C A. All our constructions
may he done equivariantly. We obtain particularly nice results for the arrangements which
arise as reflecting hyperplanes of complex reflection groups. In particular every reflection
arrangement is free. It follows from work of Brieskorn and Deligne that the complement of a
complexified real reflection arrangement is a K(r, 1) space. We conclude with an outline of
the proof that the complements of the reflection asrangements of certain complex reflection
groups, called Shephard groups, are also K(x, 1) spaces.

‘The book concludes with an appendix. In section 26 we collect certain facts from com-
mutative algebra which are needed in the text.
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Chapter 11

The intersection poset L(.A) is an important combinatorial invariant of the arrangement
A. We study its properties in this chapter. In section 4 we give L(A) a partial order by
reverse inclusion and show that it is a geometric lattice in case A is a central arrangement.
We construct the face poset of a real arrangement and show its connection with oriented
matroids. We also define supersolvable arrangements here and a generalization called ar-
rangements with a nice partition. In section 5 we define the Mabius function and study
its properties. We also present notes on the interesting history of this function dating back
to Euler. In section 6 we define the Poincaré polynomial x(A,t). It is related to another
combinatorial function called the characteristic polynomial. A fundamental technical tool
in this book is the method of deletion and restriction, which allows induction on the
number of hyperplanes in the arrangement. It uses the triple (A, A’, A”) of Definition 2.14.
The Deletion-Restriction Theorem states:

(A1) = n(A,t) + tx( A", 1).
We prove a theorem of Stanley [181] which asserts that if L(A) is supersolvable then
(A t) = (1 +bit)-- (1 + bet),

where the b; are non-negative integers. We close the chapter with a section on the connec-
tions between arrangements and graph theory. This includes the chromatic polynomial, a
precursor of the characteristic polynomial and the Poincaré polynomial. Many of the defini-
tions and results may be extended to a larger class of objects. We use Aigner’s book (1] as
a general reference for undefined terms.

4 The Poset L(A)

Definitions

Definition 4.1 Let A be an arrangement and let L = L(A) be the set of nonempty inter-
sections of clements of A. Define a partial order on L by:

X<Y<=YCX

Note that this is reverse inclusion. Thus V is the unique minimal element. Ordinary
inclusion also gives a partial order and it is preferred by many authors. Our reason for
this convention is that with it the intersection poset of a central arrangement has all the
properties of a geometric lattice shown in Lemma 4.3.

Definition 4.2 Define a rank function on L by r(X) = codimX. Thus r(V) = 0 and
r(HYy =1 for H e A Call H an atom of L. Let X,Y € L. Define their meet by
XAY={ZeL|XUY CZ}YIfXNY #£0 we define theirjoin by X vY =X nY.

21



44 [44

—E47 < 3 B :g 2103 ‘9 "G saIndLyg
yousaBuRLre-Cl 31 Jo TP 20TH 2L 39 H ut Jeadde )7 ‘97 ‘¢z sojdwrexy jo swresdeip asse] oy |, Apsijes £ay) suoiyenba oy 44 (y')7

JO $JULUIIA [3qR[ 0} JUINUIAUOD EIUNIAWOS 81 1 () [erwoudjod e £q pauyop sty Jf

TA> X P A ypm X spauuor wwsbmp assoy ayp ut abpa uy 1Yy 3 g pup
4 3 x asoddng - < daof 47 81200 uo pabunisv pup ()7 fo spuawape ayy g pajaquy 30143
soy ()7 Jo wesBeip assegy ayy {d = (x)4| ()7 3 X} = (V)*T 27 L'p uornuyaq

(@)1 — (V)T : & uonpaalig busasasaud sapio uv s1 asayy fi ‘quapainba -y
40 ‘quapeaInba 321338 (41 'g) = g pur {A'V) = Vv siuswabuosp ay; v 9°F uonluya(q

(V)7 fo yuawapa peurixews anbrun ay; s
. YIHL L Fs ) @ s aas Lo i [P S A. PR ?s m..a.:ghu.s. .

iH U — VI 7] JUSUWGOUDLID NE\GS& U i VH §—\F)+5 _ﬂm< -y
3y v (V)T Jo yuowps pusrzvw v fo yuus 3y) 83 ()4 Y Jo qued Y[ ¢y uonugeQq

O CUOISUSWIP aWies ayj} JO adudy ‘Iayj0 yoea jo soFeulr
Jeaui| aulfe Ie §)UALLY|I [RLUIXRW ‘SUCITRULIOJSURIY JRIUL| JULYR JSPUNL JURLIBAUL 51 UOI}IPUOD
sy oouly @ = H UL 0§ D [ 1oype O 4 A10a9 10§ i £juo pue ji juduaje [euwiixew
e sl (Y')7 3.1 1°Y) 2AlasG() "SIUSWA]D [RLIIXTUL [RISAIS JARY ARUI )1 USY) 569[129UD 81 V" J
*juawafa jewiixew anbiun e sey ()7 adouts JuaweBuele [eI)ud € §1 7 jI 1vad 8L BIY [, “Joodd

JUBL JWos Iy} vy ()7 fo sjuwI ppunIoly §p Bl
O (AV X)wpS (4 + x)wip pue

(Awip + (x)utp = (L U x)unp + (f + x)uip

Ry} [[e031 () 995 O], "UOISUIWIPOD 811 $1
adxedsqus e urRyuOoL ued Yiym sauejdiadAy Juspusdepul L|1eaul| Jo Jequinu jeunxew ayy jeyy
Joe} 3y} Jo 2>uanbasuod ® §1 (7) UOKIIBEY "UOIUYIP 34} WOl smo[|0] (]) UOI|IassY Joolq

30170 Jwpawsodb v s1 ()] pudwabuniiv jujuao v sof snyj

CAMF(XMHS(AAX)+(LV X)4

soifsijos
UOLOUNS YUDL 3y T D LY )P 40, 201)p) v 51 7] 0% Js1rd swiol |p way) juajusd sty f) (¢)
‘p3sod owpawosd v s1 ()] snyy Appuipios 3wws Iy savy

\/-”nkv...V—.KVG\K“\—

$1a5qRs passpeo Apipouy uirvw v 7p 3 x Aaais w0y (g)
suo fo uwol v st { A} \ 7 fo puswaps Kadazg (f)
dudy (Y)Y =7 19] puv juswsbuviav uv 3 Y ] g'p ewwany

(XU}



Examples
Example 4.8 The laitice L({A) of the Boolean arrangement.

Let H; = ker(z;). Let [ = {iy,....¢5,} where 1 <4y <---<i, <l Let Hy=H; n---NJI
The lattice L(A) consists of the 2* subspaces Hy for all subsets I.

[

Proposition 4.9 The lattice L(A) of the braid arrangement is isomorphic to the partition
lattice.

Proof. Let [ = {I,....f}. Let P(f) be the set of partitions of I. An element of P(f) is a
collection A = {A4,..., A,} of nonempty pairwise disjoint subsets of I, called the blocks of
A. whose union is I. There is a natural partial order on P(€) given by A < ' if A is finer than
F'. Thus blocks of I' are unions of blocks of A. In order to find a lattice isomorphism from
the braid lattice L({A) to P(f) it is convenient to define H;; = V for all 5. Let X € L(A).
Define a relation ~x on I by 1 ~x jif and only if X C H, ;. Since H;; =V, H,; = H;; and
Hi; Y H;x C H;x. this is an equivalence relation. Let Ax be the partition of I defined by
~x. The map x : L(A) = P(f) given by n(X) = Ay is a lattice isomorphism. It is injective

because .
X=(N H)

k=1 iJEA,
is determined by the blocks of A. It is surjective hecause given any partition A = {A,..... A}
we may define X by the intersection above and we get Ax = A. Note also that X < ¥V if
and only if every block of Ay is a union of blocks of Ax. O©

Definition 4.10 Given a poset L and X,Y € I, with X < Y, define the following subposets
and segments
Ly={Zel\Z<X), IX={Zel|Z>X)}.
XY)={ZeL|X<Z<Y}, X,Y)={ZelL|X<Z<Y)

Lemma 4.11 Let A be an arrangement and let X € I{A). Then
(1) L{A)y = L Ay).
(2) LAV = L(A¥),
(3)ifY €l and X <Y then L((Ay)*) = L(AY)* = [X.Y]. O
Example 4.12 The lattice 1{A) of the arrangement of Example 2.10 .
The lattice L{A) consists of all suhspaces of V. If X € L(A) is p-dimensional then L(A¥) is
the lattice of ail hyperplanes in X and L{Ayx) is isomorphic to the lattice of all hyperplanes

in the (¢ — p)--dimensional space V/X. If X < ¥ then [X, Y] is isomorphic to the lattice of
alt subspaces of X/VY.

it

Recall that A is essential if and only if it contains f linearly independent hyperplanes. For
a central arrangement this is equivalent to the condition T(A) = {0}. The braid arrangement
is not. essential, T(A) is the line 7y = 22 = ... = 7,. All the other arrangements considered
so far are essential.

24

Definition 4.13 Let (A;. Vi) and (A3, V,) be arrangements and let V = Vi ® V,. Define the
product arrangement (A, x Ay, V) by

.}.Xubn“—:_@s_t.muh_—CA—\_@:n_tum.\hnw.

Remark 4.14 Let Ay, A; be armangements. Define a partial order on the set L(A) x L(A;)
of pairs (X, X2) with X; € L(A;) by

(X1, X2) <M, ) <= X1 <Yyand X; < Yo
There is a natural isomorphism of lattices
7 L(Ay) x L(Az) — L(A; x A).
The map #(X), X3) = X; ® X, provides the required isomorphism.

Definition 4.15 Call the arrangement (A, V) reducible if after a change of coordinates
(A, V) = (A x A2, Vi @ V,). Otherwise call (A,V) irreducible.

Example 4.16 The B;-arrangement is irreducible. The Boolean arrang t is the product
of  copies of the I-arrangement ({0}, K). The braid arrangement is the product of the emply
[-arrangement with an irreducible arrangement.

Let A be an affine ¢-arrangement. Recall the coning construction from Definition 2.15.
Let H € A be the kernel of the degree 1 polynomial ay € Klzy,...,z,]. It corresponds to
cH € cA, the kernel of the linear form obtained by homogenizing ay in K|zo, zy,...,24}.
Note that dimH = € — | and dimcH = €. Recall that cA also contains the additional
hyperplane Ky = ker(xq).

Proposition 4.17 Let A be an affine arrangement with cone cA. Let B = (K, {0}) be the
nonempty central I-arrangement. Define the bijection ¢: A x B — ¢ A by (H x K)=cH
and ¢(V x {0}) = Ko. Then ¢ induces a rank preserving surjective map of posels ¢ :
L{A x B} = L(cA).

Proof. Let X € L(A). Write X = H;N--- 1 H,. Define ¢eX = cH;N--- N cH,. A direct
argument shows that ¢X is independent of the representation of X as an intersection of
hyperplanes. We define ¢(X x K) = cX and ¢(X x {0}) = ¢X N Ko. It is easy to see that
the map is rank preserving and surjective. In general it is not injective. O

Oriented Matroids

Next we consider the special case of a real arrangement A. Recall that C(.A) is the set of
chambers of A. Thus M(A) = UeecnC.
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Figure 9: Different face posets

Definition 4.24 An element X € L s called modular if (X,Y) is a modular pair for all
Yel.

Lemma 4.25 Let X € L be a modular element. ForY € L the map oy : [Y, X VY] >
[X AY, X] defined by ox(Z) = X A Z is an isomorphism with inverse tv(Z) =Y V Z.

Proof. Clearly both maps are order preserving. Since X is modular, if Z € [X A Y, X]
then oxty(Z) = X A(Y V Z) = (XAY)V Z = Z. Similarly, if Z € [Y,X VY] then
wox(Z) =Y V(XAZ)=(YVX)AZ=2Z. O

Lemma 4.26 The following statements are equivalent:
(1) the pair (X,Y) € L x L is modular,
(2)r(X)+r(Y)=r(XVY)+r(XAY),

(3) XAY =X+Y,
(4) X+Ye€L.

Proof. The conditions (3) and (4) are obviously equivalent.
(1) = (2) If (X,Y) is a modular pair then by Lemma 4.25 the segments [X A Y, X] and
¥, X v Y] are isomorphic. In particular

HX)—r(XAY)=r(XVY)=r(Y).

(2) = (3) Recall that X + Y C X A Y. If (2) holds then codim(X A }¥) = codim(X + Y) so
the spaces are equal. Finally, (3) = (1) follows from the definition. O

Corollary 4.27 An clement X € L is modular ifand only if X +Y € L forallY € L. O

Example 4.28 For any central arrangement A the elements V, T = T(A), and all atoms
arc modular.

28

Example 4.29 Consider Q(A) = zyz(x + y — z). This is the cone over the 2-arrangement
of Example 2.6. In L(A) every H € A is modular, but no element of rank 2 is modular.

Lemma 4.30 An element X € L is modular if and only if (X,Y) is @ modular pair for
every Y € L such that X AY =V.

Proof. Fix X € L and assume that (X,Y) is a modular pair for every ¥ € L such
that X AY = V. We want to show that (X, Z) is a modular pair for every Z € L. Set
a = r(Z) — r(X A Z). There exist linearly independent hyperplanes H,,...,H, € A such
that

Z=(XAZ)VH V---VH,.

let Y =H,V---VH, Thenr(Y)=aand Z=(XAZ)VY. We have

M XAY)=r(XAZAY) S XAZD)+r(Y)—r((XAZ)VY)=r(XAZ)+a-r(Z)=0.

Therefore X AY = V. By assumption (X,Y) is a modular pair and hence X +V = V. Then
X4Z=X+((XA2)VY)=X+(XAZ)NY)=(XAZ)N(X+Y)=XALZ

This shows that (X, Z} is a modular pair. O

Lemma 4.31 IfY is a modular element in I, and X is a modular element in Ly then X is
a modular element in L.

Proof. Let Z € L. By Lemma 4.26 it is sufficient to show that X + Z = X A Z. We have
X4Z =(XAY)+Z=X+(Y+Z)=X+(YAZ)=XANYAZ)=(XAYINZ =XAZ. O

Definition 4.32 Let A be an arrangement with r(A) = £. We call A supersolvable if
L(A) has a marimal chain of modular elements

V=Xo< Xy <...<Xe=T.

Example 4.33 The arrangement in Example 4.29 is not supersolvable becawse it has no
modular element of rank 2. The By-arrangement, the braid arrangement, and the Boolean
arrangement are supersolvable.

in the Boolean arrangement every element is modular, so we may take any maximal chain.
In the Bj-arrangement the only modular elements of rank 2are z =y =0,z =z = 0, and
y = z = 0, see Figure 6. Thus a maximal chain of modular elements is given by

Vc{z=0}<{z=y=0) < {0}.
Not all elements of the braid arrangement are modular, but
V< *H_ "Hna < *H—“ﬂnu.ﬁuvA...AA—H_ "Hn"...“.d;"ﬂ.

is a maximal chain of modular elements.



133

‘[$0Z] 30ustop 03 Inp st jusal xou Wy [,

o (L)

ASZ5X 313X
sz ¢

213x 413z A132

0f Lz X = @)z
‘e[nuilof 181y oy ut

uoneoydl WU 07 33| 2A01d Ip| °G'G VUILLY] UL puR UOHIUYSp 3y} Ul udald #f Jo satjaodoid
ay) pue uoljewiuns Jo IJueyd1ANTI U UO paseq st stoljedl|dull Inoj Ay} jo ey Joold

il

x134 x134
RBA X L =) <= (A £ =(x)6
4755 +93%

A X K = = (x) £ =8
uay] -dnosb uvyaqo up us $anOa ypa ()7 uo suorpunf ag b'f o7 9 uorpsodoaq
"R[NULIOJ UOISISAUI SNIGOJY dY3 §1 NS JXaU ay ],
(] SuOl}IIEse Oy}
satjdwil (1ym ) = yg SRYL, “Xuyew Anuapt ayy st °| = gy ey 7 jo uoruyap ayy woyy
saojjo} 3] “TenBueijiun 1addn a1e g pue y yjog “estmIayio g pue fy S iy i | A1 (£1)

[Iia XLYRW 4 X 4 33 g g 19T (F) X ) A3ua (£'1) gpa Xujew 4 x 43y eq v ] S
sofduns fy S 'y 1eq) o8 uasoyd s1 Bupaquinu ayj swagm {‘y ‘- cfly} = 7 awm “Jooid

‘A> X PWTIAXH 0= (L'z P>
“I3x 1 t=(x"x)"

uay ] (Y)7 =7 13] pup juawabuniap up 3¢ 327 §¢ vUIW]
UOISIvAU] sSNIqOJA

*UOA]
-0ofiq e st [ X[y 03 (X )]y woy (L9 -t )) — () iy ) dew u_:u &.:80.,“
[4'X1y232 [A'X]y232
0= pi-) K Heplin) =
[A' X3 (A'X32
e1=) K o) =
[A'X]y>32 [z'x1y>32 (4'X]32 [z xlw32 [A'x122

—pit1=) Hw + (1) HW ”W 1=pitE=) N ”W

usy], ‘£ > X 9soddng -s[qerediuodut ore [y uoym pue f = x io}
Teap st sty ], ' jo safjsadold Suruyep ay) saystyes apis puey 13 oy yey) 2a01d oy Jooaq

0t

{4 X132
-1 ) MW = (A x)
T3 A'X v 404 g uolpisodoay
{A>2 x =3 (733} =(L'xyppur {4 =2 "X =3 (1) 39} = [L x|y 7 P
fig 2 fo fipypuspsns syp puv ‘2 q 2 fo yuausaps oy ayp 3 hq ()30 3 2 fo quawsdps jeayf yj dpoua(
iy >--> | Bt} = (e

i up sutvyy
1p Jo s ayp 3q (T)y2 127 (V)T = T 13) pup juowdbumiud uv 3q y o7 €'§ Uoljiuga(q

(A *X )¥ 10} e|nuilo} Juijsa1ajul Jagjoue s1 3y |,
O 019z sl WINs 3y} 08 4y Jo jesqns 1adoid e
sL Xy uoyy £ > X ) T StWns oy} £ = X §] XY\ Ay Jo ) 5195(Nns [ Jaao st wins jse| 2y ],
> Ay3a3Xy ASz5x

._aﬁ_lvw = a(1-) N =(Z'X) N

SNy J, juiolsip 81 uolun ayy A1aym
ASZ>X
rs3asxvivsat=zxs )
ey 930N “uotssaidxo oYy Jo apis Y311 oYy djoudp (4 ‘Y )1 1] jooad
(A'x)s38
eat(1=) T = (AXM

wiy] A={(glLpue g5 Xy pyynsy Sg SjuIwIbUDLIVGRS JULjuD fo
18 Y1 3q (AX)S 11 °AS X 4o T 3 L'X 40 quawdbuvav up o i a7 7'g wumLDY

‘(A X ) jo uonR|NIOAT [Njosi
v stotoy ], 1 = 4 uoyy o Jo sorpadoad Fuluyop oy soysiies Yoym uolpuny 13410 Aue st 4 J1
yeyp) 5m04j0) 4] “A|9Alsandel pandwiod ag Aewi { £ ) )1 Jo sonjea ay) Y paxy 1oj jey) 9j0N

‘I8 1IY}O o=(xxm _
A> X PURTIZAN N 0= (z'x) 1K
‘13X R L=(x‘x)

smojof sv g — I =vdf
uoydUNy SNIQOIN sy} e (V)T = T i4] puv juswsbusiiv uo 3 ¥ 3> ['g uoniuyaq

uorjounyg snIqON Y.L
uorjoung sniqEN oYL



Lemma 5.7 Let A be an arrangement and Iet L = L{A).
(1) Suppose Y € L and Y # V. Then forall Z € L

M nV,X)=0.
Xv¥=7
(2) Suppose Y € L and T € L is a mazimal element such that Y < T. Then for all
ZelL
Y o mxm =0
XAV=2Z

Proof. We prove (1). The proof of (2) is similar. Note that X VY = Z implies X < Z,
Y < Z,and r(Z) > r(Y). We argue by induction on r(Z). If Z = Y then the sum to he
computed is 3y oy (V. X) =0since Y £ V. I{ Z > Y then

Y wv.x) > owvxy- Y mv.x)

Xvr=z Xvy<z xvr<z
= Yav.X)-Y Y mv.x)).
X<z W<Z Xvy=Ww

The first term is zero by the definition of u. The second term is zero by induction. O

Lemma 5.8 Let (A V) = (A, V) x (A, V,) be the direct product of two arrangements.
Lel pi = pa, and let p = pa. Lel XY € L(A) where X = (X1, X3), ¥ = (V1.Y3) with
X..Y. € L(A;). Then

#(X,Y) = p(Xa Ype( Xe, 12).

Proof. Define v on L(A, x A;) by v(X.Y) = i (X1,Y1)i2( X2, Y2). Then v satisfies the
defining conditions of g, hence they are equal. O
The Function ;(X)
Definition 5.9 For X € L define p(X) = u(V, X).
Clearly u(V) =1, p(H) = ~1, for all H € L and if r(X) = 2 then pu(X) = JAx} - 1. In

general it i3 not possible to give a formula for p(X). Recall the map ¢ : L(A x B) — L(cA)
of Proposition 4.17.

Proposition 5.10 Let ¢ : L(A x B) — L{cA). Let p be the Mébius function of L(A x B)
and lel p. be the Mébius function of L(cA). For all Z € L(cA) we have

pl(Z)y= 3 py).

Yes—H(2)

Proof. It follows from Lemma 5.8 that (X x K) = —pu(X x {0}) for X € L(A). If
Ko £ 7 then there is a unique Y € L(A) such that 7 = cV. Thus ¢~'(Z) = {Y x K} and
(Y x K) = p(cY). f Ko < Z we argue by induction on r(Z). If r(Z) = 1 then Z = K.
Since ¢7'(Ka) = {V x {0}} we have ;1.(Ko) = ~1 = p(V x {0}). Now suppose r(Z) > 2.

- Y v

YelL(cA)
Y<Z

==Y ¥ ouxm

YEeL(cA) Xed=)(Y)

17}

Y<Z
= - Y X
XeL(AxB)
o(X)<Z
= - ) MXxK= 37 wXx{o)
XeL(A) Xel{A)
cX<Z eXnKo<Z
= ) mXx{oh- Y wX x{0})
XeL(A) XeL(A)
cXnko<Z cXnko<Z
= Y X x{o)
XeL{A)
cXnko=2
= ) v
YeL(AxB)
HY)=2

The second equality is by the induction assumption. The fifth is by the fact that if Ko < Z
then (X € LA} |eX < Z}={X e L(A)|[eXNKy<Z}. O

Proposition 5.11 Define A by Q(A) = 212;---2¢. Then for X € L
H(X) = (~1y0,
Proof. Define v(X) = (—1)"X), It suffices to show that v satisfies the defining properties of
p. Clearly (V) = (—1)° = 1. If X # V then X = H; for some I with |I|=p=r(X) > 0.
fV <Y <X thenY = H; where J C I and
g=r(Y)=J|<{l=r(X)=p.
Thus

P
_ 1) = —1)9 r =
Y uzy=Y (~-1y =3 (-1 Aav 0. O

7<x Jcr 9=0

Definition 5.12 For a central arrangement A let p(A) = p(T(A)).

33
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The first known result which may bhe viewed as a precursor of the Mobius function
appeared in the work of Euler. He started with the formula

r? i 1 1 1 | !

In modern notation Euler’s formula reads

6 _ o= pln)
MmHMU n?

n=1

In 1832 Mobius [132] considered the following problem. Given a func

0

flx)= MU ajr’
=1
find coeflicients b, such that
= MU bef(r*).
k=1

Since f(r*) = 3%, a;77% we have

r= M? MU:ZL» = MUAM a;bi)r”.
k=1 =1 n=l jk=n
Thus the solution is given recursively by
ahy = 1
MU «:.‘; = c

Jh=n

Mobius solved the problem explicitly for several functions. For

flx) = i =r4+rP 404
l—r

the a; = 1 for all j. Thus b = 1 and for n > 1 we have 3_, by = 0. He proved that, in
modern notation, b, = u(n). As a second example let

2 P

\.A.lﬂi_s:liﬂs+W.+W+:.

36

so a; = 1/j. He showed that by = p(k)/k. To see this note that b, = 1 and for n > 1 we
have
Tu(k) 1
Yoak=Y -3 =
;0 Far p < #(k} =0.

This gives

z= W %AIT_: —z*).

k=1

Formal exponentiation gives the remarkable formula:
i =plk
e’ = HHC - HJL..C.
k=t

Work of Dedekind and Liouville is also relevant to these developments. Their problem
concerned a function f defined on N, and a second function g defined by the formula

gln) =Y f(d).
din

Can f(n) be expressed in terms of g? Their formula
n
Fny=g(m) = YoV + 3o g(2)+ ..
is written today as

n
M f(m) =3 nld)(5)-

dln

For an application recall Euler’s function ¢(r) which counts the number of integers k rela-
tively prime to n such that I < k < n. Let f(n) = ¢(n). It is well known that n = MU,:: #(d),
thus g{n) = n. This gives the expression

n
d(n) = 3_p(dy.
din
Let R be a commutative ring and let A denote the set of all functions from N — R.
Dirichlet convolution n
frgln) = w_u f(de(3)

makes A an R-algebra. It is commutative and associative with identity function & defined
by 6(1) = 1 and §(n) = 0 for n > 1. Let U/(R) denote the group of units in R. and let U(A)
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6 The Poincaré Polynomial

In this section we define one of the most important combinatorial invariants of an arrange-
ment, its Poincaré polynomial, and study its properties.

Definition 8.1 Let A be an arrangement with inlersection poset . and Mabius function .
Let't be an indeterminate. Define the Poincaré polynomial of A by

(A1) = MU (XY~

XeL

It follows from Theorem 5.14 that x(.A4,t) has non-negative coefficients. In some cases it
is easy to compute the values of p directly and obtain the Poincaré polynomial.
Examples

Example 6.2 If A = &, is the empty {-arrangement then n(A.t) = 1.
The Poincaré polynomial in Example 2.5 is:

(A1) =143t 4+ 20 = (1 4+ (1 4 21).
The Poincaré polynomial in Example 2.6 is:
(A 8) =143t 4382
The Poincaré polynomial in Example 2.7 is:
T A ) = 14914232 4153 = (1 + 1)(1 4 3)(1 +51).
The Poincaré polynomial of the Boolean armngement is:
L e
(A=Y C: =(1+1).
p=0

These examples may give the false impression that the Poincaré polynomial of every
central arrangement is a product of linear terms (1 + bt) € Z[t]. The reader is invited to
check that in Example 4.29 x( A1) = 1 + 41 4 6£2 4 3t> = (1 +1)(1 + 31 + 31%). Proposition
6.4 shows that (1 +t) divides the Poincaré polynomial of every central arrangement. More
factors of the form (1 + #t) € Z[t] do not exist in general.

Lemma 6.3 Let A, and A, be arrangements, and let A= A, x A;. Then

m( A1) = 7( Ay, )r( Az 1).

10

Proof. Let V = V; B V,. Since L(A) = L{A;) x L{A;) we have
(A1) 3 ux) =y

XeL(A)

= Y X @ Xp)(—tyex
X18X2€L{ A1) x L(Az)

= 3 1( X2 ) Xg) () ) () Xa)
X1€L{A ), X2€L( A7)

= ﬂA.\&T:ﬁAh?:. [®]

Proposition 8.4 Let A be an affine arrangement with cone cA. Then
r(cA,t) = (14 t)r(A,t).

Proof. If B = (K, {0}) then »(B,t) = 1+ t. It follows from Lemma 6.3 that (A x B,#) =
(1+t)x(A.t). Since ¢ : L(A x B) — L{c.A) is surjective and rank preserving, it follows from
Proposition 5.10 that x{cA.t) =x(Ax B,t). O

Definition 8.5 Define the characteristic polynomial of A by
(A 8) = (A, —t7") = Y p(X )i,
XelL

Note that x(A,t) is a monic polynomial of degree £. Our characteristic polynomial is
slightly different from the usual definition of the characteristic polynomial of the lattice L.
The definitions agree if A has rank €. In some cases it is natural to compute the characteristic
polynomial. Our first nontrivial computations obtain the characteristic polynomials of the
arrangements of Examples 2.9 and 2.10. These computations have two interesting features.
‘They use the combinatorial technique of proving an identity by expressing the cardinality of
a set in two different ways, and they use Mobius inversion to find x(A,t) without computing
the individual values of p(X).

Proposition 6.8 Let A be the arrangement of Example 2.10. Then
w(A )= (1+8)(1+qgt)---(14+¢7").
Proof. We prove the equivalent formula:
x(A) = (t=1)(t=q):--(t—g"").

Let W be a vector space of finite dimension over F,. Let w = {W| be the cardinality of W.
Then | hom{W, V)| = w!. We classify elements of hom(W, V) according to their images. If
X € L define subsets Px,Qyx of hom(W,V) by

Px = {# € hom(W,V) |imé = X}, Qx = {¢ € hom(W,V)|im¢ C X}.
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Proof. We use the formula in Lemma 6.8. It is convenient here to let /{ = Hqo be the
distinguished hyperplane. Separate the sum over B C A into two sums: K’ and H”. Here
R' is the sum over those B which do not contain H and K" is the sum over those B which
contain H. It follows from Lemma 6.8 with A’ in place of A that

R ==(A.1.
In order to compute R" recall the definition of S(X.Y) from Lemma 5.2. Since I € B,
Ay € B. Thus if T(B) =Y then B € S(H.Y). Let L" = L{(A"). Then

R = ), (=D

HEBCA

=) Y (==

YeL” BeS(HY)

= IM MU AI:_E/LE_AIS‘A:

YeL" BeS(H)Y)
= - M n(H Y)Y (=ty™)
Yeur

= ix(A" 1)

lhe last equality follows from Lemma 5.2, the fact that the Mobins function p” of L” is
the restriction of s to L” so u”(Y) = p(H,Y), and that the rank function r"" of L” satisties
r(Y)=r"(Y)+1. O

Corollary 6.10 Let (A, A', A") be a triple of arrangements. Then
(A t) = x(A. 1) — x(A",1). O

Definition 8.11 Le! A be a central arrangement and lel (A, A', A") be a Iriple with respect
to the hyperplane H € A. Call H a separator if T(A) ¢ L(A).

Corollary 8.12 Let A be a central arrangement and let { A, A', A”) be a triple with respect
to He A
(1) If H is a separator then
n(A) = —p(A")
and hence
(A = |p(A”)].
(2) If H is not a separator then
n(A) = p(A') = p(A")
and

(A = | A+ [pe(A")

14

Proof. It follows from Theorem 5.14 that x(.A,t) has leading term
(=1 A (A4,

The conclusion follows by comparing coefficients of the leading terms on hoth sides of the
equation in Theorem 6.9. If H is a separator then r(A') < r(A) and there is no contribution
from n(A',t). D

Definition 6.13 Call the errangements A = (A,V) and B = (B.W) r—equivalent if
(A, 1) = =(B.t).

lent

q ts are x—equivalen!. The converse

Example 6.14 It is clear that L-equivalent arr
is false. Consider the arrangements:

Q(A) = zyz(z — z)(z + 2)(y — 2)(y + 2).

UB)=zyzlz+y+zNz+y—2)z—y+2)z-y—-2)

4 N a8 N
N

N\ Y - J

A B

Figure 11: x—equivalent but not L-equivalent
The reader should check that
(A1) = (1 +£)(1+3t)(1 + 3t) = x(B, 1)

but these arrangements are not L-equivalent. Figure 11 shows that A has two lines which
are contained in four hyperplanes. These appear in the picture as the two common points
on the line at infinity of the two sets of three parallel lines. Figure 11 also shows that B has
no such lines. The factorization of these Poincaré polynomials is remarkable. Next we prove
some general results to explain their factorization.
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Definition 6.18 Let X € L. Let # = (my,....x,) be a parlition of A. Then the induced
partition ry is a partition of Ax. Iis blocks arc the nonempty subsels m; N Ax.

Definition 8.19 A partition x = (my,...,7,) of A is called nice if:
(1) m is independent and
(2) if X € L\ {V} then the induced partition xx contains a block which is a singleton.

Proposition 6.20 Let A be a supersolvable -arrangement with a marimal chain of modular
elements V = Xo < Xy < ... < Xy =T. Let n; = Ax,\ Ax,_,. Then the partition (xy,...,7/)
18 nice.

Proof. Choose H; € =, for each i. First we use induction on i to prove that r(H,V---VH;) =
i. Thisisclear wheni = 1. Let Y = Hiv---V H,_y. ThenY < X,_;. Since H; £ X;_y.
we have H; £ Y. Thus H; AY = V. By the inductive assumption, we have r(Y) = ¢ — 1.
Therefore we have

FHV - VHY=r(YVH) = (V)4 1) ~ (Y AHY = (i = 1) 4 1 = (V) = i.

This shows that the partition (m,.....%/) is independent. Next let X € L\ {V}. Let j be
the largest integer such that V = X A X;. Then

0<rHXAX 1) = r(X)+r(Xjp) = r(XV X;4)
< X)) +r(Xjp) —r(X V X)
= r(X)+r{X;jn)—(r(X)+ (X)) —r(XAX;)) =1

This implies that X A X;_, is a hyperplane belonging to A. Thus Ay Nx; = {X A X;_} is
a singleton. O

We will prove in Corollary 10.11 that if A has a nice partition # = (xy,...,7,) and
b; = |x|, then

(AN =[]0 +b).

The arrangement B defined by
QB)=zyzlz+y+:z)zs+y—2)Nz—y+2)r—y—2)
in Example 6.14 has a nice partition = = (7,72, 73). We may take r; = {ker(z)}, x; =

{ker(x), ker(z — y + 2),ker(z — y — )}, 73 = {ker(y), ker(z + y — z).ker(r + y + z)}. Thus
Corollary 10.11 explains the factorization m(B,£) = (1 + £)(1 + 3t)(1 + 31).

18

Counting Functions

The Poincaré polynomial of an arrangement will appear repeatedly in this book. It will be
shown to equal the Poincaré polynomial of several graded algebras which we are going to
associate with A. It is also the Poincaré polynomial of the complement M(.A) of a complex
arrangement. Here we prove that the Poincaré polynomial is also a counting function. First
supposc that A is a real arrangement. Recall from the introduction that the complement
M(A) is a disjoint union of chambers

M= |J c

CeC(A)

Zaslavsky [211] showed that the number of chambers is determined by the Poincaré polyno-
mial as follows.

Theorem 6.21 Let A be a real arrangement. Then
IC{A) = m(A,1).

Proof. If A is empty then |C(A)] = 1 = x(A,1). We showed in the introduction that
IC(A)] = |C(A")] 4+ IC(A")|. Thus the result is a consequence of Theorem 6.9. D

Next assume that A is an (-arrangement over the finite field F,. Then the complement
M(A) is a finite set of points. Its cardinality is also determined by the Poincaré polynomial.

Theorem 6.22 Let A be an (-arrangement over F,. Let |M(A)| denote the cardinality of
the complement. Then

[M(A)| = ¢'x(A, —¢7") = x(A,g).

Proof. If A is empty then |M(A)| = ¢ = x(A,q). Suppose A is nonempty and let
(A, A, A" be a triple. Evidently

IM(A)] = [M(A)| - IM(A")].

Thus the functions |M(A)| and x(A, q) agree on ®, and by Corollary 6.10 they satisfy the
same recursion for deletion and restriction. It follows that they are equal. O
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Example 7.10 If a graph i has ¢ vertices and no edges then there is no restriction for ifs
coloring. Thus we have
(G =1"

Example 7.11 If G is the graph in Figure 12 then there are t ways lo color the verter |
and there are f — | ways to color the vertices 2 and 3 each. Thus we have

(G.1) = t{t = 1)

Example 7.12 If G is the complete graph with ¢ vertices then there are t ways fo color the
first verter, t — 1 ways to color the second vertrz, t — 2 ways to color the third vertez, and
30 on. Thus we have

(G )=ttt -1)(t—-2)---(t—L+1).

It is easy to find the chromatic function directly in the examples above. It is not so
easy to find the chromatic function of the graph in Figure 14 directly. To compute its
chromatic function we use a deletion-contraction technique. It is closely related to the
method of deletion and restriction of arrangements studied in section 6. We also prove that
the chromatic function is a monic polynomial of degree ¢.

4 3

“igure 14: A graph with four vertices

Deletion—-Contraction

Definition 7.13 Let G = (V.€), V= {1,2,... .4}, and £ £ 0. Fir an edge eq = {i,j} € .
The deletion ' = (V' £') of G with respect o eq is defined by

V=V, €=£\{e}

The contraction G" of G with respect to eq is the graph G” = (V",£"). Here V" is the
verlez sel with cardinality £—1 obtained by identifying i and j in V. Write V' = {1,2,....¢}
where p = ¢ if and only if either p = q or {p.q} = {5,7}. Define £" by

& ={{pat {pq) € £}

Example 7.14 Lef (7 be the graph in Fignre 14 and let ¢q = {2.3}. Figure 15 shows (7
together with the delction (7 and the contraction ¢ with respect lo eq.
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G led G

Figure 15: Deletion and contraction

Proposition 7.15 Let G = (V,£) be a graph with £ # 8. Let ' and G” be the deletion
and contraction with respect to the edge eg. Then

x(G',1) = x(G, 1) + x(G",1).

Proof. Suppose eg = {1,2}. Every coloring of G induces a coloring of G'. Thus there is an
injection from the set of all colorings of G to the set of all colorings of G'. The complement
of the image is exactly equal to the set

{¢ | colorings of G’ such that ¢(1) = ¢(2))}.
This set is in one-to-one cotrespondence with the set of all colorings of G". O

Example 7.18 This allows us to find the chromatic function of the graph in Figure 14. Let
€0 = {2.3}. The deletion ' and the contraction G are given in Figure 15. Proposition
7.15 gives

X(G.8) = x(G' 1) = x(G", ) = t(t - 1)® —t(t — 1)(t = 2) = t(t — 1)(* ~ 31 + 3).

Corollary 7.17 Let G be a graph with € vertices. Then the chromatic function x(G,t) is a
monic polynomial in t of degree (.

Proof. We argue by induction on the number of edges. When there are no edges we have
x(G,t) = t!. Suppose that GG has at least one edge. Fix an edge e,. Consider the deletion
G’ and the contraction G”. By the induction assumption, x((',t) is a monic polynomial
of degree ¢ and y(G",t) is a polynomial of degree less than £. The result follows from

Proposition 7.15. O

This shows that the chromatic function x((7,t) is a polynomial. From now on we will call
it the chromatic polynomial. As we have just seen, the construction of the deletion G’ and
the contraction G” is very useful. Next we consider the corresponding graphic arrangements

A(G") and A(G").

Proposition 7.18 Let G be a graph with edge e9. Let G’ and G” be the deletion and con-
traction of G with respect to eg. Let Hy € A(G) be the hyperplane corresponding es. Write
A = A((5). Let A’ and A" denote the deletion and restriction of A with respect to Ho. Then
A(G") = A and A(G") = A".
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Proof. Let w € AO(G). For i € V let pi(w) denote the number of vertices which can
be reached along the directions of the orientation from the vertex 7. Consider a point
pw) = (Mmlw), ... .pr(w)) € R Let {i,j} € £ Define half spaces

t..w :u._.....s\vmz:u..v.q:.

H™ = :a._.....ﬁLmﬂ‘_u._,A.ﬁL.

]
If i — j then every vertex which can be reached from j can also be reached from i. Thus

pilw) 2 pi(w). Since the orientation is acyclic, it is impossible to reach i from j. Thus we
have

iojinw & pw)>pw & pw el
J=iin w8 piw)>pilw) & plw)eH;.

Therefore p(w) ¢ ker(x; —z;). Thus p(w) € M(A) = R\ Uy ea H and there exists a unique

chamber ("(w) € C(A) which contains p(w). We have

(1) \uAEVMEm &S i—=jinw

(2) Cw)CH, & joiinw.

We show next that the correspondence w +— C(w) gives a hijection from AO(G) to C(A).

It is obvious from (1) and (2) that this map is injective. In order to prove surjectivity let

" € C(A). Choose a point p = (py,...,p;) € C. Define a direction on each edge {i.j} by

(3) isj & p>p; & peH}

(4) J—i & pi<p; & peH;

Then by (1), (2), (3). and (4) we have

Cw)CH! & peH}
CW CH, & peH,.

It follows that p € C(w) and thus C = C(w). O

By combining Lemma 7.24 with Corollary 7.20, we obtain the following theorem due to
R. P. Stanley [182]:

Theorem 7.25 The number of acyclic orientations of G is (-1)Yx(G,-1). O

Chapter 111

Let £ be a commutative ring. We construct certain algebras over K associated with A.
We construct the graded algebra A(A) for a central arrangement A in section 8. This
construction is generalized to affine arrangements in section 9. The algebra A(.A) is the
quotient. of the exterior algebra E(A) based on A by a homogeneous ideal I(A), A(A) =
E(A)/I(A). This algebra is constructed using only L(A). It will reappear in chapter V with
a topological significance. We prove that the K-algebra A(A) is a free graded X-module
and that its Poincaré polynomial is equal to x(A,t). This gives an interpretation of the
coefficients of x(A,1). We construct a K'-basis for A(A) as a free graded K-module using
broken circuits. We also show that given a triple (A, A', 4") there is an exact sequence of
K-modules

0 — A(A) — A(A) = A(A") - 0.

We prove some algebra factorization theorems in section 10. If cA is the cone over A then
A(cA) ~ (K + Kag) @ A(A).

Recall from Theorem 6.16 that if the central arrangement A is supersolvable then

n r(A ) = (14 bt)--- (1 4+ bet)

where the b; are non-negative integers. In section 10 we prove that the algebra A(A) has a
tensor product decomposition

(2) (K+B)®---®(K+By)

as graded K-module with b; = rankB;. It follows that (1) is a consequence of (2). This
decomposition of A(.A) is generalized to arrangements with a nice partition. In particular
the Poincaré polynomial of an arrangement with a nice partition has a factorization like
(1). In section 11 we define another graded algebra B(A) whose multiplication is a shuffle
product. We prove that B(.A) is algebra isomorphic to A(A). In section 12 we assume that
K i3 a subring of K. We associate to the arrangement A the K-algebra R(.A) generated by
the differential forms wy = day/ay. Note that this algebra is not a purely combinatorial
object since the defining polynomials apy enter the definition. The main result of section 12
is that there is an isomorphism of algebras A(A) ~ R(A). This shows that R(.A) depends
only on L(A). The argument uses the fact that there is a short exact sequence of K-modules

0 - R(A') = R(A) » R(A") = 0.

8 The Algebra A(A) for Central Arrangements

In this section we assume that A is a central arrangement. We associate to the arrangement
A a graded anticommutative algebra A(.A) over K. In the literature this algebra is sometimes
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for all (7,7.k). This shows that A, is spanned by aia, for 1 < k < n. It remains to show

that the sum is direct. Suppose Munm__ cxnpa, = 0 with e € K. Then Munu_ ety € I
Recall that I; is spanned by the elements d(¢.eje). Since 33 = 0 we have #I; = () and hence

n-1 -1
mAMU CkERCn) = MU cx(fa —ex) = 0.
k=1 k=1
Since ey,. .., €, are linearly independent over K, we conclude that c; = 0 for all k.

Example 8.9 If A is the Boolean arrangement then S = (H., ..., H,) is independent if and
only if Hy,..., H, are distinct hyperplancs. Hence if S is dependent then e =0. Thus 1 =0
and A =F.

An Acyclic Complex

It is convenient to introduce some more notation. i § = (H;,.... H,) we say that H; €
S. 1f T is a subsequence of S we write ' C §. If T' = (Ky,...,K,) we write (5,T') =
(Hy,....Hy Ky,...,K;). Thus e(s7) = eser and in particular for H € A we have ey.5) =
€yes.

Lemma 8.10 The map 3 : E — E salisfies:
(1o =0,
(2) Ifu€ E, and v € E then (uv) = (Ju)v + (—1)Pu(dv).

Proof. Part (1) is the standard boundary formula. It suffices to check (2) for u = es and
v=crfor S,T" € S, where it follows by direct computation. O

Note that this lemma has nothing to do with arrangements. It states two familiar prop-
erties of the exterior algebra. Since the map @ is homogeneous of degree —1, we see from (1)
that (E,d) is a chain complex. Part (2) says that J is a derivation of the exterior algebra.
It may be characterized as the unique derivation of £ with degy = 1.

Lemma 8.11 Jgl C I.

Proof. Recall that [ is a K -linear combination of elements of the form erdes where 7, S € S
and S is dependent. We have

Aerdes) = (Fer)(Pes) k er(%es) = (Ber)(Pes) € 1. O
Definition 8.12 Since g/ C I, we may define 84: A — A by Dapu = pAgu foru e E.
Lemma 8.13 The map 94 : A — A satisfies
(ay=o0

(2)Ifa€ A, and b € A then 34(ab) = (Fa)b+ (—1)Pa(Dab).
(3) If A i3 not empty then the chain compler (A.34) is acyclic.

60

Proof. Parts (1) and (2) follow from the corresponding facts for d5. Since 3,4 is homogeneous
of degree —1, (A,8,) is a chain complex. It follows from (1) that imd, C kerd4. To prove
that the complex is acyclic we must show the reverse inclusion. Since A is not empty, we
may choose H € A. Let v = eg. Then gv = 1. Let b = v and let a € A. Choose u € E
with pu = a. Then dg(vu) = (Fgv)u — v(dgu) = u — v(dgu). Since Ydg = dap and p is a
K -algebra homomorphism, applying ¢ to the first and last terms gives a = 4(ba) + baa
for all @ € A. Thus imdy D kerdy. O

Next we study the ideal [/ and return to the notation @ = .

Definition 8.14 Let J = J(A) be the submodule of E spanned over K by all es such that
S €S i3 dependent.

Lemma 8.15 J is an ideal of E and I = J + 3J.

Proof. If T € S is dependent then (S, T') is dependent for all S € S. Thus eser = sy € J
and hence J is an ideal. The formula es = eydes when H € S applied to a dependent S
shows that J C I. The definitions of J and I imply that 8J C I. Thus J + 8J C I. For
the reverse inclusion note that J + @J contains the generators of I. It suffices to show that
J+8J is an ideal. Since J is an ideal, it is enough to show that eydes € J4+8J when H € A
and § € S is dependent. Since (H,S) is also dependent, this follows from the formula

endes = es — O(enes) = es — %ﬁ;mv. o
The Structure of A(A)
We decompose the algebra E into a direct sum indexed by elements of L.

Definition 8.18 For X € L let Sx = {S €S| NS = X} and let

Ex= )" Kes.

SeSx
Note that es € Eqg for all S€ S.
Lemma 8.17 Since S = Uy, Sx it a disjoint union, E = @y, Ex is a direct sum. O
Our next aim is to show that the algebra A has an analogous direct sum decomposition.
Definition 8.18 Let rx : E — Ex be the projection. Thus

ﬁnm ifNnS=X
Txes =

0 otherwise.

The next result follows from Lemma 8.17.
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It follows from the argument of Lemma 8.23 that Ky(A) = n(dJy(A)) = x(dJy(Ax)) =
Ky(Ax). Since Ky (Ay) C E(Ayx), this shows

HANEA) CIA)B( P Kv(Ax).

YeLlAx)
If we apply LLemmas 8.22 and 8.23 to Ax we see that the right side is I{Ax). O

Definition 8.29 Lef B be a subarrangement of A. Since I{B) C I{A)N E(B), the inclusion
E(B) C E(A) induces a K -algebra homomorphism 1 : A(B) — A(A) such that for H € A

ilen + 1(B)) = eq + 1(A).
Note that i is @ monomorphism precisely when (1) holds.
The next result follows from Lemma 8.28.
Proposition 8.30 The map i is a monomorphism for B= Ax. O
Proposition 8.31 Let A be a central arrangement. If Y < X then Ay(Ay) ~ Ay(A).

Proof. Let i : A(Ax) — A(A) be the homomorphism of Definition 8.29. It is a monomor-
phism by Lemma 8.28. The module Ay(A) = o{ Ey(.A)) is spanned over K by all elements
es+ I{A) with S € Sy(A). Similarly Ay(Ax) is spanned over k. by all elements s+ /{Ay)
with § € Sy(Ax). Since Sy(A) = Sy(Ayx). we have i(Ay(Ax)) = Ay(A). Since i is a
monomorphism, this completes the proof. D

The Broken Circuit Basis

Next we show that the K-algebra A(A) is a free K-module by constructing a standard K -
basis for A(A). These results can be extended to geometric lattices. For the more general
results see [36] and {104).

We introduce an arbitrary linear order < in A.  Call a p-tuple § = (H,,....H,)
standard if H, < ... < H,. Note that E = E(A) has a K-basis consisting of all 5 with
standard S.

Definition 8.32 A p-tuple S = (H,,..., H,) is a circuit if it is minimally dependent.
Thus (H,,...,H,) is dependent, but for 1 < k < p the (p— 1)-tuple (H,,... . Hy,.... H,) is

indcpendent.

Definition 8.33 Given § = (Hy,...,H,) let maxS be the mazimal element of S in the
linear order < in A.
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Definition 8.34 A standard p-tuple S € S is a broken circuit if there eriats H € A such
that maxS < H and (S, H) is a circuit,

Definition 8.35 A standard p-tuple S is called y-independent if it does not contain any
broken circuit. Define C, = {S € S, | § is standard and y—-independent}. Let C = U,oC,.

Definition 8.38 The broken circuit module C = C(A) is defined as follows. Let Coy =
K, and for p > 1 let C, be the free K-module with basis {es € E| S € C,}. Let C = C{A) =
Bp30Cp. Then C(A) is a free graded K-module.

It is clear that every broken circuit is obtained by deleting the maximal element in a
standard circuit. Note that if S is x~independent then S is independent. Thus every S € C
is independent. By definition C(A) is a submodule of E{.A). In general C(A) is not closed
under multiplication in E{A) so C(.A) is not a subalgebra. Recall the natural projection
¢ : E(A) — A(A) and let ¢ : C(A) — A(A) be its restriction. Qur aim is to show that ¢ is
an isomorphism of graded modules.

Example 8.37 Define A by Q(A) = zyz(z + y)(z + y — z). Let Hy = ker(z + y - 2),
H, = ker(z), H; = ker(y), H; = ker(z), and Hy = ker(z + y). Define the linear order on A
&..\t..ltu.ﬂu.A.w..

The standard circuits are (Ho, Hy, Ha, H3), (Ho, Ha, Hy), and (Hy, H,, Hy). Thus the broken
circuits are (Ho, Hy, H3), (Ho, H3), and (H,, H;). Writing e; = ey, we get the following basis
for C(A):
1
€g, €1, €3, €3, €4
€o€1, €€z, €0C4, €1€3, €€y, €2€3, €3€y, €3€4
€0€1€4, €0C2€4, €1€3Cy, €2€3€4

Definition 8.38 Recall that for S = (Hy,...,H,) we write NS = Hy 0 ---N H, and that
Ex =% 1c.xKes. Let Cx(A) = Cx = C N Ex. Then each Cx is a free K-module.

Lemma 8.39 For p 2> 0 we have C;, = ®x¢er,Cx and hence C = GxerCx.

Proof. If § € 8 is x-independent with |S| = p then S is independent. Y = NS then
r(Y) = p and es € @®xe1,Cx. Conversely, if es € Cx and r(X) = p then |S] = psoes € C,.
a

Lemma 8.40 IfY < X then Cy(Ax) = Cy(A).
Proof. Let S € S(Ax) C S(A). It suffices to show that S is a broken circuit of Ax if and
only if S is a broken circuit of A. First observe that S is dependent in Ax if and only if

S is dependent in A. Thus S is a circuit of Ay if and only if S is a circuit of A. Suppose
S is a broken circuit of Ax. Then S is obtained by removing the maximal element of a
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9 The Algebra A(A) for Affine Arrangements

In this section we generalize the constructions and results of the last section to affine arrange-
ments. OQur main tool is the interplay between the affine /-arrangement A and the central
(£ 4 1)-arrangement cA. We recall the basic notation and properties of the coning construc-
tion from Definition 2.15 and Proposition 4.17. Let Q(A)} € S = Klay,..., 2/} be a defining
polynomial of A and let Q' € K[xo, z1,...,2/] be the polynomial Q(.A) homogenized. Then
cA is a central (£ + 1)-arrangement with defining polynomial Q(cA) = zo(). The cone
cA consists of the hypecplane Ko = ker(zo) together with {cH | H € A}, where cH is
the cone over the affine hyperplane H. If H € A is the kernel of the degree | polynomial
ay € K[ry,...,2/] then ¢cH € cA is the kernel of the linear form acy obtained by homoge-
nizing ay in Klzq, 11,...,2/). For example, if ay = 21 + 1 — 1 then acy = 1y 4 1, — 7q.

Constructon of A(A)

Let K be a commutative ring. The first definitions are the same as in the central case.
Define a K-module E,{A) which has a K-basis consisting of elements cgy in one-to-one
correspondence with the hyperplanes of A. Let

E(A) = M Ei(A))

he the exterior algebra of E;. Let S,(A) denote the set of all p-tuples (H,,.... H,) of
hyperplanes in A. Define S(.A) = Up>0S,(A). For § = (H,,...,H,) € S(A), define €5 =
cn, ey, € E(A). For S € S(A) define the p-tuple ¢S € S(cA) of hyperplanes in cA by
cS = (cHy,...,cH,). Write eo = ex, € E(cA). Then E(cA) has a K-basis

Amonnm _ SeS(A}u Tw....n |Se S(A)}.

Given S = (Hy....,H,) € S(A), recall that NS = H; N --- N H,. The crucial difference
between central and affine arrangements is that here NS may be empty. Since Ky is sent to
infinity in the deconing, NS = @ if and only if N(cS) C Ko.

Definition 9.1 Let A be an affine arrangement. We say that S is dependent if NS # §
and r(NS) = codimN § < |S|.  Let I{A) be the ideal of E(A) generated by

{es I NS =B} U {Aes | S is dependent}.

Define the algebra A(A) by
A(A) = E(A)/I(A).

Example 9.2 Recall the affine 2-armngement A defined by Q(A) = zy(z + y — 1) in Ex-
ample 2.6. Let Hy = ker(z). H; = ker(y), and Hy = ker(z + y — 1).

Note that Hy N H, 0V Hy = 0. Write e; = ey, and a; = ¢; 4+ I{A) € A(A). Then ere162 € I(A)
and thus a;aza3 = 0. The ideal 1{.A) is generated by ee2e3. We have

A(A) =K ® (Kay B Kay @ Kaz) @ (Kaya, ® Kagaz P Kasay).
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Lemma 8.3 Let S € S{A).
(1) Assume NS #£ . Then S is dependent if and only if ¢S is dependent.
(2) The (p+1)-tuple (Ko.cS) is dependent if and only if either NS = @ or S is dependent.

Proof. If NS # @ then r(nS) = r(N(cS)). This proves (1). If NS = # then N(cS) C K.
Thus {Kg,€S) is dependent. If S is dependent then €S is dependent and so is (Kg,<S). For
the converse, suppose that (Kp,cS) is dependent. If we assume that NS # @ and that S is
independent we derive a contradiction as follows. Since S is independent, ¢S is independent
by (1). Since (Ko, €S) is dependent, N(eS) C Ko and hence NS =§. O

We define maps in both directions between E(.A) and E(c.A).
Definition 9.4 Let S € S(A). Define a K-algebra homomorphism
3: E(cA) — E(A) by s(enecs) =0, s(ecs)=es.
Define a K-linear homomorphism
t: E(A) — E(cA) by t(es) = eoecs.

Lemma 9.5 We have s(I(c.A)) C I(A). It follows that s induces a K-algebra homomor-
phism s : A(cA) — A(A).

Proof. Let S = (H,,...,H,) € S(A). It follows from Definition 8.5 that the ideal I(c.A) is
generated by

{A(eoees) | (Ka,€S) is dependent} U {@(ecs) | €S is dependent}.

Case [. If (Ky,¢S) is dependent and NS = @ then we have s{(¥esers)) = s(ees) = es €
I(A).

Case 2. If (Kg,cS) is dependent and NS # @ then S is dependent by Lemma 9.3.2. Thus
we have s(3(eoees)) = es = ey, (deg) € 1(A).

Case 3. 1f ¢S is dependent and NS # @ then S is dependent by Lemma 9.3.1. Thus we
have s{decs) = des € 1{ A). .

Case {. Assume that ¢S is dependent and NS = 8. Let Sy = (Hy,..., Hy,..., H,) for
k=1,....p. 1NS; = 0 then es5, € I(A). If NSy # B then N(cSs) € Ko 2 N(cS). Thus
N(cS) is a proper subspace of N(cSi). So ¢S; is dependent and es, € I{.A) by Case 2. Then
we have s(decs) = des = 3, (—1)*'es, € I{A). D

Lemma 9.6 We have t(1(A)) C I(cA). It follows that t induces a K-linear homomorphism
1: A(A) = A(cA).
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Deletion and Restriction

Next we consider properties of the algebra A under deletion and restriction. Suppose that
A is a nonempty affine arrangement. Let Hy € A be the distinguished hyperplane. Write
L= LA). I! = I{A), L" = L(A") for the corresponding posets, and A = A(A), A" =
A(AY), A" = A(A"). We use similar notation like E, E', E". 1,1 1", etc.

It is easy to see that I' C I”. Let i : A’ — A be the K-algebra homomorphism induced
by the inclusion £’ C E. If H € A we write ay = ey + 1. H Il € A’ it is important to
distinguish between ay and ey + I’. We cannot identify the two because we do not know
that ¢ is a monomorphism. If § = (Hy,..., H,) € S write a5 = ap, ...ap,. 1 S € 8 then
as € iA. The hyperplanes of A" have the form Ho N H where H € A’. We write the
corresponding generators of E” and A" as ey,nn and agng. S = (H,,...,II,) € S and
o is a permutation of 1....,p let 0S5 = (H,,..., H,y). To define a K-linear map 8 from
E to some module over K it suffices to prescribe the values f(es) for S € S and check that
f(e.s) = sign(o)0(es). For convenience we agree that if Ho € S then Hy is the first element
of the tuple S and write S = (Ho, Hy,..., H,) where Hy,...,H, € A

Lemma 9.15 There ezists a surjective K -linear map 0 : E — E" such that

Olen,---en,) = 0,
Oemen, - --en,)

€HoNH, " CHyOH, -
P

Jor all (Hy,...,H,) €S'. This map satisfies 6(1) C I".

Proof. Since £ = E' @ ey, E' we may define 0 by the formulas in the lemma. It is
understood that 8(1) = 0 and f(ep,) = 1. Define A : &' = A" by AH = Hy N H for
H € A Fxtend this map to A : §' — S$” by A(Hy,...,H,) = (AHy,...,AH,). In case
S = () we agree that AS = ( ). In terms of this notation # is defined by #(es) = 0 and
fen,es) = exs for S € S'. Since @ is surjective, it snffices to show that 8(der) € 1" for
any dependent T' € S. f T € ' then 8(er) = 0. Thus we may assume that T = (Ho. S)
is dependent. Note that N(AS) = He N (NS) # 0. Thus AS is dependent and hence
Eavaa,:onm: = QAQ.A - ntawa.nv = |®Aay.~.v el”. o

Corollary 9.18 There erists a surjective K -lincar map j : A — A” such that the diagram

LR E"

L ¢

nwv A"

"

A
-

commutes. In particular for all (H,,...,H,) € S’

lan, ---an,) 0,

Hagap, ---ap) = apen, - apgn,. D
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In order to prove that the sequence

0-ASALA S0
is exact we utilize broken circuits. Fix linear orders on A, A, and A" so that

(1) Hp is the minimal element in A,
(2) the linear order on A’ is induced by the linear order of A,
(3) il H K € A then AH < AR implies H < K.

Write C = C(A), C' = C(A’), and C” = C(A").
Lemma 9.17 C'C C.

Proof. Let S’ € ' be x—independent. Note that NS’ # @. Assume that S’ € C. Then
S’ contains a broken circuit of A, so there exists H € A such that (S, H) € S contains a
circuit and maxS’ < H. Since Hy is the minimal element of the linear order, H € A'. It
implies that S’ contains a broken circuit of A’, which is a contradiction. O

Let i : C' — C be the inclusion map. Recall the definition of § : E — E” from Lemma 9.15.
Lemma 9.18 6(C) = C”.

Proof. We claim first that (C) C C”. Otherwise there exists S € 8’ such that (Hy,S) € S
is y-independent but AS € S$” is not. Since N(AS) = Ho N (NS) # @&, AS contains a broken
circuit. So there exists K € A’ such that maxAS < AK and (AS, AK) is dependent. It follows
from our choice of linear orders on A, A’, A” that maxS < K and (Hp, S, K) is dependent.
Thus (Hyp, S) contains a broken circuit, which is a contradiction.

Next we show that 8(C) D C”. Let S” € S” be x-independent. For each H" € §”,
let pH” = max{A-"(H")} € A. Arrange the uH” for H" € S" into a standard tuple
S € S. Then obviously AS = S§”. Suppose that (Ha,S) is not x-independent. Since
Ho N (NS) = N(AS) = NS" #£ @, (Ho, S) contains a broken circuit. So there exists K € A
such that maxS < K and (Hy, S, K) is dependent. It follows from the definition of S that
maxAS < AK and (AS,)K) is dependent. Thus AS contains a broken circuit, which is a
contradiction. O

Lemma 9.19 Let 5, € 8' and S; € §'. If (Ho,51) and (Ho, S;) are x-independent with
AS) = ASy, then Sy = S,.

Proof. Suppose that S; # S;. Then there exist H; € §; (i = 1,2) such that H, # H;
and AH; = AH;. We may assume that H, < H;. So (Ho, H1,H:) € S is dependent, and
(Ho, Hy) is a broken circuit. This contradicts the y-independence of (Hp, S;). O

Proposition 9.20 Let j : C — C” be the restriction of 0. The following sequence is ezact:
| JNYe JUNFQIENT o LY 1}
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A-equivalence

Definition 8.32 The armngements A and B are K—algebra equivalent, or A-equivalent,
if there is an isomorphism of graded K -algebras ¢ : A(A) — A(B).

Clearly, L-equivalent arrangements are A-equivalent and A-equivalent arrangements are
7 equivalent. Example 6.14 showed that 7-equivalent arrangements are not - equivalent.
In fact these three notions of equivalence are distinct. Falk {63} used his work on minimal
models to find an invariant of the algebra A which is different for the two arrangements of
Fxample 6.14. L. Rose and H. Terao constructed the following example.

NI R N S B
A B
Figure 18: A-equivalent but not L-equivalent

Example 9.33 The 9-arrangements A and B in Figure 18 are A-equivalent but not L-
equivalent.

To see that L(A) and L(B) are not isomorphic, note that the two triple points of A are
on the same line, while the two triple points of B are on diflerent lines. In order to show
that A(A) > A(B) label the hyperplanes as in Figure 18. Let E(.A) have generators ¢; for
1 <1 <6, and let E(B) have generators f; for 1 < i < 6. Define ¢ : E(A) — E(B) by
de;) = fifor i =1,2,3,6 and ¢(eg) = fs — fa+ f1, dles) = fo — fx + Ji. Note that [, A)is
generated by 13 — €13+ e3.3 and ;4 — €15 + €45. We have

derz—eraters) = fra—fia+ fas

€ I(B)

#(e1 — ea)(er — es))
= dler —eq)dley — es)
= (fa—fs)fs — Jo)
= fas— fag+ fis
€ 1(B).

Since these images generate I(B), it follows that ¢ induces an isomorphism A(.A) ~ A(B).

1

Hlesa—e15+eqs)

10 Algebra Factorizations

Let A be an affine arrangement. Let cA be the cone over A. Recall that Ky is the additional
hyperplane and we write o = ex,. Let ¢ : E(c.A) — A(c.A) be the natural surjection and
let ag = d(eq). It follows from Corollary 9.12 that A(.A) and A(cA) are free K~modules.
Thus the short cxact sequence

0= A(A) 5 A(cd) 5 A(4) - 0
of Corollary 9.13 splits. We get:

Theorem 10.1 Let cA be the cone over the affine arrangement A. Let ap € A(c.A) corre-
spond lo the additional hyperplane. There is an isomorphism of graded K -modules:

(K 4 Kag) ® A(A) ~ A(cA). O

It follows from Theorem 9.24 that Proposition 6.4 is a consequence of Theorem 10.1. The
topological interpretation of this algebra factorization follows from Proposition 19.1 and
Theorem 22.14.

In this section we prove algebra factorization in two more cases. The factorization for
supersolvable arrangements also has a topological interpretation. It is described after the
Fibration Theorem 23.18. We prove here that the existence of a nice partition is equivalent
to algebra factorization. We do not know of a topological interpretation in this case.

Supersolvable Arrangements

Recall that a supersolvable arrangement is central. Thus we may assume that A is a central
arrangement.

Lemma 10.2 Suppose there erists ¢ modular element Y € L(A) with r(Y) = r(A) - 1.
For every H € A\ Ay there is a K-algebra isomorphism p : A(Ay) — A(A¥) defined by
plag) = apnk for all K € Ay.

Proof. Since H € A\ Ay we have Ly = L(Ay) = [HAY,Y]and L¥ = L(AH) = [H,HVY].
It follows from Lemma 4.25 that the map r: Ly — LY given by 1(Z) = ZVH =ZNH is
a lattice isomorphism. If § = (Hj,..., H,) € S(Ay) define r§ = (rH,,...,7H,) € S(A¥).
The K-algebra isomorphism from E(Ay) to E(AY) which sends es to e.s maps I{Ay) to
I(A"). It induces a K-algebra homomorphism p : A(Ay) — A(A¥) such that pas = a.s.
The inverse of p is constructed using o, the inverse of 7 in Lemma 4.25. O

Lemma 10.3 Suppose there ezists a modular element Y € L(A) with r(Y) = r(A)—1. Let
B=A\ Ay. Then

A(A) = A(Ay) @ (D A(Av)an).

HeB
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Definition 10.68 Define « : (7} — A(A) as follows. For S € § assign s(ps) = a5 and let &
be the unique homogencous K -linear map of degree zero which criends this assignement.

We will show that the map & is an isomorphism of graded X'~-modules if and only if the
partition 7 is nice. Denote the homogeneous part, of degree k of (7) by (7). Then

()= Pl

k=0

Here (7)g = K. Given S = (H,,....H.) € Si recall that NS = Hyn--- N H; € L. For
X € L. define a free submodule (r)x of () with basis {pc | § € S, NS = X}. It follows
that Aﬁv—\ =K.

Lemma 10.7 Suppose that x is an independent partition. For each k > 0, we have

(7)e = @T&*

XeLy

Proof. Note that {ps | S € Sx} is a basis for (x),. I NS = X then ps € (7)x. We have
X € Lj because r is independent. O

Lemma 10.8 For X,Y € L withY < X the natural map (rx)y — (x)y is an isomorphism.
Proof. f S € S withNS =Y then S C Ay C Ax. Thus S is also a section of xx:
{S1SeS8, nNS=Y}={S!|Sisasectionof 7x, NS=Y}.

I'he isomorphism ps € (zx)y +— ps € (x)y is obtained by inserting “l1®” the required
number of times. O

Let S = (H,....,Hy) € Si. Recall that S; denotes the tuple with H; deleted. Define a
K-linear map @ : (7} — (x)i—y by A(p(y) =0, Hpy) =1,and for k> 2 and S € S

k
Aps) =3 (~17"'ps,.

Then 33 = 0 and ((7).,d) is a chain complex.

Lemma 10.9 If the partition © contains a block which is a singlcton then the complez
(7)., D) i3 acyclic.

Proof. We may assume that = is a singleton, m, = {H}. Suppose that z € (x) is a cycle,
dz=0.Writez as r = H, @ 7, + 1 @ 1, where 2,2, € (x;) Q- ® (%,). Then

0=0x=101— H®(0x)) +1®(31;3) = 1 @ (z; + A1) — H, @ (dxy).
This implies that 2y = —Ax;. Define y = Hy @ 72 € (%)g41. Then

y=10r,-H @Ar)=10r+H @z =2 0O
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Theorem 10.10 Let A be a central arrangement and let x be a partition of A. Define the
homogeneous K -linear map x as Definition 10.6. Then x is an isomorphism if and only if
the partition © is nice.

Proof. Assume that r is a nice partition. We argue by induction on r = r(A). If r(A) =0
then A = ®,. Thus (z) = K = A(A). Assume that r = r(4) > 0. Note s < r because r is
independent. Consider the diagram

0> M 5 @y 33 @ S (e -0
1 &, [ I x lr
0~ A 2 AL S 3 a4 S a4 -

The vertical maps are induced by & : () — A(A). The top row is exact by Lemma 10.9.
The bottom row is exact by Lemma 8.13. Note that

(M= By ~ Plrviy
YeLy YeLy
by Lemmas 10.7 and 10.8. Also note that
AA) = P Av(A) ~ @ Ar(Ar)
YeLla Y€eLy

by Corollary 8.27 and Proposition 8.31. By applying the induction assumption to Ly for
r(Y) < r, we obtain that ; is an isomorphism for 1 <1 < r. It follows from the commutative
diagram that «, is also an isomorphism. Thus & : (x) = A(A) is an isomorphism.

For the converse suppose « is an isomorphism. First we show that r is independent. Let
S € 8. Then ps # 0 and ag = x(ps) # 0. This shows that S is indepenedent. Next we show
that if X # V then xx contains a block which is a singleton. Since

(m =@y, A =P A,

YeL YeL

x induces isomorphisms (#)y — Ay(A). By Lemma 10.8 and Proposition 8.31, we obtain

(rx)= @ (=xly ~ P )y =~ P Av(A) > D Av(Ax) = AlAx).

YeLx YeLx YeLx Yelx

Let X # V. Then

0=3" u(Y) = Poin(A(Ax),~1) = Poin((xx), —1) = [J (1 - I n Ax]).

YeLx i

This implies that xx contains a block which is a singleton. O
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11 The Algebra B(A)

In this section we construct a K'-algebra B(A) whose elements are certain K-linear combi-
nations of ordered subsets of L{.A) with multiplication defined using a shuffle product. Thus
B(A) depends only on L{A). We prove thai the algehras A(A) and B(A) are isomorphic.

This algebra will reappear in section 17 as the homology of a chain complex based on L{.A).

The Shuffle Product

Definition 11.1 Let A be an arrangement with lattice [ = L(A). For p > 0 define free
KX modules T, as follows: To = K and for p > 0, T, has a basis consisting of all p-tuples
(X1...., Xp) where X; € L\ {V}. Let

T=P7.

p20

let Sym(p) be the symmetric gronp on the letters 1,...,p. If x € Sym(p) and u =
(X1,.... Xp) tet mu = (Xyp-1y,..., X,-1,). This makes 7, a Sym(p)-module.

Definition 11.2 Define a product T x T — T, written «, as follows. Ifu = (Xi....,X,)
and v =(Yy,....¥,) let

w={Z1,.. s Zprg) = Xtee s Xpu Vi, ..., V).

Define
uky = MU signm(7w)

where the sum is over all (p,q)-shuffles x of 1,...,p+q.

Recall (122, p.243] that a (p.q)-shuffle of 1,...,p + ¢ is a permutation * € Sym(p + q)
such that xi < xj whenever i < j < por p <t < j. This makes 7 into an associative graded
anticommutative K- algebra with identity.

Definition 11.3 Let n: T — T be the antisymmetrizer defined for u = (X),..., X,) by

m = MU.&«:?ZL = MU sign(x ")
summed over all ® € Sym(p). Dcfine a K-linear map A: T - T by M =1 and

(X1. XN Xg,..., Xan XN Xy) ifXiNnXono..0X, #9

:x:.::fuﬁa FXinx;n...nx, =4

Lemma 11.4 We have
(DX, X)) = (Xe) 2. % (Xy),
(2) tf u,0 € T then M Au * Ar) = Mu*+v).

84

Proof. Assertion (1) follows hy induction. In (2) if one side is zero so is the other. Otherwise
it suffices to check (2) for v = (X;,...,X;) and v = (Y,...,Y;). Then du = T«T..JX_U
and \v = Av\_n....u\b where X! = X,N...NX; and v\m =WNN...NY;. Write (Z1,...,2Z,4,) =
(Xi...., X N, YY) and (20, pq) = (X3,.... X, _-1.:5&. It follows from the
idempotence ZNZ =Z that Z,,N..NZ, =ZyN...0Z forall 1 <i< P+ q, and all
permutations x of i,...,p + ¢q. Thus

AMAuxdr) = M?mm:ﬂvz AT Nn:ziv
MUAmmm-:l»ANi »e o1 Znipra)
»T; * ev. a}

Definition 11.5 LetU = M(T). Then U inherits a grading from T. Since X is idempotent,
U 13 spanned by the identity and all (Xy,...,X;) with X; < ... < X,. Define a product in
U byur=MNu*v) foruvell.

]

The multiplication in U is associative. To see this, let u,v,w € U. Since Aw = w it
follows from Lemma 11.4.2 that
(uv)w = Muv + w) = MA(u #v) « Aw) = M(u * v) »w).

The conclusion follows since * is associative. Thus U is an associative, anticommutative
algebra with identity.

The Algebra B(A)

Recall the notation S = (Hy,..., H,) € S. We may view each element S € S as an element
of T.

Definition 11.8 For S € S define an element bs € U as follows: if S = () let bs = | and
for S = (Hy,...,H,) let bs = A\(nS). Thus

be = Mnmhqi?ﬂzmﬁ:ﬂalﬁ.fﬁ?—ﬂd:nn...izx—DI...».J...D Ix‘v -\Drﬂ*s
1o fns=9.

Lemma 11.7 Let S,T € S. Then bsby = @.m.j.

Proof. Let S = (H,,....H,) and T = (K1,...,K,) where H;,K; € A. Using Lemma 11.4
we get:

bsbr = A(bs»br)

= MA(nS) * X(nT))

A(nS »9T)
M(Hy) x...x(Hp) + (Ky) *... % (K,))
Ap(Hy, ... Hy) Ky, .. K)
= Iv..u... [m]
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Proof. Assertion (1) is immediate from the definition of B. To prove (2) note that there is a
natural inclusion T(Ax) — 7T (A) and because intersections in Ly are the same as in L there
is a natural inclusion U(Ay) — U(A). Hence B(Ax) — B(A)is an inclusion. Assertion (1)
and Lemma 11.15 prove (3). O

Lemma 11.17 Suppose A is a central arrangement. Then 1 induces a map 7 : B(A) —
B(A) which salisfies

(1) 12 =0,

(2) If b€ B, and « € B then 7(bu) = 7(b)u + (—1)Pbr(u).

(3) If A is not empty then the compler (B.71) is acyclic.

Proof. Properties (1) and (2) follow from the corresponding facts for 3z. We argue (3) as
in Lemma 8.13.3. O

Theorem 11.18 Lect A be an arrangement. Then 8 : A(A) — B(A) is an isomorphism of
graded K -algebras.

Proof. Assume first that A is a central arrangement of rank r = r(.4) with T = T(A).
Clearly 8(Ax) C By so # induces a map 0x : Ax — Bx. It suffices to show that, this map
is an isomorphism for all X € L(A). We use induction on r. The assertion holds for the
empty arrangement with r = 0 and A(A) = K = B(A). Suppose r > 0. Let X € L(A) with
r{X) < r. Then r(Ax) < r so by the induction hypothesis fx : Ax(Ax) — Bx(Ax) is an
isomorphism. We see from Proposition 8.31 that Ax(Ax) ~ Ax(A) and from Lemma 11.16
that Bx(Ax) = Bx(A). It follows from the commutativity of the diagram

Ax(Ax) 8 Be(Ax)

! 1

Ax(A) =2 B

that 8x (A) is an isomorphism for X € L with #(X) < r. It remains to prove the isomorphism
for X = T. In the commutative diagram

0 - A - A, - ... =+ Ay — 0
6, 0,11 b |
0 - B —- B,y = ... = By - 0

the horizontal maps are the respective boundary operators in the two acyclic complexes,
so the sequences are exact. Since B, = Pxer,Bx and Ay = Bxer, Ax, the first part of
the argument shows that all vertical maps except 6, are isomorphisms. It follows from the
diagram that 4, is an isomorphism. This completes the argument hecause A, = A7(A),
B, = Br(A) and 8, = 6r(A).

Now assume that A is an affine arrangement. By Proposition 9.27, Corollary 9.29, and
Lemma 11.16 we have:

A(A) > D Ax(A) ~ @ Ax(Ax) = €D Bx(Ax) = @ Bx(A) = B(A). O

Xel XeL Xel Xel
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The following results are consequences of Corollary 9.30, Theorem 9.24 and Proposition 9.31
respectively.

Corollary 11.19 The algebra B(A) is a free graded K—-module. The K -modules Bx(A) for
X € L and B,(A) forp >0 are also free. O

Corollary 11.20 The Poincaré polynomial of B(A) is
Poin( B(A),t) = x(A,t). O

Corollary 11.21 If X € L(A) then rankBy = (~1)®)u(X). O
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a;, a; a;
det | b b, by |drdy =0
oy 0y o
because the third row is a linear combination of the first two. If we multiply this equation
by 1/(cioj0;) we get:
wiw; + wiwy + wrw; = 0.

In particular we have wiw; = wiwn —wjwn il 1 <4 < j < n, so R; is spanned by the elements
wiwy, for | < k < n. It remains to show that these elements are linearly independent over A,
Define an F- __:..w.. map @ : Q3 (V) — QY(V) by 8(fdrdy) = frdy — fydz. Then d(ww;) =

w,—w. If Mur | Cvwrwy = 0 with ¢ € K then applying 3 gives MU.T_ ex{w, —wi) = 0. Since
wy,...,w, are linearly independent over K, we get ¢y = ... = e,y = 0. This proves the
assertion.

Next consider the analog of Fxamples 9.2 and t1.11.

Example 12.5 Recall the affine 2-arrangement A defined by Q(A) = ry(r +y — 1) in
ixample 2.6. Let H, = ker(z), H; = ker(y) and Hy = ker(r + y — 1).

Note that H, N H, N Hy = 8. Write w; = wy,. Then

W=, W=, Wy

dz dy dz+y—1)
] r+y-—1

Note the relation wywsyws = 0. We have
R(A) = K @ (Kwy @ Kwy D Kw3) @ (Kwywy § Kwaws @ K ).

Lemma 12.8 There ezists a surjective homomorphism v : A(A) — R(A) of graded K -
algebras such that y(any) = wy for all H € A.

Proof. Define a K-algehra homomorphism v : E —» R by v(ey) = wy. To prove that v
induces a homomorphism v : A — R we must show that v(/) = 0. Thus we need to show
that if NS = # then v(es) = 0 and that if S = (H,,..., H,) is dependent then v(des) = 0.
In the m_.... case it is easy to see that there exist ¢; € K, not all zero, with S e =1
Thus 3°7_; ei(doi) = 0 and hence dev,....da,, are linearly dependent. Thus we have

v(es) =wi - w, = (day - --dop) [y - - - ) = 0

In the second case since ay, ..., a, is a linearly dependent set, there exist ¢; € K, not all zero,
with 37 LG = 0. The following argument, suggested by M. 735.::.. is a simplification
of the 125.. in [142). We may assume that cp = —1 s0 we have a, = nn_QD» and

dey, = 073 cxday. Thus

:V E:HMUG*Q*E».

We get,

-\Amwxmv

r
MUAIJT_E_...DH...Eu
k=1

p—-1

MAICT_E_ e Dp ey + (1) Wy

k=1

1

Substitute (1) to get

v(des)

g + (1P Ny ey

WA Dy E

((—1)p2k=t 2T ﬁé: 1P Yoy ..y

(=1 + AIS-TJE_ CWwpoy
= 0.

1

Thus v(I) = 0 and v induces a surjective map v : A — R such that 7(ay) =wy. O

Deletion and Restriction

Let A be a nonempty arrangement, let Ho € A, and let (A, A', A”) be the inductive triple
with respect to Ho. Note that R(.A’) and R(A) are both subalgebras of (V) a~d that
R(A") C R(A). We prove next that there is a short exact sequence of K-modules

0 — R(A') 5 R(A) 3 R(A") = 0.

We define j with the help of the Leray residue map on differential forms. This definition is
analogous to Pham’’s definition [153, Chap.I11] in case K = € and the forms are holomorphic.
Let ap = ap, and let S, be the localization of S at ag. By definition So is the subring of
F consisting of all f/g such that f,g € S and g is prime to ao. Let p: V* — Hj be the
restriction map and let y; = p(z;). We may extend p uniquely to a K-algebra homomorphism
p : So — K(Ho). Both existence and uniqueness follow from the formula

pf19) = f(yrse ...y 90, . 90)-
Note that g(y1,...,y/) # 0 because g is prime to ag. Define a K-subalgebra 2 of (V) by

Q= @nue @ Sodx;, . ..dx;,.

i1<..<ip

This subalgebra does not depend on the basis for V*.
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Proof. We prove Theorems 12.13 and 12.14 simultaneously by induction on [A|. If A is
empty then A(A) = K = R(A) and the first result holds. The second assumes that A
is nonempty. If [A} = 1 then A’ and A” are empty arrangements. Let A = {H}. Then
R(A) = K + Kwy and R(A’) = K = R(A") so both statements are clear. If [A] > | then we
sce from Lemma 12.12.3 that jR(A) C R(A”) and from Lemma 12.12.2 that j is surjective.
It follows from Lemma 12.12.1 that ji = 0 so im(¢) C ker(j). To prove that ker(j) C im(s)
consider the following diagram.

0 o AA) B A B AU - 0
vl vl 7"l
0 — RAY 5 RA) 5 RAY — 0
The diagram is commutative. This is clear for the left square by definition of i4 and 5. For
the right square it follows from Lemma 12.12. The top row is exact by Theorem 9.21. We
may assume by the induction hypothesis in Theorem 12.13 that +' and v” are isomorphisms.
A diagram chase shows that ker(;j) C im(¢). This proves that the second row of the diagram

i3 exact. Thus Theorem 12.14 holds for A. 1t follows from the Five Lemma that v is an
isornorphism, so Theorem 12.13 is also established for A. O

We obtain from Corollary 9.30 and Theoremn 9.24:

Corollary 12.15 The algebra R(A) is a free graded K-module. The K-module R,(A) is
free forp>0. O

Corollary 12.16 Let A be an arrangement and let R(A) be the algebra of differential forms
generated by 1 and wy = dayfay. The Poincaré polynomial of R(A) is:

Poin{ R(A), 1) = x(A.1).

Definition 12.17 For X € L let Ry = Rx(A) = 3" Kwny, - - -wn, where the sum is over all
(Hy,...,H,) € Sx.

Proposition 12.18 We have

R, = @ Rx.

Xely

Proof. The sum is direct because Rx = 9(Ax), v is an isomorphism and A, = PxeryAx
by Corollary 9.29. O
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Chapter IV

In this chapter we assume that all arrangements are central and use “arrangement” in place
of “central hyperplane arrangement.” Section 13 contains the basic definitions. In section
14 we define free arrangements and establish their fundamental properties. If A is free
then we can associate with it a collection of non-negative integers, called its exponents,
exp A = {by,...,b). These integers are unique up to order, but they are not necessarily
distinct. In section 15 we prove the Addition-Deletion Theorem 15.14 following [186]. It
asserts that if (A, A’, A"} is a triple then any two of the following statements imply the third:

*@_...J@si_.@;‘
{1y rbey, by — 1},
{bir. . bt}

This result leads to the definition of inductively free arrangements. We give several examples
and prove that a supersolvable arrangement is inductively free. In section 16 we define the
module 2(A) of logarithmic p-forms with poles on the hypersurface N(.A). We show that
the complex 2'(A) is closed under exterior product and that Q'(A) is the dual of D(A).
We also study several lattice homology theories in this chapter. In section 17 we construct
a simplicial complex F(A) associated to L(.A) by Folkman [70]. We compute its homology
groups and show that F(.A) has the homotopy type of a wedge of spheres. We also construct
another chain complex whose homology is naturally isomorphic to the algebra B(.A) defined
in section 11. We show how these constructions are related. These lattice homology theories
are part of a more general theory essentially due to K. Baclawski {14]. In section 18 we
generalize these constructions to order complexes with arbitrary functor coefficient. This
allows proof of an important technical result due to Yuzvinsky [209]. It is used in the proof
of a formula [177] for the characteristic polynomial of any arrangement. When this formula
is applied to a free arrangement it yields the Factorization Theorem 18.21 of [188]. It asserts
that if A is a free f-arrangement with exp A = {by,...,b/} then

2(A, ) = (1 +byt)--- (1 + bet).

A is free with exp A
A is free with exp A’
A” is free with exp A"

The class of free arrangements contains the important class we call reflection arrange-
ments, which is the subject of chapter VI.

13 The Module Dg(A)

Derivations

Recall that S = S(V*) is the symmetric algebra of the dual space V* of V. If ;,...,2¢ is
a basis for V* then S ~ K{z,,...,2¢. We identify S with the polynomial ring K[z,,...,z/]
by this isomorphism.
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Basic Properties
Definition 13.7 The Euler derivation g € Derg(S) is drfined by

4

O = MU.:;.,

For any homogeneous f € S
0c(f) = (deg f)f.

Thus 8 is independent of the choice of {zi,...,7/}. Taking f = Q = Q(.A) we get 8r(Q) =
|AIQ € Q8. Thus 8 € D(A) for any arrangement A.

Proposition 13.8

UA.\»V = D UAQEV = —% € Uz.xa.nv _ §A32v € Q:.h .\.Gu. all H € Lw
HeA

Proof. It is sufficient to prove
D(fi f>} = D) N D(f2)
for any fy, f2 € S such that f; and f; are coprime. If § € Derk(S) then
0 € D(hSf)
o 0Nhf) e NfS
& fib([)+ HO(f) € fif2S
& 0f)e ;S (i=1.2)
& 0 D(fi)nD(f). O
Corollary 13.9 Let Ay and A, be two arrangements in V such that A, C A;. Then
D(A) 2 D(A,). O
Proposition 13.10 Let D(A), = D(A) N Derk(S),. Then
D(A) = @ D(A),.
pel
Thus D(.A) is a graded S-submodule of Derk(S).
Proof. Decompose 8 € D(A) into homogeneous components:
0=0+0,+---,

where 8, is zero or homogeneous of pdegree p > 0. Since the ideal QS is generated by a
homogeneous element ), cach homogeneous component 8,(Q)) of #(Q) also lies in @S. This
shows that 8, € D(A)forp > 0. O
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Definition 13.11 If 8 € Der(S) then 8 =Y 0(z:)D;. Given derivations 8,,...,0, € D(A)
define the coefficient matrix M(8;,...,0/) by M;; = 6;(x:).

Thus
*Q‘AH_V PN QAH_V

MO,...00=| . ... .

Q.AH\.V e . Q%&av
and au. = M g..&b.,.
Proposition 13.12 If 8,,...,0 € D(A) then det M(8,....,0/) € QS.

Proof. This is clear for A = &, since Q(A) = 1. Let H € A and let H = ker(ay), where

oy = Muu_ rir; € V*. We may assume that ¢; = 1 for some ¢. Then

%_AH_V e e QNAH_V
detM(0y,....0,) = det | Bx(an) . . . Offam) | € ansS.
Bi(z) . . . Bz

Since H is arbitrary, det M(8y,...,8,) is divisible by all ay, and hence by Q. O

Let (A;. Vi) and (A, V;) be two arrangements. Let S; = S(V") for i = 1,2 and let
V = V; ®V;. Then S; and S, may be regarded as K-subalgebras of § = S(V*). An element
0 € Der(5;) is uniquely extended to an element ¥ of Der(S) such that dis, = 0. By this
extension Der(S;) may be regarded as a subset of Der(S) for i = 1,2. The following is easy
to see.

Proposition 13.13
Der(S) = SDer(S;) ® SDer(S;). O
Proposition 13.14 For two arrangements (A,,V;) and (A3, V3), we have
D(A; x A;) = SD(A) @ SD(A,).

Proof. Write A = A, x A;. For i = 1,2 let §; = S(V;*) and let Q; € S; be defining
polynomials for A;. Then @, Q; is a defining polynomial for A. Since an element of Der(5,)
annihilates every element in S;, we get

SD(Ay) C D(A).
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By Proposition 13.12 det M(8,,...,60;_1.7.0:41,...,0)) € QS. Thus

QdctM(0y,. ... 0y 0.004y,....00 = detM(dy,....0,,Q9,0.....00)
det M(8y.....0,_y, [:0:.0,y.....00)
Jidet M(0;.....8,)

= [i@Q

e Qs

Thus f; € QS for each i. This shows that

¢
n=D (fi/QW: € S8 +--- + 5.
=1
(2) = (I): By Proposition 13.12 we can write det M(8,,....8,) = fQ for some fes.

Fix H € A. We can assume that H = ker(x,). Then Qy = Q/r, is a defining polynomial
for A\ {H}. Define g, = QD and for 2 < i < € let 5 = QuD;. These derivations are in
D(A). Since each n; is an S-linear combination of 6y,... .8, there exists an £ x £ matrix N
with entries in 5 such that M(m,....n) = M(8,,...,0,)N. Thus we have

QO = det M(ny,....0r) € det M(8y,...,8,)S = fOS.

Therefore f divides OFL. This is true for all H € A. Since the polynomials {Q% Yi1ea have
no common factor, f € K*. O

Example 14.8 Let ¢ = 2. Assume that A # ®, and let Q = Q(A). Choose coordinates so
that ker(z,) € A and let Q = x4Qq. Let 8 = .5, + 7,0, be the Euler derivation (13.7)
and let § = QoD);. Then 65,0 € D(A). Moreover

T, Qo

It follows from Saito’s criterion 14.5 that 0 and @ form a basis for D(A). This implies that
all 2-arrangements are free.

%,zeméu%;: 0 Te.

ﬂxuiv_m 14.7 Let A be the Boolean arrangement defined by Q(A) = 1, -- - z,. We showed
in Example 13.6 that 0; = £,D; for 1 <i < ¢ Jorm a basis for D(A). This can be verifed by
applying Saito’s criterion 14.5:

Ty

detM(8,,...,6,) = det . =aieeze= Q.
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Example 14.8 Recall the braid arrangement defined in Example 2.10 by
QA = I -2
1<1<<t

For | < k <€ define

Then
O(zi~z)=2" ¥ € (2 - 7,)S

for1<k<tand1<i<j<{ Thusb,,...,0, € D(A) by Proposition 13.8. Moreover

-1
1 2 . . . 2

detM(8,....8) =det| =~ =

_..E...HML

is the Vandermonde determinant and thus equals T],; ;e (%i — 2;) = Q. It follows from
Saito’s criterion 14.5 that 8,,...,8, is a basis for D(A). Thus A is a free arrangement.

In fact A is a reflection arrangement and we will show in chapter VI that all reflection
arrangements are free.

The Exponents of a Free Arrangement

Theorem 14.9 Let 6,,...,8, € D(A) be homogeneous and linearly independent over S.
Then A is frec with basis 0,,...,0; if and only if

¢
Mu?‘_am? = Al

=1

Proof. Since 8,,...,0, are linearly independent detM{#,,...,8,) # 0. By Proposition
13.12 we may write det M(8,....,8,) = fQ with some nonzero homogeneous polynomial
f € 8. Since degdetM(fy,...,0,) = T°!_, pdegh; = | A| = degQ, we see that f € K*. The
conclusion follows from Saito’s criterion 14.5. O

Example 14.10 Lef A be the arrangement consisting of all hyperpl in an €-di ional
vector space over a finite field of q elements, K = F,.
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Proposition 14.15 (1) If A= ®, then exp A = {0'}.

(2) If A is free of rank r(A) then exp A = {074 1o 9e2 ],

(3) If A # & is free and exp A = {00,19,22, .} then A is a dircct product of e,
nonempty irreducible arrangements.

(4)1f¢=2and A#®, thenexp A = {1,14] - 1}.

Proof. (1) l.et A = ®,. We showed in Example 14.2 that the exponents of A are all zero.
(2) Since A = ®,_,(4) x Ay with an essential free arrangement A, it follows from
Proposition 14.14 and from (1) that

exp A = {exp &,_.4),exp Ao} = {0574 exp Ag).

Thus it suffices to show that if A is essential and free then the integer zero does not appear
in exp A. Assume that A is essential and free. Let 0 # 6 € D(A) be homogeneous with
pdegf = 0. Then for every H € A, 8{ay) € ayS and deg@(ay) = 0. This implies that
#ay) =0 for every H € A. Write 8 = D, for some v € V. Therefore

0 = 8(ay) = Du(ay) = ay(v).

Thus v € Dzmx H = 0. Therefore v =0 and # = D, = 0, which is a contradiction.

(3) In light of Proposition 14.14 we may assume that A is irreducible. It follows from
Proposition 14.13 that ey > . Suppose 8§ € D(.A) and pdeg8 = 1. Then there exists cy € K
such that 8(ay) = cyay. We see from Proposition 13.8 that ay is an eigenvector of the
linear transformation Oly.. Since V" = 3", Kay, we see that 8|v. is semisimple. For
A€ Klet

Wy = {a € V" |8(a) = Aa}.

Since 8)y. is semisimple, we have

v-@m.
AeK
Choose X € K so that Wy # 0 and let
W = @ W,.
n#EX
Then V* =W, @ W,. If H € Athen ay € W, for some p € K so ay € Wy UW]. Choose
a basis xy,...,z, for W) and a basis rgyy,...,zs for W}. Define
= H— ag € K[zy,...,7x] and Q= : ay € Klreg, ..., 7.
ay €W, ap€eW]

Then @ = Q1Q2. This implies that A is a direct product of two nonempty arrangements.
This is a contradiction. Therefore W = 0 and V* = W,. Thus #(a) = Aa for all a € V", s0
6 = Mg, where 0, is the Fuler derivation. This implies that e, = 1.

(4) A homogeneous basis for D(A) is given in Example 14.6. O

Corollary 14.16 A free arrangement A is irreducible if and only if e =0 and ey = 1. O
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Examples

Example 14.17 Let A be a Boolean arrangement defined by Q(A) = z,---z,. We showed
in Example 13.6 that the derivations 8; = z;D; for 1 < i < { form a basis for D(A). Thus
exp A= {1'}.

Example 14.18 Let A be the braid arrangement. We showed in Example 14.8 that the
derivations 8, = Ma, kD for 0 < k < (€ — 1) form a homogeneous basis for D(A). Thus

3=1 Ty
expA=1{0,1,...,0-1}.
The integer O appears once here. On the other hand { —r(A) = L - ({ —1) = 1. This is

consistent with the assertion in Proposition 14.15.2. The sum of the ezponents is equal to
€(€ — 1)/2, which is consistent with Proposition 14.12.

Example 14.19 Let A be the arrangement consisting of all hyperpl in an £-di ional
vector space over a finite field of g elements, K = F,. In Example 14.10 we showed that for

1<i<e
14

6:=3 s D;
=1

form a basis for D(A). Thus exp A = {1,q,¢%...,¢""'}. Note that the sum of the ezpo-
nents M.«M. ¢! is equal to |A| by Proposition 14.12. This is consistent with the calculation

Jollowing Definition 2.11.

Example 14.20 Consider 3-arrangements A with |A| = 4. If r(A) < 3 then A is free by
Example 14.6. Assume that A is essential. After a linear change of coordinates we may
assume that A is defined by

QA.XV = H_H»HuAn—Hn + a2 + awﬂuv
where al most one of a,, a3, a3 is zero.

There are two cases to consider.

(i) if one of the parameters is zero, say a; = 0, then Q@ = Q,Q;. Here Q, = z definesa 1-
arrangement A, and Q2 = z2Z3(az22+asz3) defines a 2-arrangement such that A = A, x A;.
Clearly, A, is free with exp A; = {1}. It follows from Proposition 14.15.4 that A, is free
with exp Az = {1,2}. It follows from Proposition 14.14 that A is free with exp A = {1,1,2}.

(ii) If azazay # O then A is not free. These are the simplest examples of non-free
arrangements. We argue by assuming that A is free. Let

expA = {0°,1,27,...}.

Since A is irreducible and r(.A) = 3 it follows from Corollary 14.16 that e = 0, e; = 1, and
from Proposition 14.12 that 3. e; = 3 and 3. e; = 4. This is impossible.
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15 The Addition-Deletion Theorem and Inductively
Free Arrangements

In this section we study the properties of free arrangements for triples (A, A, 4”). If Con-
jecture 14.25 holds then there is no triple where A, A’ are free but A" is not. We may
use Example 14.22 to construct a triple where A and A” are free but A’ is not. The same
example provides a triple where A’ and A” are free but A is not. The main result of this
section is the Addition-Deletion Theorem. It asserts that if (A, A, A”) is a triple then any

two of the following statements imply the third:

A is free with exp A
A’ is free with exp A’
A" is free with exp A"

T T A
fbr,... by b — 1},
{Br-.. i),

1

This result leads to the definition of inductively free arrangements introduced in [186]. We
give several examples and prove that a supersolvable arrangement is inductively free. This
allows us to give an example of a free arrangement which is not inductively free. This example
leads to the more general notion of recursively free arrangements defined by Ziegler [218].
It is not known whether every free arrangement is recursively free. We close this section
with the result that the Poincaré polynomial of a recursively free arrangement factors. All
derivations in this section are homogeneous.

Basis Extension

Let A be a nonempty arrangement defined by Q = Q(A) = [lycaan. Let Hy € A be
a distinguished hyperplane. Let (A, A, A") be the corresponding triple. Recall the map
A: A" — A" defined in Lemma 9.15 by A(H) = HoN H. Since X is surjective, we may define
amap v : A” — A’ as in the paragraph following Corollary 9.16 by the property Av(X) = X
for all X € A”.

Definition 15.1 Define the polynomial
Q

g :Xm&: ay(x) ’

Lemma 15.2 (1) deg b(A,v) = | 4| — |A"}.
(2) The ideal (ag, b( A, v)) is independent of the choice of v. Thus we may write (g, H(A)).
(9) (0, b(A)) = (0, [T e an s} ).

Proof. (1) degb(A) = |A| — (1 + |A"]) = |A'| — |A"]. (2) Suppose p : A” — A’ such that
Ap(X) = X for all X € A”. Then HoNv(X) = X = Ho N p(X) and hence Hyp, v(X), and
p(X) are dependent. Thus (ag, A, v)) = (a9, b(A, p)). Part (3) follows from (2). O

KA, v) =
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Definition 15.3 Let D{(A')ao = {#(cp) | 8 € D(A")}.
Proposition 15.4 The ideal D(A')ao is contained in (aq, b{.A)).

Proof. Since D(A’) is an S-module, D(A')ay is an ideal. Let X € A" and »(X) € A'. Let
Ay = Ax \ {Ho}. Then r(A%) < r{Ayx) = 2, so A is a nonempty free arrangement.. If we
choose coordinates so that ag = zy and a,(x) = z2 then Q(Ax) € K[zy,25] is divisible by
z1x3. Note that b(Ay) = Q(Ax)/x1z,. Saito’s criterion 14.5 shows that

{06.b(Ax) D1, Ds, ..., De}

is a basis for D(AYy). Since D(A’y)ao = (x1,b(Ax)) and D{A') C D(A’) we conclude that
D(ANy C Abc,:mﬂ.m“uuv for all X € A”. Since the polynomials Q_Mmuun are coprime, we have
D(A)ao € [ (ao,alis™)
XeA”
(v, = nﬂﬁ-J
Xear
(20,8(X)). O

Theorem 18.5 Let A be a free arrangement with exp A = {by,..., b}, where by <--- < b,.
If0,,...,0: € D(A) satisfy for1 <i<k,

(1) pdegh; = b;,

(2) 0. ¢ S0+ + SO,
then 8,....,0, may be exlended to a basis for D(A).

Proof. We argue by induction on k. The assertion is true for k = 0. For k > 1 we assume
that D(A) has a basis 8,,...,0i_y,84,...,d¢ such that pdegs; = b;. Write

0= fili +- + fictOrs + fir + - + fede

Compare homogeneous components of degree b;. It follows from hypothesis (2) and b <

begr < --- < by that there is a nonzero term f;é; of pdegree b,. We may assume that
Jiéi # 0. Since pdegd; = by, this implies that fi € K* and we may replace ¢ by 6. O

The Map from D(A) to D(A")

Definition 15.8 Let S = S/aeS. If § € D(A) then 8(aoS) € aoS. Thus we may define
6:5— 5 by 6(f +00S) = 0(f) + @oS.

Proposition 15.7 If 6 € D(.A) then § € D(A"). If8 # 0 then pdegd = pdeg¥.
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Proof. Assume that (1) is false for | < p < k. It follows that for I < p < k
6,¢ S0 +---+88,_,.

By Theorem 15.5 we may mx.b:a_‘ O;,...,0k_y 10 a basis for D(A"). Since pdegfi < b it
follows that 6, € S8, + --- + SO_y and hence 8, € SO, + --- + S0;_y + anD(A"). This
contradicts the assumption that (1) is false for | <p<k. O

Theorem 15.12 (Deletion) If A and A” are free and exp A" C exp A then A’ is free.

Proof. Let exp A = {b1,....bi_1,bi, bisr..... b} where by < -+ < b, and let expA” =
{byy oo bisy bigr. ..., b}, We may assume that either b; < biyy ori = (. Let 8;,...,6, bea
basis for D(A) with pdegy = by for 1 < k < ¢. Apply Lemma 15.11 to 8,,....6; to find p
with 1 < p <1 so that

0,€50) -+ 50,1+ D:UA.\»J.

We may assume that 8, € agD{A’). It follows from Saito’s criterion that

8,
P

T N L T IR
(01}

is a basis for D(A4'). O
Theorem 15.13 (Addition) If A’ and A" are free and exp A” C exp A’ then A is free.

Proof. Let exp A' = {by,...,b;_1,b;,bi41,.... b/} where by < --- < b, and let exp A" =
{bee.. . bzt biyr, ... b}, We may assume that either b, < by or 1 = €. Note that
degb{A) = |A| — |A"] = bi. Let 6y,...,0, be a basis for D(A’) with pdegf; = b for
1 < k < £ 1t follows from Proposition 15.4 that 0x(ao) € (09, b(A)). This implies that if
pdeg8, < b; = deg b(.A) then 8i(ap) € apS and hence 8, € D(A).

We show first the existence of 8, € {6,,...,0,} with pdegf, = b; so that 8, ¢ D(A).
Suppose not. Then 8y,....0; € D{A) and we conclude from Lemma 15.11 that there exists
p with 1 < p < i so that

Qw € ..A%— +---+ .A%sl_ + QQUA.LJ.

We may assume 8, € aoD(A’). Thus ag divides det M(8,,....6,) = Q(A"). Thisis a
contradiction.

The existence of 8, € {0,...,0,} with pdegd, = b; so that 0§, ¢ D(A) implics that
0.(ag) € S. Thus 0,(ag) = .M A) + f,aq with ¢, # 0. Since pdegl, = b, = deg b A)
we may assume ¢, = 1. Let 5, = aofl,. For k # r write Ox(0o) = bl A) + frap and let
M = B — cif,. Then ni(ag) € apS and therefore n, € D(A). It follows from Saito’s criterion
14.5 that m,...,n, is a basis for D(A). O

These resnlts may he conveniently summarized in a single statement. Here we return to
the convention that the exponents are unordered.
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Theorem 15.14 (Addition—-Deletion) Suppose A is nonempty and let { A, A', A") be a
triple. Any two of the following statements imply the third:

A is free with exp A = {b1,... . b1, b},

A is free with exp A’ {brs... bt b =1},
A" is free with exp A" {bis-.. by}

It follows from Example 14.6 that every 2-arrangement is free. Thus for 3-arrangements
the Addition-Deletion Theorem has a special form.

Theorem 15.15 Let A be a nonempty 3-arrengement and let (A, A', A") be a triple. Any
two of the following statements imply the third:

A is free with exp A = {b,b;, b},
A is free with exp A’ = {b, by, b3 — 1},
_-h=_ = b +b.

Inductively Free Arrangements

Definition 15.168 The class TF of inductively free arrangements is the smallest class of
arrangements which satisfies:

(1) ®r € IF for € >0.

(2) If there exists H € A such that A" € IF, A' € IF and exp A" C exp A’ then
AelF.

Examples

In order to show that a given arrangement A is inductively free, we must start with some
inductively free arrangement and add hyperplanes one at a time satisfying (2). This process
may be described conveniently in an induction table. Each row is one step in the process.
The first column gives exp A’ of the arrangement which is the A’ of that step. The second
column gives an, where H = ker ay is the hyperplane added to A’. The third column gives
exp A”. The last row displays exp A. Since Q(A’) is the product of the ay in the rows above
the row in consideration, it is easy to compute @(.A”). At each step the difficulty lies in
showing that A" is free, and in computing exp A".

Example 15.17 The induction table below shows that the arrangement A defined by Q(A) =
zyz(z + YY)z + y — 2) is inductively free. The most delicate problem is to determine in
which order to add the hyperplanes. Even in this simple example the order of the last two
hyperplanes could not be reversed.
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Example 15.22 The central 3-arrangement A whose projective image d A conlains the five
sides and five diagonals of a reqular pentagon, together with the linc at infinily, is free bul
not inductively free.

The first example of a free arrangement which is not inductively free appeared in [186].
The example presented here is due to K. Brandt. To see that A is free we consider the
arrangement B obtained by adding the two dotted lines in Figure 19. Then B is supersolvable.
This can be seen directly from L(B) or by unsing the Fibration Theorem 23.18, see the
discussion after Remark 23.19. It follows from Theorem 15.21 that B is inductively free with
expB = {1.5,7}. Apply the Deletion Theorem 15.12 to B and the horizontal dotted line to
get the free arrangement B’ with exp B’ = {1,5,6}. Apply the Deletion Theorem to B' and
the vertical dotted line to see that A is free with exp A = {1,5,5}.

To see that A is not inductively free we note that the last addition would require exp A’ =
{1,4,5}. 1t follows from Theorem 15.15 that |4"”] = 6, but each solid line contains five

intersection points.

Figure 19: Free but not inductively frce

Definition 15.23 The class RF of recursively free arrangements is the smallest class of
arrangements which satisfies:

(1) s € RF for £ > 0.

(2) If there ezists H € A such that A" € RF, A € RF and exp A” C exp A’ then
A€eRF.

(3) If there exists H € A such that A” € RF., A € RF and exp A” C exp A then
A'eERF.

Example 15.22 shows that TF C RF is a proper inclusion. It is not known whether all
free arrangements are recursively free.
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Factorization Theorem
Theorem 15.24 Suppose A € RF withexp A = {by,...,b). Then

¢
(A1) = =: + bt).
i=t
Proof. We argue by induction on [A]. If |A| = 0 then A = &,. Since x(®,,¢) = 1 and
exp &, = {0’}, the assertion holds. The induction step consists of two cases, one for addition
and one for deletion. Since they are similar it suffices to show the argument for addition. Let
A’ and A" be recursively free with exp A’ = {by, ..., br_y,b,— 1} and exp A" = {by,... ,be1}.
By the induction hypothesis we have

£-1

A ) = =: +bit)(1 + (be ~ 1))

-
(A"t =T[0 + ).

In Theorem 6.9 we proved the formula:

(A t) = m(A,t) + tx (A", 1).

Thus
-1 -1
w(A1) = I +b)(3+ (be = D))+t JJ(1 + bt)

“W“ =1

=TT +bt)(1 + bet)
i=1
[}

= [Ja+bn. o
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Proof. The equivalence of (1) and (2) follows from the formula
d(Quw) = Q(dw) + (dQ) A w.

Let Q =[], ci be a defining polynomial for A. Then

dQ ANw = M:U Qdei/ev)) A w.

This shows that (3) implies (2). For the converse assume (2) and let o« = a;. Write @ = o(Q'.
We have

QUQ Aw) = Q'(da A (Qu)) + a(dQ” A (Qu)).

Thus each coefficient of Q'(doA{Qw)) is a polynomial divisible by a. Since (' is not divisible
by «, each coefficient of da A (Qw) is a polynomial divisible by a. This proves (3). D

Corollary 16.9 Let A, and A; be two arrangements in V with A, C A;. Let Q3 € S be a
defining polynomial of the arrangement A\ Ay. Then

Q¥ (A2) € VP(Ay) € D°(Ay).

Proof. Fori = 1,2 let Q; be a defining polynomial for A;. Then @; = @,Qs. If w € N°(A4;)
then

dQ: Aw = d(Q1Q3) A w = dQa A (Qww) + Q3(dQ Aw)

is a regular differential form. It follows from Proposition 16.8 that w € §1°(A,).
Suppose 5 € (°(A;). To show that Qan € QP(A;) we verify the conditions of Proposition
16.8.3. Clearly Q1(Qan) = Q2 is regular. Now suppose that a € V* and ker(a) € A;. Then

Qi(da/a) A (Qan) = Qz(dafa) An.
Since n € 0°(A;) and ker(a) € A,, the last form is regular by Proposition 16.8. 0O

Definition 18.10 An element w € ¥(A) is homogeneous of polynomial degree q if the
reqular differential form Qw € QF[V] is homogeneous of polynomial degree (q + deg Q). Let
°(A) denote the vector space consisting of all homogeneous p-forms of polynomial degree q
for g € Z. Note that ¥(A) =0 if ¢ < —deg Q.

Thus for example pdeg(dz,) = 0, pdeg(dQ/Q) = 1.

Proposition 16.11 We have
P(A) = P WA
qcZ
Thus QP(A) is a graded S-module.
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Proof. Let w € QP(A). Decompose Qw € QP[V] into homogeneous components
Qu = MEQ.
e
where w, € Q2[V] for each g. We obtain
QUQ Aw) =) (dQ Aw,).
9eZ

This implies that each coefficient on the left hand side belongs to the ideal Q5. Since QS is
generated hy the homogeneous element Q, each coefficient of dQ A w, belongs to @QS. This
shows that (w,/Q) € Q°(A). 4

Let 1 < p < f. There is an S-bilinear pairing { , } between Derk(S) and QY(V) called
the interior product. More generally, the interior product

(, ) : Derg(S) x Q*(V) — Q*-Y(V)
is the unique S-bilinear map which satisfies
v
(8.dzi, A Adry,) =Y (=1)*"0(zi, )i, Ao Adri A~ Adzg,
k=1

for 1 <iy<--- <, < ¢ Here m\&.la denotes the deletion of dr;,. Restriction of the interior
product gives an S-bilinear pairing

(, ) : Derk(S) x Q°[V] — QF~'[V].
The following properties of the interior product are well known.

Lemma 16.12 If 0 € Derk(S), f € S, wn € QP(V), and wy € (V) then
(1) (0,w Aws) = (0,w1) Awaz + (=1)Pwi A{B,wa).
(2) (8.df) = 8().

Proof. Since both sides are S-linear with respect to wy and uwy, we may assume that
wy = driy A+ Adz, and wy = dx; A--- Adz;, where 1 < 4 < - <3 < ¢ and
1<y < < jo <L Then

H

(0, w1 A wsy) Q,ks: A Adzi, Adzj Ao >&.3..v
(8,dxi, A+ Adz;,) Adxj, A--- Adxj,
+(=1Pdzi, A+~ Adzi, A8, dr;, A--- Adax;,)

(8,w1) A wz + (=1)Pwy A {B,09).

125



L3l

A>5E51
sof i+ f3v (B/Op) = mff puv saubop saypsod fo s0pvf uowwos ou vy § puo Afeeeeif
wy1 08 (A4 2 b puv [A)j—a> 2 £F sussof puv G 3 A e guiwoulijod 150 M9yl (¢)

“h+ v (O/OP) = m(‘Te/be)

wyr 08 35S £S5 [ 40f [Alas 3 U puv [A)y_ap D 17 18329 a0y (§)
V3 (o) ypa A 3 O sof [Alals D MV (0f0p)O Pur (Al > ™0 (8)
‘(A 1445 3 ™ v P puv [Ala5 3 M0 (3)

W2, (1)
:juappainbs aup spuowaguys buwnojiof ayJ AY°9% uoljisodold

*SULI0} [RGUAISYIP d1wYILIeEo] o sUOIjRZLIIRIRYD 2IOW JAIT oM JXIN

o 7 W 1S | g0f }g— = (‘m)Bapd yjun o' -~ - I i s1s09 snosudbowsoy v svy who

uayy {7q g} = ydxe ypm saif sy juswabumiie oy jeyg cwnesy 9UGY Asejjore]

O campoui-g 2af v 83 (i) (U fs fuo puv fi saif &1 | Juswabuwisv 3y | GI91 Adu]jo0)
-s20uanbosucd SuLMo}|o) Y3 ARy am ‘10410 Youa Jo sfenp-g e (V) pue () oulg

O -uondefiq v st g snyy ‘m = ()¢ di0jiay],

o) = GOIADI1) = (a2l < BIO/) = (Datad)m L B/
? 7

zp(ad)m (/1)
7’

(2'9) = (o))
ARY M IIA0ION
‘g9l uonwodoid &q ()i 3 @ reys saydwit sy, (AU 3 2V Op YRy smojl0) 1} "y 0}
sBuojaq v Bp Jo UADY0D va ey mouy am (y)d 3 'd(‘ze/De) - ‘u(*xe/be) 2uis

Laze/de) - ‘atze/de)m = [Cad)(‘ze/be) — (‘ad)~(ze/ BN D/1)
03 [enba st v Op UL (£ > 1) “op v 'gp o JuapYR0D Ay,

1=t
“ap(q ) { (BN =
?

£q o wioj-] [euorjel B auys(] (V) 3 ™19 -aayslins st ff
0= mJeq) smoys s1q], 7 S 1 > [ 10) v = (g P) = 0 usy, ", A 10] siveq e Buisn
1=t

ap (B =7
?

M (V)d 3 g Ile o)
{mg) = (p)l{m)g] = 0 soydunt s1y ], "¢ = (m)g 2soddng ('), 5 2 ™ W} duyalur st ¢f

921

uotpalig v st w sny) b = (4)o wojarey), g > 15 | o)
(xp)le = (x)l = (toplt) = (op)[l)0]
aney am $on0aio (V) 3 & veqi sondust sy (1), 35 3 O/ Op dsweday
02 (D/Op)kd = (DP)e = (D)

ARy Jp "UOIRALIGP ® §1 U JRY)} Yooy 0} Aseast )] ‘g3 [

10} (Jp)b = (S &q & +— & : b dew deouy- g v auya(| (), U5 D b V] caanpalims st o
0= g yeyy smoys sy, “S 3 [ (e 0} 0= (Jp o) = ()9 su4). (V)5 3 ™ (e

10 (m*g) = (m){(g)v] = ¢ sadwt 1YL, 0 = ()0 9s0ddng *(y")q 3 ¢ 3] dazalu 51 0
‘swisiydiowost a1 Loy} yey) aaoad [{im op

WWwa —Ww)od
WU e— Vg e

sdeul Ieaui|-§ [einyeu sopisoid Fured jonpoud sousyul 3y ], ‘Jooid

Wid = Av) o puv

(VLD ~ V) -saypo yovs fo spnp aw ()5 puv (V)d s2ppow-§ 9y p1-91 Waloay],
se—Wwhaoxwa: ()

Buiired Jeaui|Ig-y UL SIAIE

¢1°91 uorpsodoad ut | =d Burpes sny ], “§ = (V)0 1eY) L'9] uotjisodosd uiol) smofjoy 3|

o [Alds 3 (m'e) v Op 1Y) smoys

i

{m'g) v Or — (D)o
(m'g) v OP — @ (OP'9)

(v Ope)

uoepo(es 243 ‘59 3 (D)9 1S (Al +als
3 @V {p ey g9l uotsodosg wiogy smojjoy 3 (V) 3 @ Pue ()4 3 ¢ W1 Jeoid

W)i-as — )8 Wd = ()

sdvw soonpus ponpoud 101JUL vy} Y JuswIbuvLLD fiup 104 91 uoijyisodosq
y=

o (g = ("e(" étsmw (2p) ( éts‘rw

1=t

wp(ag/fe) o) = (pe)
?

|



Proof. The equivalence of (1), (2), and (3) was proved in Proposition 16.8.
(2) = (4) Let 8 = D;, wy = dQ. and w, = w in Lemma 16.12.1. Then we have

{D;.dQ A w)

(D;,dQ)w — dQ A (D;,w)
{(AQ/8r)w — (dQ/Q) A {D;, Qu).
Define & = (D;,Qw) and ; = (D;,dQ Aw) for 1 < j < L.
(4) = (5) This follows from Lemma 16.6 since the polynomials 8Q/dr,,...,0Q/dz, and

() have no common factor of positive degree.

(5) = (2) We have

]

Fi(Qu) =dQ A& + Qn; € QP{V,
and

J;(dQ A w) = dQ Am; € V.
Since the polynomials f,. .., fi, and Q have no common factor of positive degree, this shows
that Qu € Q*[V] and dQ Aw € QPH'[V]. O

Proposition 16.18 Let @(A) = @
rior product:

02(A). The S-module ¥(A) is closed under erte-

»20
QP(A) x Q(A) — QH(A).
Proof. Let w; € N?(A) and w, € N9(A). By Proposition 16.17 there exist &: € V]
and n € QP[V] with i = 1,2 and 1 < j < €50 that
(BQ/3 s = (dQ/QY A& +0f? (i =1,2).
Thus we have
(3Q/87Ywr Awa = (dQ/Q) A (€M A + €7 Agi™) + (7" A 5.

Since (8Q/8x,)%,...,(8Q/8x,)* and Q have no common factor of positive degree, we may
apply Proposition 16.17 again to conclude that wy; A w, € QPH9(A4). O

Recall the K-aigebra R(A) from Definition 12.3. We noted in Proposition 16.5 that
its generators are in 2'(A). It follows from Proposition 16.18 that R(A) C '(A). Since
elements of R(A) have total degree 0, we get

RAYC P f2(A).

p+e=0

Next we prove the analog of Saito’s criterion 14.5 for differential forms.

Proposition 16.19 Given w,....,ws the following two condilions are equivalent:
(1) wi,....wr form a basis for Q' (A) over S,
(2)wy A Awr = (¢/QUdxy A -+ Adry) for some c € K*.
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Proof. Write ,
Wy = Mua&»k.ﬁ».
k=1
and let N = [a; 4]i<jrce. Then we have
wy Ao Awp = (det N)(dzy A - - A dzy).

(1) = (2) Since 9'(A)* ~ D(A) by Theorem 16.14, D(.A) has the dual basis 8,,...,0,
defined by (8i,w;) = é; ;. Recall the coefficient matrix

M= M(0y,....0) = [0;(z:)1<ij<e
from Definition 13.11. Since
¢
bii = (Biw)) = Y Oilzn)aza,
k=1
we have NM = 1. By Saito’s criterion 14.5, det M € K*Q. Thus detN € K*Q-!.
(2) = (1) We may assume that
wy A Awe = (1/Q)dzy A -+ Adzy).
Thus det N = Q~'. For 1 < i < £ define 6; € N'(A)" by
0 (w)1/Q)dzy A Adr) = A Awisg AwAwi A+ Awp.
By identifying 2! (A)* with D(A), we may assume that 8, € D(A). Then (0;,w;) = & ; and

hence
NM(9,,....0) =1

Thus det M(0,, . ..,8,) = Q. Apply Saito’s criterion 14.5 again to conclude that D(A) is free.
It follows that Q'(A) ~ D(A)" is also free. O

Proposition 16.20 If N'(A) is a free S-module with basis wy,...,we then for 1 < p < { ,
the S-module W (A) is free with basis {wy, A .. Aw;, |1 <dy < <ip < ). :

Proof. By Proposition 16.19 we may assume that
WA Awe = :\Q:&H_ Ao A RHL.

Given a muitiindex K = (ky,...,k,), define

wK Wiy Ao A,

&&! >...>.&H»..

dry
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Lemma 16.28 Let W be a k-dimensional vector space over K. A generic w € QL W]
vanishes only al the origin.

Proof. Let z,....,z; be a basis for the dual space W*. Write
w= fidry + -+ fidr,

for fi € K[zs,....74] with deg f; = d for 1 <i < k. It is well-known that there is an open
dense set. of polynomials ( fy,..., fi) € S¥ such that the system of equations

f1=0.f:=0,...,fi=
has only the trivial solution. O
Suppose A is a nonempty arrangement. Consider X € L(.4) with dim X > 0. Define
23X]° = {w € QY[ X] | w vanishes only at the origin }.

It follows from Lemma 16.26 that QI[X]° is an open dense set in Q4[X]. Let S¥ be the
symmetric algebra of the dual space X* of X. The natural restriction map S; — S¥ is
continuous with respect to the Zariski topology. Denote the image of f € Sy under this
restriction map by f € S¥. We also have the restriction map ryx : Q}{V] — QX]. If we
choose a basis z(,...,z, for V* so that X is defined by x4y = - =2, = 0 then ryx is
given by

rvx(fidzy + - 4+ fedzs) = fidz, + -+ fudz,.

The next result is immediate from the definitions.

Lemma 18.27 For X € L(A) the restriction map rv.x : Q3[V] — Q1] X] is continnous with
respeet to the Zariski topology. O

Let NY = rpW (QUX]°). Tt follows from Lemmas 16.26 and 16.27 that N¥ is an open
dense set in QYV]. Let
Ne= [ NE

XeL(A)
dim X >0
Since L{A} is a finite set, N, is an open dense set in Q4V). In particular it. is nonempty.
Lemma 16.28 Let n € N;. Then the radical of the ideal
I(n) = {(8,n) | 0 € D(A)}

contains the marimal ideal Sy = @, S,.
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Proof. By Hilbert's Nullstellensatz it suffices to show that the zero locus V(/(n)) of I(n)
is contained in {0}. Let v € V\ {0} and let X = \,cyeaH. Thus v € X and v ¢y
for any ¥ € L(A) with Y C X. Choose a basis z1,...,z¢ for V* so that X is defined by
Tipy=---=xz, =0 Let Ay = {H € A| H 2 X}. Let Q, be a defining polynomial for A,.
Note that @:(8/0z:) € D(A) for | < i < k. Write n = fidzy + --- + fodz, with fi € S and
1< i <P Then (Qu(0/dr).n) = Q1. Since n € NX,

rvx(n) = fidéy + - - fidi

vanishes only at the origin. Thus there exists i with 1 <i < k so that fi(v) = Ji(v) £ 0.
Since Q1{v) # 0, we have v ¢ V(I{n)). O

Proposition 16.29 If n € Q}[V] is generic then the cohomology groups of the n-complez
are finite dimenstonal over K.

Proof. Let n € Ny. Let H® denote the p-th cohomology group of the complex in Definition
16.25. Note that H” is an S-module. Since Q7(A) is a finitely generated S-module, so is
H?. By Lemma 16.28 and Proposition 26.25, it suffices to prove that I(n) annihilates H”.
Let w € Q7(A4) be a cocycle and let § € D(.A). We have

0=(nAw) ={0.n)w—nA(8,w) = {8,1)w—8,((0.w))

Thus (8. 9) w = 3,({#,w)) is a coboundary since (8,w) € N7-'(A) by Proposition 16.13. O
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Definition 17.8 Let (A. A", A") be a triple with respect 1o Hy € A, Let L' = L(A),
L' = L(A"Y and T = T(A). Define

F"* = ﬂzA.Lv - ﬂA.htv

poa 2 [ KA VTN T ew,
PP = { ki v 11 g

This case distinction is essential in several proofs. Recall from Definition 6.11 that Hy is
a separator if T ¢ L(A’). The poset '\ {V} has a unique maximal element T’ = T'(A").
Thus by Lemma 17.5 the space F'(A) is contractible if Hy is a separator. 1f Hy is not a
separator then F'(A) = F(A').

Example 17.9 Let A be the 3-arrangement in Example 8.37 defined by
Q(A) = zyz(r +y)(z +y — 2).

Recall the notation of Example 8.37: Hy = ker(z 4+ y + z). Hy = ker(z), H; = ker(y). Il; =
ker(z), Hy = ker(z + y). The 1-complex F(A) is illustrated in Figure 21. The 0-complex
F”(A) consists of the three points Ho N Hy, HoN Hyy, HoN Ha Hy. Here T € I’ so Hy is
not. a separator. The 1-complex F' is also illustrated in Figure 21.

4
x~

F(A) F(A)

Figure 21: Folkman complexes for @ = zyz(z + y)(z + y — 2)

Example 17.10 In B(¢+1) the complez F" is homeomorphic to S©=2. Note here that T & 1
so Ho is a separator. The complez F' is the (£ — 1)-simpler opposite the vertez Hy. These
complexes are illusirated for £ = 3 in Figure 22.

Lemma 17.11 If A is an arrangement of rank 2 then F(A) consists of p(A) + 1 points.
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Figure 22: Complexes for the Boolean arrangement

Proof. We observed that F consists of |A] points and the Mébius function gives 1 — |A| +
u(A)=0. 0O

Lemma 17.12 If A is an arrangement with r{A) > 3 then F(A) is path connected.

Proof. Suppose X is a vertex of F(A). There exists H € A such that X > H and H € F(A).
If X # H then the 1-simplex {H, X] C F(A). Thus every vertex and hence every point of
F(A) is connected by a path to some vertex of F(.4) which corresponds to a hyperplane.
It remains to show that vertices corresponding to distinct hyperplanes H,, H; € A are
connected. Since r(H, N H;) = 2 < r(A) we have H; N H, € F(A). Thus the 1-simplexes
[Hy, Hy N Hy) and (Ha, Hy 0 Hy) are in F(A), O

Let K be a simplicial complex and let |K| be its geometric complex. Let v be a vertex of
K. Recall that the star of v is a subset of | K| consisting of all open simplexes whose closure
contains v:

sv)=1{15] [veo).

Note that its closure, s{(v) is a cone with cone point v.

Proposition 17.13 Let (A, A, A"} be a triple with respect to Hy and let F = F(A),F =
F'(A). There is a strong deformation retraction

p:F\ st{Hg) — F.
Proof. Note first that F \ st(Hp) = |K(L \ {V, Ho.T})|. Define a poset map
p:L\{V,Ho,T} — L\ {V,Ho, T}

oX)= D H.

HeAx\{Ho}
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and the Hurewicz isomorphism theorem {179. p.398] that »(F) = 0 for 1 < 1 < k and
7(F) = Hi(F: Z). The last group is free of rank m by Theorem 17.15. For | <i < m let
pi + S — F be generators of m(F). Let p: VmS* — F be the sum of p;. Then p induces
an isomorphism in homology by construction. Since the spaces are simply connected cell
complexes, it follows from standard results in homotopy theory (179, pp.405-406] that p is a

homotopy eqiiivalence. O

Whitney Homology

Nex! we associate to L(.A) another chain complex, studied by Deheuvels (48] and Baclawski
[14], compute its homology and relate it to the homology of F(A) and to the algebra B(A).
Let. K be a commutative ring. Recall the spaces T, from Definition 11.1 and the set of chains
ch L from Definition 5.3.

Definition 17.19 Let A be an arrangement with lattice L = L(A). Define a chain complex
(C.86) as follows. Let Co = K and for p > 0 let C, C T, have a K-basis consisting of all
p-chains (Xy.....X;) € ch(L\{V}). Let C = B oCp. Define a K -linear map 6:C — C by
) =0,8X)=0for X € L—{V} and forp>2

p-1
Xy, X,) = MUT:.-_C:?.:F...:Q.

k=1

The map 6 differs from the usual boundary operator in that X, is never deleted. We
still have 62 = 0 so (C,8) is a chain complex. We call it the Whitney complex of A.
The Poincaré polynomial of its homology was first computed by Baclawski [14]. We give a
generalization of his result.

For 1 < k < p define K-linear maps 8 : C, — C,_1 by

bl Xpy . X)) = (D (X, K, X))

We agree that §; : C; — Co is the zero map. Recall the map 7 : T — T of Definition 11.13.
If r € C, then 7(1) = 8,(x) and &(z) = &;(z) + - - - 6p—s(). Recall the K -algebra B = B(A)
of section 11 and note that B C C.

Lemma 17.20 (1) The elements of B are cycles of C so 6B =10,
(2} Let r =r(A). If z € C, is a cycle then 772 = érz = 0.

Proof. (1) It suffices to show that ébs = O for all S € S. Let S = (Hy,...,H,). In
dbyy, ... n,) each term

(signm (=1 (Hyuy o Hoa 0 O Hogy oo Hoy N0 Hy)

is cancelled against the term in which xk and m(k + 1) are transposed. For (2) note that
z is a linear combination of chains consisting of elements of ranks 1,2,...,r. So &z is a
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linear combination of chains consisting of elements of ranks 1,2,...,i—1,i+1,...,r. Thus
0=6z=6zx+ - +6,_yz implies bz =0 for 1 <1 <r — 1. We have

7 = 6,18, = 6, 16,12 =0

and
Srz={6+- - &)ba =606+ 6 3)2=0 O

For X € L\ {V} let Cx be the subspace of C spanned by all (Xy,..., X;) with X, = X
and let Cy = K. Then C = ®xerCx and § : Cx — Cx. Thus (Cx,$) is a subcomplex. Let

Hx be its homology. Then

(1) H=PHx
X€L

The natural identification Cx(Ax) ~ Cx(A) implies

(2} Hx(Ax) >~ Hx(A).

Theorem 17.21 The map B(A) — H(A;K) which sends bs to its homology class [bs) is an
isomorphism of free K-modules.

Proof. By Lemma 11.16, (1) and (2), it suffices to show that the natural map Br(A) —
H+(A;K) is an isomorphism. Let ¢ = r(T). Since the map is induced by inclusion, it
is injective because Cpy = 0. We will show surjectivity by induction on r(A) = ¢. The
assertion is clear for £ = 1. Denote the natural projection from C = @ xe, Cx onto Cx by
rx. Let T € C; with 6z = 0 and write

Tz = MU xx(rz).

X€Le

Lemma 17.20.2 implies that
0=4érz= MU Sxx(rr) = MU xx(érz).

X€Le X€Les

Thus 0 = xx(7z) = §(rx7z), and therefore nx(rz) € Hx(Ax) for all X € L,_y. By the
induction assumption Hx(Ax) = Bx(Ax) for X < T. Thus rz € Br_1(A). Recall that
77z = 0 hy Lemma 17.20.2. Since the complex (B, 7) is acyclic by Lemma 11.17.3, we have
1z € 7B, = rBr. Since 7 : Cr — C is injective, we conclude that z € Br. O

The following results are consequences of Corollaries 11.19, 11.20 and 11.21 respectively.
Corollary 17.22 The module H(A;K) = @, Hy(A;K) is a free graded K-module. O
Corollary 17.23 The Poincaré polynomial of H(A; K) is

Poin(H(A;K),t) = 7(A,t). O
Corollary 17.24 If X € L(A) then rankHx(A:K) = (-1)"u(X). O
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Let p be a positive integer. Recall from Definition 5.3 that a p-chain in P is a p-tuple
c = (Xi,...,X,) of elements X; € P satisfying X; < -+ < X,. Let C,(P) be the free
R-module with basis the set of all p-chains in P.

Definition 18.2 Suppose F : L — (R-Mod) is a covariant functor. We ertend Definition

17.19 15 the order complex with F coefficients, {C (L, FF},8) as follows. Let Co{l, F) =

F(T) and for p > 1 let C,(1.. F) be the R- module spanned by

y@ (X1, X,) € (@D F(X) @ Co{P) [y € F(X)), Xy <...< X, <T).
X€eP

The boundary operator
9:Cy(L. F) = Cyr(L, F)
is given by My @ (X,)) = vx, 7(y) and forp > 1

r
Ay @ (Xire o X)) = v () B (Xay o ) + 3 (1Y 0 (Xh, o, Xy, X)),

k=2

In case F : L — (R-Mod) is a contravariant functor, the following modifications are neces-
sary. Let Co(L, F) = F(V) and for p > 1 let C,(L, F) be the R-module spanned by

{¥®(X1,... X,) € (P F(X) @r Co(P) |y € F(X,), V< Xy <...< X,}.
XepP

The boundary operator
0 :C(L,F) — Cpi(L, F)

is given by 3(y @ (X1)) = vv.x,(y) and for p > 1 we have (y R (Xa,..., X;)) =

r—1

S (Xnse o Xay e X)) + (=1 vk, (9) @ (Xi, . Xpo).

k=1
The following two examples were studied in the last section.

Example 18.3 Let A be an arrangement in V. Let P = L(A)\ {T(A)}. Define the con-
travariant functor F by F(X) =7 for X € P and let vxy be the identily map for all XY
with X <'Y. In this case the chain complez (C(P,F),?) is equai to the simplicial chain
complez associated with the Folkman complez.

Example 18.4 Lct A be an arrangement in V. Let L = L(A). Let R = K be a commutative
ring. Define the contravariant functor F by F(X) = K. Here vy x is the identily map, and
vxy =0 for X < Y. In this case the chain compler (C(L,F),#) is equal to the Whitney
complez,
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Local Functors

Let A be an arrangement in V. Write L = L(A) and recall that § = S(V*) is the symmetric
algebra of the dual space V* of V. Given a prime ideal p € Spec(S) and an element X € L,
define X(p) € L by

X)= () H.

HeAx
apEp

It follows from the definition that X(p) D X, so X{p) < X.

Definition 18.5 A covariant functor F : L(A) — (S-Mod) is called local if the localization
at p of the map
vx(e)x : F(X(p)) - F(X)

is an isomorphism for all p € Spec(S) and for all X € L.

If F is a contravariant functor then F is local if the localization at p of the map vx(g).x :
F(X) — F(X(p)) is an isomorphism for all p € Spec(S) and for all X € L.

Example 18.6 Recall the S-modules 19(.A) from Definition 16.3. Let q be a nonnegative
integer. Define the covariant functor F : L — (S-Mod) by F(X) = Q9 (Ax). If X <Y then
Ax C Ay. It follows from Proposition 16.9 that there are inclusions

vry 0 Ax) o 29(Ay).

To show that F is a local functor let p € Spec(S) and let X € L. The localization at p of
the inclusion
vxex U (Ax) = (Ax)

is injective because localization is an exact functor, see Theorem 26.9. Let w € N(Ayx).
It follows from Proposition 16.9 that if f is a defining polynomial for the arrangement
Ax \ Ax(,) then fuw € Q9(Ax(,,). Since f ¢ p, we have w = (fw)/f € W(Ax())p- This

implies that the localization of vx,).x is bijective.

Example 18.7 Recall the S-modules D(Ax) from Definition 13.12. Let q be a nonnegative
integer. Define the contravariant functor F : L — (S-Mod) by F(X) = D(Ax). If X <Y
then Ax C Ay. It follows from Proposition 13.9 that there are inclusions

vxy : D(Ay) — D(Ax).

The functor F is local. The proof is stmilar to the argument above.
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Proof. Since the sum involves elements Y < X, we may assume that X = T. Let P =
L\ {T}. Note that Co(A. F) = F(T') and C,( A, F) ~ quml..:v. F(c). Therefore we have

4 [4
Y (=1)"Poin(H,(A, F),7) MUT::.%B; F),z)

=0 q=t

4
= Poin(F(T),7)+ Y _(-1)* 3 Poin(F(c),r)

4=0 c€chq(P)

14
= Poin(F(T),7)+ Y (~1)"Poin(F(c),r)

c€ch(P)
= Poin(F(T).z)+ Y Poin(F(Y),z) ¥ (~1)H.
YeP c€ch(P)

=¥
Let ch(L) be the set of all chains in L. It follows from Proposition 5.4 that for all Y € P

MU Al:_n_” M Al_v_«_l_ﬂ‘.:\.ﬂ_v.

cech(P) cEch{Y.T]
=¥

Thus we have
4
3 (~1)Poin(H (A, F),7) = S n(Y, T)Poin(F(Y), ),
9=0 YeL

which has a pole at z = 1 of order at most dim T by Corollary 18.11. O
The following theorem is an immediate consequence of Theorem 18.12 and Example 18.6.

Theorem 18.13 Let X € L and let p be a nonnegative integer. Then

3" (¥, X)Poin((Ay), )

YeLx

has a pole at = | of order at most dim X. O

The Polynomial ¥(A, z,t)

Next we prove the main result of this section. It is the following formula for the characteristic
polynomial:

~
E :x,:u E"M.U_uoi:,.gi:: u.qT:‘.
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Note first that in the proof of (1) we may assume that the field K is infinite. Let L be a
field extension of K. Let Vi, = L @k V and let Ay, be the corresponding arrangement in
V1. Clearly x(Ap,t) = x(A.t). Moreover, L &k 27(A) is isomorphic to 2°(Ay). Thus the
right-band side of (1) is also independent of field extension.

Definition 18.14 Let

[}
V(Aiz,0) = Y Poin(QP(A), 2)(K(1 - z) - 1)°.

p=0
Proposition 18.158 If A is a free arrangement with exp A = by,..., b, then

¢

V(A r,t) = =QHL. —(z' 4z 4 427

=1
In particular for the empty (-arrangement U(®y; z,t) =t
Proof. It follows from Corollary 16.16 that

Poin(PP(A),z) = Y274~ /(1 - 2),

where the sum is over the set {(iy,...,1,) | 1 < iy < --- < i, < {}. Let y be an indeterminate.
Then

~ ~
M_i_éiy%,uzat-_._s\c-é.
=0 i=1
Now set y = t(1 — z) — 1 and divide by 1 — z in each factor. O

A priori ¥(A; z,t) may have a pole at z = 1 because each 7(A) is a finite S-module.
The order of the pole is at most £ by Proposition 26.22. We will prove in Proposition 18.17

that W(A; x,t) has no pole at z = 1 and that ¥(A;z,t) € Z[x,z~",t]. Thus we will be able
to rewrite (1) as

(2) x(A, 1) = ¥(A;1,1).
Proposition 18.168 If A is nonempty then ¥(A;z,1) = 0.
Proof. In Definition 16.23 we constructed for a nonempty arrangement A the complex

(2(A),d). Its boundary operator dw = (dafa) A w with ker{a) € A has pdegree —1. In
Proposition 16.24 we showed that this complex is acyclic. Thus

14
Y(A:iz,1) =Y Poin(QP(A),r)(—2F =0. O

=0
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(4) Fix X € L. We compute

Y Y XIGY) = 37 (Y X)$(Avi1,1)

YeLx Yelx

p=0YeLyx

4
ST M) (11 = 1) = VPlas,

p=0

where
My(z) = Y (Y. X)Poin((Ay), 7).
YelLx
By Theorem 18.13, (1 — )™ X M_(r) has no pole at z = 1. Thus the coefficient. of t" in
M (#)(1(1 — 7) — 1)P, which is equal to (—1)P""(*)M,(z)(1 — x)", lies in {1 — 2)Z[r,z"")
if n > dim X. Thus for each p, the degree of t in Mp(z)(t(l — ) — 1)?|,=1 does not exceed

dim X. Therefore 37, ., p(Y,X)G(Y) has the same property. O

[ A

o /

Figure 23: =(.A,1) factors but A is not free

Factorization Theorem for Free Arrangements

Theorem 18.21 (Factorization) If A is a free arrangement with exp A = {b,...,b}
then

(A, 1) = [J(1 +b2).

Proof. We computed ¥(.A; z.t) in Proposition 18.15. Set # = t and use Theorem 18.20 to
obtain the equivalent statement y(A,1) = :_\n_: -b). 0O

152

We say that 7(A, 1) factors if x(A, ¢) = []'_,(1+bit) where the b; € Z. The next example
is due to Falk and Randell [66]. 1t shows that the implication in Theorem 18.21 cannot he
reversed.

Example 18.22 Let A be the 3-arrangement in Figure 23. Then x(A,t) factors but A is
nof free.

Direct computation gives x(A,t) = (1 + ¢)(1 + 3t)(1 + 3t). Remove the horizontal line to

obtain A’. Both A’ and A" are free with exp A’ = {1,1,4} and exp A" = {1,5}. If we
assume that A is free then we contradict Theorem 15.9.
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Suppose A is a central f-arrangement. Its Milnor fiber admits a free action by the cyclic
group of order n = |A|. The quotient space is naturally identified with M(d.A). The map
p: M(A) — M(dA) is the orbit map of the standard

action
Hxry. .., xe) = (txy,... . t2,).

Let GG(n) denote the cyclic subgroup of €* of order n. Since Q is homogeneous of degree n,
G(n)F C F. It follows that M(dA) = M(A)/C* = F/G(n). Let { = ¢¥™/" he a generator
of (3(n). The map F — F induced by multiplication by ¢ is called the monodromy of the
Milnor fiber. Let v : F — F/G(n) and let 2’ : €* — €*/G(n). The commutative diagram
below connects the two fibrations. Here id denotes the identity map.

F o4 F/G(n)

i 1id
c - MA) 5 M(dAa)
i 1Q

€©C/Gn) 4
We return to the calculation of the cohomology of the Milnor fiber for certain arrangements
in section 24.
K(n,1)-arrangements

Example 19.4 Let A be the arrangement of Example 2.5 defined by Q(A) = zy(z + y).
The complement M(.A) has the homotopy type of (S' v §') x S'.

We use Proposition 19.1. If we let Ky = ker(y) go to the line at infinity then the correspond-
ing 1-arrangement d.A is defined by Q(d.A) = r(z + 1). Thus M(d.A) is the complement of
the two points # = 0 and z = —1 in €. It follows that M(d.A) has the homotopy type of
S'v ST Since € has the homotopy type of S', the conclusion follows from Proposition 19.1.
Note that m,(M(A)) =0 fori > 2 so M(A) iz a K(r,1)-space.

Definition 19.5 Call A a K(r,1)-arrangement if M(A) is a K(x,1)-space.
Proposition 19.8 Every central 2-arrangement is K(x,1).

Proof. The argument in Example 19.4 shows that if A is a central 2-arrangement with
|A| = n then M{.A) has the homotopy type of (V,_1S') x §'. O

Proposition 19.7 The Boolean arrangement is K(x,1).

Proof. Since M is the complement of the coordinate hyperplanes M = (€*)’, it has the
homeotopy type of an /-torus. 0O

Remark 19.8 More on the braid arrangement.
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Figure 24: A braid on three strands

AN
—

Figure 25: A pure braid on three strands

Before we show that the braid arrangement is also K(=,1), it is appropriate to justify its
name and describe some of its history. Braids and the braid group were defined by Artin

{10]. Figure 24 shows a braid on 3 strands. Braids with { strands may be composed by
juxtaposition. There is a suitable notion of isotopy of braids which makes this an associative
multiplication. The inverse of a braid is the braid which untangles it. 1sotopy classes of braids
on £ strands form a group called the braid group, B(¢). For details see Birman's book {23].
There is a natural surjection B{(f) — Sym(£) which sends each braid to the permutation of
its ends. The image of the braid in Figure 24 is the 3—cycle (1,2,3). The kernel of this map
is called the pure braid group PB(f). The corresponding pure braids have the property
that each strand returns to its point of origin. Figure 25 shows a pure braid on 3 strands.
The braid group is generated by the braids a; for 1 < i < £ — 1 indicated in Figure 26. It is
known [23, p.11] that the following relations are sufficient to give a presentation:

a;d; = au.h.. _—. 7 - .w_ N 2
08418; = B;418iGis 1<ige-2

The fact that the pure braid group is the fundamental group of the pure braid space as
we described it in section 2 first appeared in a paper by Fox and Neuwirth [71]. To make this
statement precise let A, denote the complexified braid arrangement of Definition 2.9. Let

¢

i+ 1
; AN

Figure 26: The generator a;
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Free Arrangements

The module D(A) has topological interpretation in case K = €. Since N = UyeaH is a
singular variety, it has no tangent space. Butl V has a stratification induced by N and each
stratum has a tangent space. We show next that at every point of V the evaluation of N{.A)
at the point spans the tangent space there.

For X € L(A) let MX = M(AX). Then M* is an open submanifold of X and we have

a disjoint union:
v=J M
XeL
For v € V let TV, denote the tangent space of V at v. Then TV, is a € vector space

with basis D;. Thus we can define an evaluation map p, : D(A) — TV, as follows. Given
# € D(A) write 8 = 3~ h;D; and let p,(0) = 3 hi(v)Di. Write D(A), = p.(D(A)).

Proposition 19.16 Ifv € MY then D(A), = TMX.

Proof. Suppose r(X) = p. Choose coordinates so that X = H;N---N H, where H; = kerz;
for 1 < j < p. Note that this makes Q(A) divisible by ry---1,. We may choose D; for
p+1 <i<Easabasisfor TX, = TMY. In the rest of this paragraph let 1 < j < p. If
v € M¥ then 2;(v) = 0. If 8 € D(A) then by Lemma 13.8 6 € D(z;} and hence #(z,) € z;S.
Write § = Mwn_ h:D;. It follows that h; is divisible by 7; and hence hj(v) = 0. Thus
po(0) = Y20, hilv)D; € TME.

For the converse let Q = Q,Q, where @ = Q(Ax) and Q; = Q(A\ Ax). By our choice
of coordinates above, @ € €[zy,..., ] and if v € MX C X then Qa(v) = ¢ # 0. It is easy
to check that for p+ 1 <i < 7 we have 8, = Q,D; € D(A). Since p,8; = cD; it follows that
TMX Cc D(A),. O

4 N

~
I

. /

Figure 27: K(=, 1) but not free
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It is not known what additional topological properties may be implied if A is free.
Griinbaum [83] gives a list of simplicial 3-arrangements. It follows from Theorem 19.15
that these are K(r,1). This Jist was studied in [186] and several of these arrangements are
not. free. The smallest example is labeled A4(13) by Griinbaum [83]. It is shown in Figure
27. To see that it is not free we compute x{A,t) = (1 + t){1 + 12t 4 391?) and use the
Factorization Theorem 18.21. The conjeciure below concerns the reverse implication.

Conjecture 19.17 (Saito) If A is free then A is K(x,1).

Generic Arrangements

So far we have listed a number of ways for an arrangement to be K{(x,1). However, this is
not generic behavior. In fact it follows from a theorem of Hattori [91] which we state below,
that most arrangements are not K(x,1). First we need two definitions.

Definition 19.18 An arrangement A is called a general position arrengement if for
every subsct {Hy,....H,} C A withp <!t

r(Hin-—-NH)=p

and when p > €
Hin---nH,=0.

Note that if A is a central general position £-arrangement then | A} < . Thus the only
interesting gencral position arrangements are centerless.

Definition 19.19 Letn = {1,...,n}. IfI Cn let |I| be its cardinality. Define the subtorus
T; of T* by
Ti={{z1,....2n) €T | 2; =1 for j ¢ I'}.

Theorem 19.20 Let A be an £-arrangement in general position and assume that n = | A} >
¢+ 1. Then M = M(A) has the homotopy type of

My=|JT. o
=t

Hattori [91] also proved that x(M) is free abelian of rank n, and that the universal
covering space M of M has trivial homology in dimensions # 0,f. He also gave a free
Z[r(M)) resolution of Hy(M;Z). In particular if n = £ 4+ 1 then H,(M:Z) is a free
Z[x1(M)]-module of rank 1.

Definition 19.21 Let A be a central {-arrangement with £ > 2. Call A a generic ar-

4
rangement if the hyperplanes of every subarrangement B C A with |B| = ¢ are linearly
independent.
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Arnold stated two conjectures for an arbitrary arrangement A. The first said that
H*(M(A). Z) is torsion free. The second may be stated as follows. Define holomorphic
differential forms wy = dap/ay for H € A and let {wy] denote the corresponding coho-
mology class. Let R(A) = @“ﬁoxu be the graded C-algebra of holomorphic differential
forms on M(A) generated by the wy and 1. Arnold conjectured that the natural map
w — [(1/27)wy] of R{A) — H*(M{A); Z) is an isomorphism of graded algebras. This was
proved by Brieskorn [33], who showed in fact that the Z -subalgebra of R(A) generated by
the forms (1/2xi)wy and 1 is isomorphic to the singular cohomology H*(M(A); Z). In [142)
it was shown that for an arbitrary arrangement A the Poincaré polynomial of M(.A) equals
the Poincaré polynomial of A. We prove this in section 22. The structure of the algebra
R(A) was also obtained in [142]. We presented this work in section 12.
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20 The Homotopy Type of the Complement

In this section we construct a finite simplicial complex M(A4) in the complement M(A)
and prove that M(A) is a strong deformation retract of M{.A). The construction applies
equally well to all subspace arrangements, see [140]. It combines two ideas. The first is
the use of the face poset for real hyperplane arrangements. On the combinatorial side this
approach was pioneered by Zaslavsky [211] and continued in the wider setting of oriented
matroids by Folkman, Lawrence and others, see [26]. On the topological side it appears in
the work of Salvetti [170]. The second is due to Goresky and MacPherson [76]. It shows
that from the point of view of singularity theory the natural objects of study are not just
hyperplane arrangements but arrangements of arbitrary affine subspaces. In this setting
complex arrangements are just special cases of real arrangements.

For central complex arrangements it is interesting to note that although we prove here
that the homotopy type of the tota!l space of the Milnor fibration is determined by combinato-
rial data, the Milnor fiber is a more subtle analytic invariant. When A is the complexification
of a real arrangement, Salvetti [170] constructed a simplicial complex W(.A) which has the
homotopy type of M(A). The complexes M(.A) and W(A) are different. Arvola [13] has
found a simplicial map between these complexes which is a homotopy equivalence.

Real Arrangements
Assume that H is a nonempty real arrangement.
Lemma 20.1 Mazimal elements of L(H) are parallel subspaces.

Proof. We showed in Lemma 4.4 that maximal elements have the same dimension. If
T € L(H) is a maximal element and H € H does not contain T then H is parallel to T'. The
same holds for the maximal element T’. Thus every hyperplane which contains T’ either
contains T or is parallel to T It follows that T and T” are parallel. O

Thus we may assume that H is essential. Recall the face poset £ = L(H) associated to M
in Definition 4.18 and the order complex K{P) associated to any poset P in Definition 17.2.
We follow Salvetti [170] to show that there is a natural embedding of the order complex
K(L(H)) in V. Given two points up,uy € V, their join ug * u, is the line segment between
g and uy:

ug* uy = {(1 — Nug + duy, X € [0,1]}.

This may be iterated for the affine independent points ug,...,ur, k < £ to obtain their
convex hull, a k-simplex denoted ug * + - - * ug.

Definition 20.2 Let M be an essential real hyperplane arrangement. Define e maep ¢: L —
V which sends each face Q to a point v(Q) € Q. LetV = ¢(L). Thend:L —+ V isa
bijection. Extend it to a map ¢ : K(L) — V as follows. Given a k-simplez [Qo, ..., Qx] of
K(L), let

M[Qos-- -, Qs]) = v(Qo) * - - *v(Qy).
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Figure 30: Dual cells

The Homotopy Type of the Complement

Definition 20.7 Let A be an arrangement in V and let H be a real hyperplane arrangement
in V. We say that A is embedded in H if AC L(H), and write AC H.

Proposition 20.8 Every arrangement A in V is embedded in some real hyperplane arrange-
menl M in V.

Proof. Define the real hyperplane arrangement H by the kernels of the real and imaginary
parts of theay for He A. D

Definition 20.9 If H is a real hyperplane arrangement, define for X € L(H)

Nu(X) = 1@ e L(H) | X < Q1)

If A is a complez arrangement in V then embed A in a real hyperplane arrangement H in

V. Since AC L{H), we may define Ny (A) C L(H) and My(A) C L(H) by
Nu(A) = | Na(X), Mu(A) = L(H) \ Nu(A).

XeA

Note that My(X) is the set of faces whose union is X. Thus Ay {A) is the set of faces whose
union is N(A) and M»(.A) is the set of faces whose union is M(A).

Proposition 20.10 Let D = D(H) be the disk in V with triangulation K(H) constructed in
Theorem 20.5. Let Ny(A) = DNN(A). It is a full subcomplex of K(H) which is a geometric
realization of K(Ny(A)).

Proof. In general the union of full suhcomplexes may not be a full subcomplex. In our case
minimal elements are incomparable and we are taking saturated intervals above them. D
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Theorem 20.11 Let My((A) be the largest subcomplez of K(H) disjoint from Ny(A). Then

(1) the finite simplicial complexr My(A) is a geometric realization of K(My(A)),
(2) My(A) is a strong deformation retract of the complement M(A),
(3) the homotopy type of My (A) is independent of H.

Proof. Part (1) follows from Proposition 20.10. The deformation retraction of M(A)
onto My (.A) is done in two stages. First use Theorem 20.5.3 to get a strong deformation
retraction of the pair (V, N(A)) onto (D, D N N(A)). This shows that M(.A) has the same
homotopy type as D\ D N N(A). It follows from Proposition 20.10 that (D, D N N(A)) is
a polyhedral pair with triangulation (K(*),N#(.4)). Since Ny(A) is a full subcomplex, it
follows from a standard result [133, Lemma 70.1] that My{.A) is a strong deformation retract
of D\ DN N(A). Part (3) follows from (2). O

Definition 20.12 For P € L let Lp = {Q € L | Q < P} be the segment below P. It
consists of all faces whose closure contains P. Let E(P) = K(Lp). It follows from Lemma
20.6 that E(P) is a triangulated disk with center v(P), whose dimension equals codimP.

Proposition 20.13 The space My (A) is the total space of a regular cell complez

My A= |J EP)

PeMnl(A)
with E(P) = Ug<pE(Q). O

Although the description of the complex My (.A) is easy, even the simplest examples contain
far too many cells to be of much use for explicit calculations, see Examples 20.17 and 20.18
below.

Complexified Real Arrangements

We turn to the special case of the complexification of a real arrangement. We show first that
it suffices to consider central arrangements. Suppose A is a complex hyperplane arrange-
ment. If A is not central then consider cA and recall that M(cA) = M(A) x €. Thus
for the topology of the complement of a complex arrangement it suffices to study central
arrangements. Now suppose A is a real arrangement and Ag is the complexification of A.
Then Ag is central if and only if A is central. Thus we may assume that A is central.

Proposition 20.14 Let A be a central real arrangement in V. There is a natural embedding
of its complexification A¢ in H = A x A

Proof. View V@ C=V @:V. Let H € A be the kernel of the real linear form ag. Since

ap(z + 1y) = ay(x) + iay(y), it follows that z + iy € keray if and only if z € keray and
y€keray. O
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The complex W is also a regular cell complex. Given (P,C) € £ x C with P > (. let
D(P.C) = {w(Q,QC)| Q < P}

viewed as a set of vertices of W. Introduce a partial order in D(P.C) by w(R,RC) <
w(S,S5C) when R < S. Let K(D(P.C)) be its order complex. It follows from the definition
of W that the inclusion of vertices K(D(P.(')) — W extends to a simplicial map which is
an embedding. Let D(P,C) denote its image. It follows from Lemma 20.6 that D(P,C)
is a triangulated disk with center w(P, ') whose dimension is codimP, and 3D(P,C) =
UgerD(Q,QC).

Proposition 20.21 The complex W has the structure of a regular cell complex:

w=|J Do) o

P>C

We return to Example 20.17 of two lines in the plane. Here W has four 2-cells of the form
D(0,C), where 0 is the origin and C is one of the four chambers of £. To check how these
cells fit together we must compute their boundaries. It is easy to see that they form a torus,
which is known to have the homotopy type of the compiement.

Fxample 20.18 of three concurrent lines in the plane is more interesting. Here W has six
2-cells D(0,C;), 12 1-cells D(P:, C;) with P > C;, and six 0-cells D(C, C;). The attaching
maps are computed using the boundary operator: 3D(0,C}) is the union of six 1-cells
and six O-cells. The 1-cells are in cyclic order D(Pis1,Ci)y O(Pryz, Crs1)s D(Prass Crya),
D(Prs4sCrsa)s D(Prys,Crys), D(Pe.Ci). Recall from Example 19.4 that the complement
has the homotopy type of (5! V §') x §1. This is not even obvious from this complex W.

The Homotopy Equivalence

Arvola [13] constructed an explicit simplicial map M — W which is a homotopy equivalence.

Lemma 20.22 For each noncoplanar peir (P,Q) € LxL let $(v(P,Q)) = w(P, PQ). Linear
erlenston of ¢ defines a surjective simplicial map ¢ : M — W.

Proof. Note that ¢ is defined for every vertex of M. It follows from Proposition 20.19 that
its image is in the vertex set of W. To show that ¢ is simplicial let

6= {v(P,Q1).... . v(Pe.Qu)}

be a simplex in M. Here P, > ... > P, Q; > --- > @, and (P, Q,) are noncoplanar for

1 <1 < k. Then ¢(6) has vertices

{w(PL PQu). ... .w(Pe. PQ1) ).
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Let C = P,Qi. We claim that ¢(8) = A(P, > --- > P;;C). It suffices to prove that
PiC = PiQifor 1 < i < k. Since P, > P, it follows that ¢(P;) C ¢(P,) and hence P.P, = P.
Thus P.C = P,P\Q, = P.Q,. It remains to show that P,Q, = PiQ:. This is clear for
kg ((P). T k € ((P,) then k ¢ ((Q:) because ((P:) N¢(Q:) = 8. Suppose k € ((Q1). Then
k & ((Py) because ((P} N {{@Q1) = 0, contradicting ((P:) C ((Py).

Given the simplex A = A(P, > --- > P;C) in W with P, > C, let § be the simplex of

M with vertices {v(P,,C),...,v(P;,C)}. Then ¢(8§) = A. D
In the next resnlt we need the following theorem of M. Cohen [40].

Theorem 20.23 A simplicial map of a finite complez onto another which has contractible
fibers is a homotopy equivalence. O

Theorem 20.24 The simplicial map ¢ : M — W is a homotopy equivalece.

Proof. By Theorem 20.23 it suffices to show that ¢ has contractible fibers. Fix a simplex
A=AP 2 -2 P;C) with P, 2 CinW. Let My = ¢~1(A). Let Lo = {P,,..., P}
be the corresponding linearly ordered subset of £. The subarrangement Ajp,| consists of
those hyperplanes which contain P,. There is a unique chamber D € C(Ajp,)) with C C D.
Let Ta = {@ € £ | Q@ C D}. 1t is important to note here that in general D ¢ £ so0 Q
and D are related only as subsets of V. Recall that each face Q may be viewed as a map
Q: A — {+,—,0}. With this notation Ty = {Q € £ | Q(H) = C(H) forall H € App,}.
Let Ma = L4 x Ta. Note that May C M. It suffices to show that (P,Q) € M, are
noncoplanar. Since Q is contained in a chamber of Ap), ((P;) N ((Q) = 8. The conclusion
follows from {(P;) C ((P;). Thus K(M,) C M.

We show next that K(Ma) = Ma. Suppose @y > - - - 2 Q. and (P,,Q,) are noncoplanar
for1 <i<k,and L@, =C. Let § = {v(P,,Q1)....,v(P:,Qs)}. To show that 4(6) = A
it suffices to prove that for all H € Ajp, we have P.Qi(H) = P,C(H) for 1 <i < kif and
only if Qi(H) = C(H)for 1 <i < k. Fix H € App,). For thoee values of ¢ with P(H) =0
we have Qi(H) = P,Q:(H) and P.C(H) = C(H) so the equations are equivalent. For those
values of ¢ with P;(H) # 0 both equations hold. We have P,Q:(H) = P.(H) = P,C(H) from
the definition. On the other hand P;(H) = 0. Since C(H) = PiQy(H) = Qi(H) # 0 and
Q1 2 Qi, we have Qi(H) = Qh(H) = C(H).

Set Ta = K(7a). Our argument shows that there is a homeomorphism of underlying
topological spaces: |Ma| ~ |A| x |Tal. Since T, is the face poset of an arrangement in the
affine space D, the complex T, is the triangulation of a disk by Lemma 20.5. In particular
it is contractible. D

Corollary 20.25 If E(P,Q) is a cell in M then ¢E(P,Q) C D(P,PQ). Thus the map
¢: M — W is a cellular homotopy equivalence. Given C € C and P > C we have

¢7'(D(P,C)) = (E(P.Q) | Q € Twpgy}. O
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Admissible Graphs

Let A be an arbitrary complex 2-arrangement..

Lemma 21.4 After a suilable lincar transformation we may assume thal A safisfies:
(1) There is no hyperplane in A of the form ker(zy — ¢) for any constant ¢ € €.
(2} If p.p’ € P are distinel wmultiple poinis then 2{p) £ 7/{7'}. DO

Thus we may introduce a linear order in P by
p<p <= ni(p) < nlp). pr€P.

The main tool in the proof of Theorem 21.3 is to sweep R with a family of real 2-planes
parametrized by 1 € R:
={qe €]zl =t)

The fact that A is a complexified real arrangement in Theorem 21.3 implies that the planes
K, pass throngh all the multiple points. This turns out to be crucial in the argument. For
an arbitrary complex 2-arrangement we may not assnme that all the multiple points have
real first. coordinates. Thus the planes K, may miss some mmitiple points. If we consider
the same family parametrized hy 1 € € then we lose the advantages of a one-dimensional
parameter space. The right gencralization is to let the parameter space be the graph of a
piecewise lincar (PL) map f: R — R in the complex line parametrized by z,. We assign to
[ the one- parameter family of 2-planes defined for £ € R by

K(f) = {qe €| z(q)=t+if(1)}
{ee R* | (@) =t, milq) = f(N}.

We call f the graphing map. Choosing [/ = 0 we get K, = K(0). Let H € Abeca
hyperplane. By Lemma 21.4.1 the set H N K,(f) is a single point in R* whose coordinates
are continmous in the parameter {. Recall that N = |Jye 4 I and [A] = n. Consider the
set N N K (f) for a fixed value of £. This set consists of n distinct pointa unless there is a
mnltiple point p € P with p € K,(f). This occurs when f = ,(p) and f(?) = yy(p). In this
case the set consists of n — v(p) + | points where v(p) is the number of hyperplanes through
p. It follows from Lemma 21.4.2 that for a fixed value of { at most one multiple point may
lie in NN K,(f).

Definition 21.5 Let T = U,cq N N K((f) and a..%.:a ils projecied images
= 6T}, = ¢'(T}).
Lemma 21.8 For H € A the set HN T} is PI, homeomorphic to R.

i

Proof. Suppose H = ker(ayz; + a32; + c), where ay,az.c € €. Write ax = o + i} for
k = 1,2, and ¢ = v 416, Separate real and imaginary parts and substitute 7, = ¢, y, = f(1).
By Lemma 21.4.1 we can solve for 75,y,. O

As in the case of complexified real arrangements, it is necessary for the family of planes
K {]) to contain all multiple points.

176

[ ¥

®

Figure 32: A 3-graph

Definition 21.7 The graphing map [ is proper if every maltiple point is in T'}. Thus
p € P = yi(p) = f(z:1(p)).

We shall assume that all graphing maps are proper.

Suppose that A is a complexified real arrangement. Then we may choose the graphing map
f = 0. Note that [ is proper. In this case (R?, -.J is precisely the real graph of A and
(R?,T7) is the natural embedding of the real graph 53 R3.

Since f is proper there is a natural graph structure on ' with vertex set V¢ = P. The
edges E* are of two types: bounded and unhounded. Each bounded edge joins two distinct
verlices with a piecewise linear path. The unbounded edges are paths starting at one vertex
and running off to infinity. Addition of a vertex at infinity would make this a graph in the
sense of Definition 7.1. Since the roles of the bounded and unbounded edges are different,
it i more convenient to think of T4 this way. Two distinct edges are either disjoint or meet
in one vertex. It follows from _h!:_r 21.6 that the real line H N T} is & union of edges.
Conversely, each edge is contained in a unique H € A. We call the pair (R4, T}) with this
graph structure the 4-graph of A relative to f.

Since vy = f(1) on T'}, the projection ¢* induces an isomorphism ¢° : s ~ T3 Let
V3 = ¢3(V*) denote the <..1.=.ma of '] and let E* = ¢°(E*) denote the edges of _,_n Thus the
pair I'} C R? is also an embedded 85?::3:1 graph. We call the pair (R?,T}) with this
graph #..:n::i the 3-graph of A relative to f.

It. follows from Lemma 21.4.2 that the restriction of the projection 6 : I'} — T} to V3is
a monomorphism. Call P = ¢(V?) the set of actual vertices of I'}. Note .._.ap su P—P
is a hijection. The projection ¢ is not necessarily a :3:0503_:.5 on the interiors of the
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By Lemma 21.12 we may introduce a linear order in V as follows:
v <V 2 r(v) < 1y (V). v eV

Qur next aim is to describe the hehavior of the edges near a vertex. Let v € V he a
vertex. Since the vertices are linearly ordered, we may choose real numbers #,.1, € R,
11 < 7{v) < 13 50 that v is the only verfex in the strip S = {m € R?{ ¢, < ry(m) < 1;). Let
C, = {m e R?| x;(m) = {,} be the boundaries of S. By choice neither boundary contains a
vertex of I'3. Thus these lines intersect cach of the n traces of A exactly once in the interior
of an edge. For i = 1,2 let E(2) = (e4(),...,e(7)) be the ordering of those edges which
meet C;, ordered by increasing r;-coordinates of the intersection points {C,NH | H € A}
I ex{1) € E(1) does not contain v then ei(1) intersects both C; and C; so e(1) € E(2). If
ex(1) contains v then there is a unique edge €}, € E(2) which also contains v and lies on the
same trace as e;(1).

Proposition 21.13 Let j be the first indez for which e;(1) contains v and let k br the last
such inder. Then

E(2) = (e)(1),.... e, a(Deh eh_yo. .. 8] e e (1), en(1)).

Proof. The only vertex between C,; and C; is v. Since the graphing map is flat, there
is a neighborhood of v in S where the traces which contain v form a lincar pencil. Thus
{ei(1) | j <1 < k] are precisely those edges of E(1) which contain v and the subscripts of
the corresponding edges {e! | ;7 < i < k} which meet C; and lie on the same trace occur in
reverse order: €;(2) = ¢}, €;,4(2) =€,_,....e(2) = ¢}. The edges e;(1} fori < jand i > k
do not contain v. Thus they also occur in E{2) and retain the position they had in E(1):
¢(2) = &(1) for i < j and i > k. In particular if v is a virtnal vertex then k = j + 1 since
only two traces containv. O

A regular 2-graph contains almost all the data necessary to obtain a presentation for
71(M). The only place where information is lost in the projection ¢ : T} — I'} occurs at
the virtual vertices. Here the images of disjoint edges intersect and we cannot reconstruct
their relative positions in the 3-graph from the 2-graph. Suppose q € Q is a virtual vertex
in an admissible 2-graph. Let E, E’ € E? auch that q € &(intE) N ¢(intE’). We want to
mark q to indicate whether it represents an undercrossing or an overcrossing of E and E’
in I'}. Since ¢? = ¢¢° and ¢? is an isomorphism, we may determine the relative positions of
the corresponding edges in —,“. The advantage is that these edges lie in unique hyperplancs
of A. Suppose q € HNH'. Let H = r~'(H) and H' = r~Y(H'). Then H,H' € A are two
hyperplanes such that there exist ¢, € T4, ¢ # ¢.q€ H, ¢ € H' and #*(q) = q = ¢*(q').
It follows that ,(q) = zi(q) = zi(q’) for k = 1,2. Since y(q) = f(2,(q) = ys(q’), the
points ¢,q" differ only in their y; coordinates. We adopt the following convention.

[

Definition 21.14 Supposc q € Q is a virfual vertrz in a reqular 2- graph T}. Chaose a real

number ¢ < 14(q) sufficiently closc to y(q). Recall that HNK () and H'O0 K. (f) are points

180

in I'{. Assume that H and H' are labeled so that z3(H 0 K (f)) < 22(H' N K f)). Call the
virtual verter q positive if y2(q) < y2(q"). and negative otherwise.

“all a reqular 2-graph I} admissible if its graphing map f is flat, its vertices and nodes
satisfy the conditions of Lemma 21.12, and ils virtual vertices are marked by + according
to this convention. We shall assume that all 2-graphs are admissible and simplify
notation by writing T = T .

Note that in case A is a complexified real arrangement, the choice of f = 0 provides a regular
2-graph with no virtual vertices or nodes. Thus I'(LA) = '} is an admissible graph.

/
e

f 4 /J.,.__..,_;#

virtual (—)
vertex

iy v u;

Figure 34: An admissible graph

Arvola’s Presentation

First we represent the manifold M as a union of submanifolds suitable to apply van Kampen's
theorem. This decomposition is done using I'. Choose a finite set of real numbers T C R
such that

1) {y;}u{v;} CT, and

(2) if v.v' € V with zy(v) < z4(v') then there exista t € T such that z,(v) < t < z(v').
Suppose T = {tg,....1,}. where tg < --- < {,.
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where

’

q = Q»AA:
O = gin(Q)”9.
If q is a neqative viriual verter contained in e,(i — 1), e,41(¢ — 1) then we get

-1
,e“ = 3?:.5:::
g,41(q).

’
LTS

Proof. Recall that R? is the span of the coordinates x,,z2,y; and define M’ = M, N R
Then M’ is a strong deformation retract of M,. The subspace M’ is the complement of a
braid which has a single crossing hetween the strands numbered j.j + 1. If q is a positive
vertex then as x; goes from {;_y to /, the loop labeled g;(i — 1) passes under the loop labeled
g,41(1 — 1) in the 3.y, plane. If q is a negative vertex then the loop labeled g,(i — 1) passes
over the loop labeled g (¢ — 1) in the z,.y, plane. The required relationship between

G(r — 1) and G(i) is a consequence of lemma 21.19. O

Lemma 21.21 Suppose S, contains the actual vertex p € P. Let j be the first index for
which e;{t — 1) contains p and Irt k be the last such indez. Then

G} =(91(pP).- ... 9i-1(P). Gk Ghors- - Fja1 05 Geaa (P L 0a(P))

where
g = 4P
&: = .5.:::.-13
.&3 = SSAE_:::.F:;

g = &LE?L.E:.E (8

Let Rp = [gr(p), ..., q;(p)] be the set of relations of Definition 21.2. Observr that the gener-
alors adapted Lo p occur in the relation symbol Ry in the order reverse lo their order in the
generalor aymbol G(i — 1). Then

*1(M:) = (g1(p),....9n(pP) | Rp).

Proof. After a suitable isotopy of the strip we may assume that we have the corresponding
strip of a real arrangement. For simplicily of notation we analyze the situation illustrated
in Figure 36 where the traces are H,.. .., H; and the generators adapted to p are (i — 1) =
(a.b,c.d.e, f). It follows from Proposition 21.13 that the general case differs from it only in
the number of traces. Write GG(7) = (wy,....ws) and M = M,. We want to show first that

b b »
Wy =a, wy =" oy =d?, g = , we=b wg=f
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Figure 36: A pencil of lines

Recall that R? is spanned by 74, z3,9;. It follows that M N R3 is the complement of the
lines in Figure 36. From this it is evident that the loops a and f slide to the right without
hindrance. Thus vy = a and ws = f.

Choose real numbers s~ and s* 50 that the lines Z~ = ker(z3—37) and Z* = ker(z;—st)
together with C;_; and C; form a box around the vertex p separating the pencil of traces
{Hs,H., Hg,H,} from the traces H, and H, as indicated by the dotted lines in Figure 36. The
subspaces

{me M| zy(m) =357}, {m e M | z;(m) = s*}

are contractible. Thus the three sets of loops {a}, {b,c,d,e} and {f} are independent in
7 (M). Let p € P be the unique multiple point with ¢*(p) = p. Set M, = {me M | s~ <
z2(m) < s*}. Let S, be the 3-sphere centered at p of sufficiently small radius A so that Sy
is contained in the closure of M,. Assume without loss of generality that p is the origin and
A = 1. Consider the map ¢ : R* — {0} — S, given by ¢¥(m) = m/|m|. It induces a strong
deformation retraction of M, onto M, N S). For ¢ = b,c,d,e let H, denote the hyperplane
linked by the loop o, and set A, = H,NS,. Then A, are mutually disjoint embedded circles
in Sx and thus M, N S, ia the link complement

Ss—(MUA.VHLA,).
Consider the stereographic projection Sy — (0,0,0,1) — R® given by

1 Al T2 )
l—pm' -y’ 1y
The point (0,0,0,1) € S, may be deleted without changing the fundamental group and thus
we may considet the situation in R>. This is illustrated in Figure 37. The solid half-circles
pass above the plane of the figure. The dashed half-rircles pass below the plane of the figure.

(1,91, 22,42) = (
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22 The Cohomology Groups of M(A)

In this section we determine the cohomology groups I1*(M:Z) and the ring structure of
H*(M:Z). These results prove Arnold’s conjectures.  Bricskorn [33] showed that the
groups HX(M:Z) are free and obtained the direct sum decompaosition of Lemma 22.15 us-
ing technigues from algebraic grometry. He also proved thal the Z-algehra generated hy
the forms (1/2xi)wy and 1 is isomorphic to the singular cohomology H*(M;Z). In [142]
Brieskorn’s Lemma 22.15 was used to show thal the Poincaré polynomial of M({.A) eqnals
the Poincaré polynomial of A. The Poincaré polynomial was then used to prove the iso-
morphism R(A} ~ A(A). This provides a description of H*(M) in terms of generalors and
relators. In [139] we used Brieskorn’s Lemma 22.15 to prove that for an inductive triple
(A. A", A") the long exact sequence in homology of the pair (M(A'), M(.A)) splits into short
exacl sequences

0 — HE (M(A)) — H*'(M(A)) » HHM(A") =0,

and that this splitting is equivalent to Brieskorn's Lemma. We remarked there that a direct
proof of this splitting would provide a conceptually simpler argument for Brieskorn’s Lemma,
which avoids references Lo algebraic geometry. Such an argument appeared in a recent paper
by Jozsa and Rice [105]. They use an exact sequence in de Rham cohomology. We give
another elementary proof here. 1t is based on our work in the algebra R(.A). In this section
all homology and cohomology groups have integer coefficients.

The Thom Isomorphism

We begin with a topological interpretation of restriction and deletion.

Definition 22.1 Let (A. A’, A") be a triple of arrangements with distinguished hyperplane
Ho€ A Let M = M(A), M' = M(A'), M" = M(A").

Since M and M’ are open subsets of V, they are complex manifolds of complex dimension
f.

Lemma 22.2 (1) M = M'\ M",
(2) M" = M’ (Y H,,
(3) M"” i a submanifold of M' of complez codimension one.

Proof. Assertions (1) and (2) are clear. For (1) note that Hy has codimension one in V.
The conclusion follows since M” is open in llp and M’ isopenin V. O

Lemma 22.3 The submanifold M” C M’ has a tubular ncighborhood E C M’ which has

the structure of a trivial € -bundle over M".
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Proof. View M’ as an open smooth manifold of complex dimension ¢ and M” a smooth
submanifold of complex codimension 1. The existence of the tubular neighborhood is a
general fact, see {95, p.110]. The bundle is trivial because it is the restriction of a bundle
over a contractible space. O

Call the complex line bundle ¢ = (E, M",p) and view E as a subset of M’ with inclusion
map g: E — M'. Let Ey be the complement of the zero section in E. We may identify the
zero section with M" and Eo = E\ M”. By Lemma 22.2.1 M = M’\ M" so we have

ENM=EnM\EnM' =E\M" = FE,.

Lemma 22.4 Let £ = (E,M",p) be a tubular neighborhood of M” in M’. Then there are
isomorphisms for k > 1
T HYY M, M) — H*-Y(M™),

Proof. Since Ey = ENM the embedding ¢ : E — M’ is an inclusion of pairs ¢ : (E, Eg) —
(M’ M). This inclusion is excision of the closed subset M’ \ E C M and therefore ¢* is an
isomorphism. Let z : M" — E be the zero section. Since (E, Ep) > M" x (C,€*) we have

isomorphisms H*-1(M") r H*-'(E) 5 H*\(E, Ey). Here r is the Thom isomorphism for
the trivial bundle £. Then r = 2°r~'¢*. O

Corollary 22.5 For k > 0 there is a cohomology long ezact sequence
oo MM S YO S BT S MY
where ¢ = 76 and ¢ = j°r~t,
Proof. Consider the long exact sequence of the pair (M’, M) in cohomology:
v HYM) S HY M) S Y M) D ey

We may use the isomorphism of Lemma 22.4 to replace H**'(M’, M) by H*-'(M"). This
provides the required long exact sequence. O

Definition 22.6 Let H = keray and let My = V\ H. The map ay : V — C restricis
to ay : My — C°. Choose the canonical generator of H'(C") as (1/2xi)(dz/z). Define a
rational I-form

=) don
= 2%t ap
on V. Let (ny) be the cohomology class of ny in H'(My). Then
_ a1 dz )
(7n) = ay(5:) € H(Mg).

Denote the cohomology class of ny in H'(M) by [nu). Let in : M — My be the inclusion
map. Then Iy = i3 (nn).
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This shows that there are no relations in cohomology other than what is imposed by the
algebraic relations. We showed in Theorem 12.13 that there is an isomorphism of algebras
A{A) ~ R(A) which sends ay to wy. We may apply this result when A = Z to obtain a
structure theorem for H*(M;Z) in terms of generators and the relation ideal.

Theorem 22.14 Lel A be o compler armngement and It A — ALAY. The map ay —
[(1/275)wn} induces an isomorphism A — H*(M) of gradrd Z - algrbras. O

This isomorphism is the common thread between the algebra factorization A(cA) ~
(K 4 Kapg) @ A(A) of Theorem 10.1 and the topological factorization M(cA) ~ M(A) x €*
of Proposition 19.1.

The next result is due to Brieskorn {33). His proof involves some Lefschetz type results
from algebraic geometry. Alternate argnments were given by Falk {59], by CGoresky and
MacPherson {76}, and by Jozsa and Rice [105].

Lemma 22.15 (Brieskorn) Let A be a nonempty compler arrangement. For X € L{A)
It My = M(Ax). For k > 0 therr are isomorphisms

o @ HH(Mx) — HM)
Xely

induced by the inclusion mapsix : M — My.

Proof. By Theorem 22.14 there exists an isomorphism A(A) — JI*(M(A)) of graded
Z -algebras. By Corollary 8.27 we have natural isomorphisms for k > 0

@ A(Ax) = Ar(A).

Xely

Therefore we have natural isomorphisms for k£ > 0

@ M40 - HY(M(A). O
Xeln
Definition 22.18 Let b(M) = rank/IP(M) be the Betti numbers of M. The Poincaré
polynomial of the complement is
Poin(M(A),1) = M b (M),
P20

Theorem 22.17 Let A be a compler arrangement. Then
Poin(M{A),t) = n{.A,1).

Proof. If A is the empty arrangement. then M(A) = V and Poin(M(A).1) = 1. It follows
from Theorem 22.11 that Poin{ M(A),#) satisfies the same recursion under deletion and
restriction as x(A.1). Thus they are equal. O
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Proposition 22.18 Lect A be a real f-arrangement defined by Q(A). The complement M(.A)

ts an algchraic variety.
Proof. Consider R*' with coordinates 19, ),...,2s. Then
MA) =z e R | zQ(A)=1}). O

Corollary 22.19 (M-property) Let (Ar,VR) be a real arrangement and let (Ac, Vi) be
its complerification. Let Mp = M(AR) and Mg = M{Ag) be the real and complez comple-
ments. Let b{Mg) and b(Mc) be their reapective Betti numbers with coefficients in Z/2.
Then My has the M -property:

Y biMr) = Y bi(Me).

>0 20

Proof. Since Mp is a disjoint union of chambers and each chamber is contractible, b;( Mp)
0 for i > 0 and by(Mp) is the number of chambers. By Theorem 6.21 we have by{ Mg)
x(Ag,1). By Theorem 22.17 we have

3 b Me) = Poin(M(Ac), 1) = (e, 1).

20

The result follows from the fact that L(Agr) = L(A¢). O
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Good Subspaces
Definition 23.9 (all Y a good subspace of V if il salisfics the conditions of Proposition
23.8.

Proposition 23.10 let v € M(A). If x(v) € M(A/Y)\ B then
(1) Hor = I, and
(2) the map o, : L, — A, is bijective.

Proof. (1) It follows from Lemma 23.6 that Hor C L,. H X € L, then v € X + ¥ and
r(r) € p{X). W lollows from #(v) € B that X € Hor. Thus L, C Hor.
(2) The map is surjective hy Definition 23.4. Let X,.X,; € L, with #(X,) = ¥(X;).
Then
P+ YVINXi=(w4+YV)NXa=(n+Y)N{(X; N X} # 0.

Thus XyN X, € L, =Horand Y 4 (X, N X;) = V. We also have
dim(Y N X,) = dim(¥Y N X;) = dim(Y N X, N X,).
Hence

dim(X; N Xa)

dimY + dim(Y 0 Xy 0 X3) — dim(Y + (X; N X2))
= dimY +dim(¥Y N X,) - dimV

= dimY +dim(Y N X;) - dim(Y + X;)

= dimX.

This implies that X, = X, N X;. A similar argument shows that X; = X, N X, and hence
Xy = X;3. Thus ¢ is injective. O

Corollary 23.11 IfY is good then ¥, : L, — A, is a bijeciion for all v € M(A). O

Proposition 23.12 Suppose Y € L. Then Y is good if and only if Y is a modular clement.

Proof. Since Y € L we have Y = Y. Suppose X € Cy. [ Y is good then by Lemma 23.6
wehave X € Hotand V=X 4Y. Thus XAY =V = X + Y. It lollows from Lemma 4.26
that (X.Y) is a modular pair. Since this holds for all X € Cy it follows from Lemma 4.30
that Y is a modular element.

H Y is modular then X + Y = X A Y for all X € L. In particular Hor = Cy and Y is
good by Lemma 23.6. O
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Good Lines
In the rest of this section assume that dimY = 1.
Lemma 23.13 For all v €¢ M(A)

Hor = {V}iU {A\ Av}

-

{XelL, jr(X) <1}
Proof.

XelL,and r(X)<1 veEX4+Yand dimX > (-1

Au
HXH«\SA_\N\&&E&SXHQIC
< X=VorXecA\Ay

&> X+Y =V

< XeHor. O

Lemma 23.14 For all v € M(A) we have ¢(Hor) = A,.

Proof. Suppose X € L,. Then ¢(X) = (v+Y)N X € A,. There exists H € A such that
XCH.WH € Ay then v € X +Y C H. This is a contradiction because v € M(A). Thus
H e A\ Ay. 1t follows from Lemma 23.13 that H € Hor and $(H) 2 ¥(X) # 0. Since
dimY =1 and Y € H we see that ¥(H) is a point. It follows that ¢(H) =¢(X). O

Remark 23.15 Let C, = €\ {0,1,....(k — 1)} be the complez line with k integer points
removed. It is known that C is homeomorphic to the complement of any other k points in
€. thus we may abuse notation and use C, fo denole any one of these spaces. It is also
known that Ci is homeomorphic to Cy, if and only if k = m.

Theorem 23.18 Let (A, V) be an casential central (—arrangement and lel Y be a subspace
of V with dimY = 1. The following foxr conditions are equivalent:

(1) The map r : M{(A) —= M(A/Y) is a fiber bundle projection.

(2) Each fiber of x is homeomorphic to Cy where k = |A\ Ay].

(3}Y is good.

(4) V is a modular element with r(V) =€ — 1. In particular Y =¥ € L.

Proof. (1) & (2) Since dimY = 1,if X € L, \ {V) then (v 4 Y)N X is a point. Thus the
fiber F, = x~'x(v) is C», where m = |A,| — 1. 1t follows from Proposition 23.10 and Lemma
23.13 that if v € M(A) and »(V) € M(A/Y)\ B then

Q) 14.| = |L,] = [Hor| = | A\ Av| + 1.

Since B is a proper Zariski closed subset of M{A/Y), the generic fiber is Cy where k =
JA\ Ay|. Remark 23.15 completes the argument.
(3) = (2) This follows from (*) and Corollary 23.11.
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24 Related Research

Minimal Models

We start with work of Kohno [108], [110] and Falk [61] who use the theory of minimal
modeis to establish a connection beiween m{M{A)) and H{M{A)). First we d
terminology and describe some general resulis of Sullivan [185) and Morgan [131]. Griffiths
and Morgan [81] gave a detailed exposition of this work.

All vector spaces and algebras are over the rational numbers Q. A differential graded
algebra (DG algebra) A is a graded vector space A = M;>9A* with a degree | coboundary
operator d : A = A and a prodnct A: A' () A7 — A These satisfy:

=0,

2)dirAy)=drAy+(=1)zAdyfor r € A,

B rAy=(-)yAzforre A andyec A,

(1) A makes A an associative algebra with unit 1 € A°,

If A° = Q then A is called connected. The anugmentation ideal of a connected algebhra
is T(A) = @;50A". The quotient I(A) = T(A)/T(A) A I{A) is the set of indecomposable
elements. )

Let V be a finite dimensional vector space. Let A,(V) be the graded- commutative algebra
over V where degv = r for v € V. Thus A,(V) is a polynomial algebra if r is even and an
exterior algebra if r is odd. Note that in this case I(A) = V.

Let B be a DG algrbra. Let A be a DG subalgebra of B. The inclusion A C B is called a
Hirsch extension of degree r if for some V there is an isomorphism of graded-commutative
algebras B~ A® A,(V) and the differential d of B satisfies dV C AT+,

Let (M,d) be a DG algebra. It is called minimal if

(1) M° =Q,

(2) there is an increasing filtration of DG subalgebras

Q=M CM CMC--

ihe

such that M = UM,; and each inclusion M; C M, is a Hirsch extension,

(3) d is decomposable: dM C I(M) A T(M).

Let. A be a DG algebra. An i-minimal model for Ais a map p: M — A of DG algebras
such that:

(1) M is minimal,

(2) M is generated by elements of degree < i,

(3) p* : HP(M) — HP(A) is an isomorphism for p < i and injective for p=1¢ -+ 1.

In case i = 00, p: M — A is called a minimal model for A. 1t follows from the work
of Sulfivan {185] and Morgan [131] that il A is a connected DG algebra then an i-minimal
model for A exists for each 1, and il is unique up to isomorphism.

Suppose X is a connected polvhedron. Sullivan defined the DG algebra A = A(X) of
Q-polynomial forms on X. The 1-minimal model M — A is an increasing union of Hirsch
extensions of degree 1

aﬂzcmxs_mznm...
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.>A = C:ch:.

Let V, be the degree 1 part of M,. The differential in M, is determined by its restriction
to V,. Since M is minimal we have:

dly, : Vo = V. AV,
The Lic algebra £, dual to M,, has underlying vector space V,'. The bracket is dual to dly,
[.]:ViAV, SV

The inclusions M, C M,y give rise to maps £, +— L.qy. Induction shows that the C,, are
nilpotent. This constructs from the filtration of the 1-minimal model M a tower of nilpotent
Lie algebras:
c — h_ — hn Lt

Let G be a finitely presented group. The lower central series G, of G is defined by
setting Go = G and Gy, = {G._1,G] for n > 1. Here [Gy,G] denotes the subgroup generated
by elements of the form zyz~'y~' with z € Gy, y € G. The quotients G,,_; /G, are finitely
generated abelian groups. Let ¢,(G) = rank(Ga-1/Ga). The quoticnts G/G, are nilpotent
groups. By a construction of Malcev, see {81, pp.142-145], it is poesible to “tensor” these
nilpotent groups by Q and use the central extensions

0= Guet /G = GG = GfGay — 1

Lo define a Lie algebra structure on (G/G.) ® Q, called £.(G). If G = ,{X) this leads to
Sullivan’s theorem {185}, [131, (5.11)), [81, p.145).

Theorem 24.1 Let X be a connected polyhedron, let p: M — A(X) be a 1-minimal model,
and let
0Ly Ly

be the tower of dual nilpotent Lie algebras. Let G = xy(X). Then L, ~ L,(G) forn > 0.

Since M,, is a degree 1 Hirnch extension of M,_;, we have M, =~ M,_; @ A{(W,,) for
some vector space W,. The following is a direct consequence of Theorem 24.1.

Corollary 24.2 Let X be a connected polyhedron with finitely generated rational cohomol-
ogy. Let p: M — A(X) be a 1-minimal model and let G = xy(X). Then éo4(G) = dimW,.

Now suppoee A is an arrangement and M = M(A). Since M is a formal space in the
sense of Sullivan {185, p.315}, we may replace the algebra A(M) of Q-polynomial forms on
M with the algebra A = A(A) defined in section 9. We may view A as a DG algebra with
zero differential so H*(A) = A. Let p: M — A be a I-minimal model.

Definition 24.3 Call A a rational K(x,1)-arrangement if p* : H*(M) — A is an iso-
morphism.
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1t follows from the description that
B(k+3.k) ~C(k+3) x &,.

The arrangement C*(5) is illustrated in Fignre 38 1. is not. known whether the arrangements

B(n. k) are K(x,1).
Proposition 24.8 The discriminantal arrangements B(k + 3.k) are not free for k > 2.

Proof. For k = | we have a braid arrangement which ia free. Write By = Bk + 3. k).
It follows from the Factorization Theorem 1821 that it suffices to show that if there exist
integers a, b such that

x(Be. 1) = (1 + (1 +at)(1 + bt)
then k = 1. If we factor the Poincaré polynomial given in Proposition 24.5 we gt x(B;) =
(1 4 )pe(t) where

(1) = 1+ (1/2)(k? + 5k 4 4)t 4 (1/8)(K* + 65" 4 15k% + 18k + 8)1%.
The discriminant of pi(t) is
D(k) = —(1/)k(k 4+ 1)(k + k — 4).
Thus D(1) =1 and Nk} <O0for k>2. O

Alexander Duality

The algebra A(A) describes the cohomology of M{A). s classes are “torical” in the sense
that they are products of one-dimensional classes. The elements of the algebra B(A) are
“spherical” in the sense of Theorem 17.25. It is natural to ask whether these classes also
have a topological interpretation.

Consider the unit sphere S¥-1 C V and let M = S*'OM, N = S¥-' 0 N. Clearly
M is a strong deformation retract of M. Alexander duality (179, p.296] in the compact
{2¢ — 1)-manifold S¥~! for the compact polyhedron N gives:

Hor(S™1, M) > HY}(N).
Thus for 1 < ¢ < 2¢ ~ 3 we have
H (M) ~ H¥-%(N).

This gives rise to a linking pairing in S?='. Falk {64] interpreted this as a grometric linking.

He constructed an embedding of the complex F(A) in N which induces isomorphism in
homology and in homotopy through dimension (# — 2). It follows from Theorems 17.20
and 17.25 that this is a geometric representation of Hi(A) = B/(A). He also_constructed
embeddings of #-tori in M which represent the £-dimensional homology of M. Then he
showed that these classes link appropriately.

20

Theorem 24.7 Suppose S = (H,,... ) is independent so the cycle

2 = M (1Y (sign®)(Ho, Hia O Hyay .., Hey 00 Hogyy)

€Sym(7)

is a generator of My_o{NY. Let 15 € HAM) be the algebraic dual of ws € H'(M). The

linking number of zg and 1 s £1. O

Figure 39: Falk's Linking

The case ¢ = 2 is illustrated in Figure 39. Let H; = ker(z;) for ¢ = 1,2. Stereographic
projection from (0,1) sends S onto R®. The image of N consists of the vertical axis and
the unit circle in the horizontal plane. The embedded torus

T={{zi,1) € | |nl = L}zl = 1)

in a generator of Hy(M) ~ Z. The Folkman complex consists of one point for each hyper-
plane, F(A) = {P,, P,). Embed F(A) — N by letting P, € H; N §°. The group Hy(N) >~ Z
is generated by the cycle z = (P, — P;). The fact that T and z have linking number +1
follows because we can choose an embedded 1-chain I with @1 = z such that the geometric
intersection I N T is a single point.

Alexander duality in the open 2¢-manifold V = € = R? for the closed polyhedron N
and its complement M givesfor 1 <¢g<20-1:

Hy(M) > HX"*"\(N)

where I, denotes cohomology with compact supports. It would be interesting to give a
geometric interpretation of Alexander duality for all q.

205




200
VCE MY Etetdu .:: \e
(1)~(3) suosenppuo) - (] — u) yuvs fo dnasb sasf v 53 (J)'x uoy) g =) J] T1'¥T Yewdy
o () jo 22uanbasuod ¢ st Yuym

T35 45 005 (i — 1) = (I w4 9% a3 pun *(y) ‘(1) suopunba wolj smoj(o)
aou () ¥ed “(J)yH uo Awoipouow 3yy jo srwoukjod asiRIRIRYD Yy 81 (3)TY Jaym

FH DT V)Y, ()Y = (D) (1)
spenuousjod jo 1onpoid Juiewaay|v ue se passaudxa aq UED UOLIUN vz Y],
“ax-(ut = 1) =00 ()

el PNjUd 3 (g )Xu = (f)X pue u > { S | 10j sjutod

poXy ou sey (y UG .y JO Plojluviu qued paxy Y3 jo dnsuPRITYD SRNG oYy 8t X jeyy

PRsoys JOUpy "y Jo NuA ploj-f A .y Furddews ayy jo soq ZYRPsJ] ayy 8L FX akagy
4

“Pap HW = X

|nWIo) 3y} woyj paynduiod aq uwd Pu— sjuauodxa Ay} Jaym

ufp

-l = D[ =0

Pnposd e se passaidxo oq ued y

Swiddew ayy Jo uorpuny j papy YL ‘[LL-9L°dd ‘gz1] Niom s toupiy Isn am (p) aa0id o,
b8 FE W] ul (g )X Jo uorjRjudeD oy} puv
{g)Xu = (J)X JuliaA00 ¢ Jo D1I8LIAYIRIVYD Ja[N7] Y} 0] R|AULIO 34} Ym 1aY}e30) () wod)
samoy[o) (£) Med (2) pue (1) saacud sy} “suorpeoyiuapt Jeudosdde 2y ¢1m saquasaddy
Yons u jo uoiun ayy Jo ad£y Ldojowoy ayj sey J ‘Bulion0d ploj-u uwe st g — 4 : dd dews
Jdol 3y Jo uOIPLYEA Y} DULG O 123 07 PYACLIAI ${{I0 Y} H¥ PIACWAL IR [[3D IWes 34}
3YND13dAY Yora UL DUIS WY S8IMG, JUEIE ¥ 91 g JO J9A0D [USISAIUN IY) UIY) W01})¥| 133Ut
Y 4q saqnaiad Ly oyul PapIAIPYNS |} ¥8 |_,. [ JO I2A0D [ESIOALUN 3y} JO YuLy) Im || “Jood]d

W= -1 =0

81 (), H vo Awoupouows 3y} fo piwoudijod spsradpvsvys 2y} (f)

‘au = () ()

‘abuns s1yp ur ppiard) 1 wospouows ayp VuIY puL 7 — 3 S ¥ S 049 ()9 =(4)% (3)

(1 — u) yums Jo dnoub uvipgu auf v w1 (f)0e (f)
wyy (L) =w g puw ((Z) =0
BT (23t cctizg) = (g2t tiz)y Rg paonpus Awaapouows ayy vy ()l — (d) ¢
PT (ufrug)dxe = 3 137 daqif souppy PapIIOSED ay) 9q o }9] pub UOILQY s0uppy Iy] 39
D= W DT ujpung Jdoy syy fo uospupas ayy 9q f — N (VIW = W
0ods 0] Ypun Juawabuouup dauIb © 39 Y )37 ¢ < ) DY) Jwnssy O pE Waloay )

R 174

o () ()= ()

VARY oM JSBliRIIY Y 1O} 8M0}|0} 1
Ualy | — ¥ 10J )1 SWIRSEY om JI [ = ¥ 40§ BpPlOY ¥{NWIO) oYy | 'Y UO UOIPINPUL XN AN ‘Jooxrg

(@ ()~ (@)= ()
W0DY IR y < W i¢) G'PT MWW

O w0y §'pg Vo] wolj smojto) (p) Mg “(t)
pue *(g) ‘(1) syed soaoud 1y |, “snodojowoyjjnu are Layy ynq sesse]s Adojowoy Bulysiuvauoy
0 VL1 AT §|[43- 4 PIAOGUIIL Y] JO BIIRPUNOY VY, *\_, ] 3¢ UOINs-(| — ) aurvs ay) wey
Ugf sny ], oI Y} JO 0%} Jo s1ied 0y puv I§Nd Y} JO S0t Yy 0) Fuipuodsarsod )t -7
— u'{ — U SUOIBUAULD Ul 5|0 BUIAOWIDL K¢ | _,, ], WO} PIureIqo 51 O aredsqns & LIOY IR Uoy |
“poyrjuapt sooey ajisoddo Yim aqnaiadAy jeuotsusiip-( | —u) sy se r—ud JORUIYI 9p “Jooayg

(é2 U A1) = (@)X

s1 g Jo oqsraapowsvys samyg Iy (f)

NEE A
(,1.)=tam
1=2531>049f(g)

T-a>a>eef 0= (4 (5)
‘] — u yuva fo uvyaqu sauf 51 ()4 ()
usyl (GIW = W puv ‘g Iy <u
Aoy} —u = |g| ypn puowsbuvisn-(| — 4) uoipsod juasuab v 3g g jo7 §'pT VWWIY

[1vi} Fumopjop quowedueise Husuad v Jo aqy soujipy oy Jo Awoipouour ayy
pue sduosd Adopouwoyos sy SAWod dpy 07 61 WI0VY | 5 oY pue *|Z°G] uotpuya(]
woyy sjusltoduelIe JleUusd ‘gl gl Uoljiuys(] Wwoyj sjuswsduelte uotjisod [wisuad [[eioy

(44 < (4)y

SPUROG JOMO| Jo3 oM g [R10UIS UL Jo3}0p 0} Jopley J1¥ A)UL JO 1001 Yi-u Joyjo oy} Jo
sosedsuddio ol |, Awoipoucui ayy Jo woedsuddio | oy} saquissap siy | (g WH = pasld)yit]
WE am spuoLaos Xajdutos s ABojowoyos s om J1 (4)) /o = LW = H 1e) smojjuj
W Cqy ot @Yy Jo AWS0IPoUsU oy} paf|d s ) Aq uovpessjdiyinw Ag pasuput f — f
dew oy | (1)) Jo 104es0003 € oy wfing? = ) ] C|W] = U 10pao Jo (u)r) duodd nposo sify Ay
uoLpIe volj e sppe 3] 7 g1 uonpisodol | wogy ([),_$) = 4 194y Jouipy ) pue ;) — 1 O
uonjelqy Joupy i ey (V)G = O A4 pouyep juswedueise xoidwio) ferjud v oy | |

JUWaIurIIY I1I2UIS) € JO JoqL ] JOUJIN YL



A central 2-arrangement is always generic. In this case @ has an isolated singnlarity at the
origin. Thus by(F'} = 1 and bi(F) = (n — 1)2. In fact F has the homotopy type of a wedge
of (n = 1)? circles. In this case I3 is the complex line with (n — 1) points removed. Thus
h(73) = 1 and /(B) = n — 1. This agrees with assertions (2) and (3). The characteristic
polynomial of the monodromy on H'(F) may be computed nsing the divisor formula in [129]:

M) =mE, ~ 1) =nn-)E, +1=(n-2)A, +1.
Thus Ay(t) = (1 — £)(1 — 1")*~2, which agrees with (4).

Remark 24.12 It is shown in [10] that the complezification of the Dy arrangement defined
by Q = (r — Mz 4+ y)(r — 2)(r + 2)(y — 2)(w + 2) has by(F) = T while by(13) = 5. Thus the

Milnor fiber is a more sublle invarian! of a non-gencric arrangement.

Arrangements of Subspaces

In a their book [76] Goresky and MacPherson considered real arrangementa of affine sub-
apaces of possibly various dimensions as an example of their general results in stratified
Morse theory. We call these subspace arrangements. In [76, pp.237-244] they computed
the groups H.(M(A): Z) using the order complex of Definition 17.2. They partially order
L{A) by inclusion. Our statement of their theorem is adjusted to agree with our conventions.
Tlere complex arrangements ate also considered as real arrangements.

Definition 24.13 Let (A, V) be a real armngement of subspaces. Let I, = L{A) be the set of
all intersections partially ordered by reverse inclusion with rank funclion r(X) = codimX.
Given X.Y € I with X < Y recall the segment (X,Y) = {Z € L. | X < Z < Y} from
Definition 4.10. Define the segment

X.YV)={Zel}X<Z<Y},
Write K. = K(#) for the corresponding order compleres.
Thus if A is a complex arrangement then the definition of the poset L(A) is the same as in
Definition 4.1, hut the rank function in Definition 4.2 is complex codimension while here it
is real codimension.

Theorem 24.14 The homology of the complement M = M(A) is given by

H(M:Z) = @ 17Ky xy, Kv.x); Z)

Xel

with the convention that H='(9,8) = Z. Thus V contributes a copy of ZZ to Ho(M). O
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Example 24.15 Let A consist of a 3-plane and two 2-planes in R®.
\a_ Iy =Ty = 0
>»“ N—"Hu“ﬂu"@
Az: Ty=x4=25=0.
These subspaces are not in general position. The intersection posel contains in addition to
V = R® and the elements of A the subapaces:
By: riy=z3=23=25=0
By: sy=xy=24=23=0

0: H-"Hu"HH"H."Hﬁ"Q.

The table helow indicates their contributions.

X Tr(X) [ Ky [Kevxy [ o | by ] 6
V] o [} [} 1

Al 2 D° [} 1
A 3 D° [} 1
Ay 3 D° [} 1
B! 4 | D | aD 1
B| 4 | p | ap 1
o|l 5 | p c

Here D* is a k-disk with boundary dD*, and C is an arc in 3D*. It follows that
Poin(M(A), 1) = 1 4t + 422

It is natural to ask which properties of hyperplane arrangements hold for subspace ar-
rangements. The calculation of the fundamental group of the complement has not been
carried out. Suppose A € A has codimension d. We may form A’ and A" as before. Let
M’ = M(A') and M" = M(A"). Then M" has a tubular neighborhood in M’ which is a
trivial d-plane bundle. The Thom isomorphism arguments of section 22 hold and we get the
long exact sequence:

e trAzJ P-o :rsz Isb =v+—ILA=J .Wv :..:At-v . ens

We showed in Theorem 22.11 that for arrangements of complex hyperplanes this sequence
splits into short exact sequences. A similar splitting for arbitrary subspace arrangements
would result in the formula

1)) Poin(M, t) = Poin(M', 1) + t4~"Poin(M", ).

Example 24.15 illustrates that not all choices of A € A result in a similar splitting. The
choice of Ay € A as the distinguished element gives d = 3, Poin(M, 1) = 1 + 2t* + {* and
Poin{M”,t) = 1 4 31. Thus (1) does not hold in this case. It is interesting to note that (1)
holds with either Az or A, as distingnished element.
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Let (7 C GL(V) be any finite group. Let (r. v} = r(r) denote the nsual pairing V*x V —
K. Recall the S madnle of derivations Ders = Derk(S) from Definition 2,18 and the S-
module of differential |-forms Qs = Q}V]. v € Vet D, € Derg be the derivation delined
by D,(r) = (r.v) for r € V*. The spaces S, Ders, and Qs have (7 module structures.

Definition 25.3 lelge G, v eV ae §, 0 € Derg, and w € Qc. Define the (¢ module

structure
(1) in S by (ga)(v) = a(g~ '),
(2) in Ders by (gf)(a) = g(6(g~"a)),
(3) in Qs by (qw)(#) = glw(g™'8)).

Proposition 25.4 The following transformation formulas hold:
(1) g{D.a) = Dgy(ga), diga) = g(da),
(2) 9(D)) = Dyy.  glal) = (ga)(gf),
(9} glaw) = (ga)gw). {(gw.gf) = g{w.f). O

Let R = S® be the ring of G-invariant. polynomials. let Der? he the R-module of
G-invariant derivations, and let ¢ be the R-module of G-invariant differential forms. I
G C GL(V)is a reflection group then Chevalley's theorem [39] describes R, and [118. Lemma
2.21} describes Der; and 0.

Theorem 25.5 Let G C GL(V) be a finite reflection group.
(1) There erist homogeneous polynomials f,..., fr such that R=K[f...., fi}.
(2) The R-module Q1 is free of rank € with basis dfy.....dfs.
(3) The R-module Det% is free of rank ¢ with a basis of homogencous clements. O

A set F = {f\.....[s) which satisfies (1) is called a set of basic invariants for (7. The
polynomials f; are not unique but their degrees d; = deg f; are determined uniquely by G.
They are called the basic degrees. The integers m; = d; — | are the exponents of G. It is
customary to label them in increasing order:

m <...<m,.

A homogeneous basis for Der is called a set of basic derivations © = {6,....0/}. Let
n; = pdegh;. The integers n; are called the coexponents of (;. [t is customary to label
them in increasing order:

™ <... M ny.

If G is a Coxeter group then m; = n;. The following was shown in [187)].
Theorem 25.8 If A is a reflection arrangement then D(A) = S g Ders. O
Thus we get from Theorems 25.5 and 25.6.

Theorem 25.7 If G C GL(V) is a finite reflection group then its refleclion arrangement
A= AlG) ts free withexp A= {ny,...,n}. O
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The gronp G acts on the lattice L(A). The orbits of this action were computed for
irreducible reflection groups in {145] and {146}.

Proposition 25.8 Lel ¢ C GL(V) be a finite reflection group with reflection arrangement
A = A(G). For each X € L(A) with r(X) = p there exist integers 6, ... .aw such that

»
A%, n=T[a+#0. o

We demonstrate such a calculation for the group Gas defined in Example 25.2. Forve V
let G, = {g € G| gv = v} be the fixer of v. For X € L let Gx = NyexG, be the fixer of X.
The group G has five orbits on L(A):

(i) V has fixer the identity group, called Ay,

(ii) the 12 hyperplanes form a single orbit with fixer C(3),

(iii) the 12 lines which are in only two planes form an orbit with fixer C(3) x C(3),

(iv) the 9 lines which are in four planes form an orbit with fixer the group called G, in
the classification,

(v) the origin is an orbit with fixer Gas.

The table below suminarizes what we know about the lattice. The orbits are labeled by
their fixers. The entry in row i column j is the number of elements in orbit j contained in
an element in orbit {.

AJCEHTCOY GG [0 [0 [ &
Ao T 12| 12 [9]1 fi[4]7
folt)] 1 2 (3]l §r]4
c@y 1 (o1 p1
G, 1)1 {1
A.-«su 1

It i clear how to compute 5% if X is a line in the orbit C(3)? or Gq. If X is a plane in the
orbit C(3) then AX is a 2-arrangement with |AX| = 5 and hence x(A¥,8) = 1 + 51 + 4% =
(144)(14-4¢). Finally, to compute x(.A, ) note that if X is in the C(3) orbit, then u(X) = -1,
if X is in the €(3)? orbit then it is in two planes so p(X) = 1 and if X is in the G, orbit
then it is in fonr planes so u( X} = 3. This allows calculation of u({0}) = —28. Thus

(A0 =1 41204 1202 4 2707 + 288 = (1 4 ¢)(1 + 48)(1 + 71).

Proposition 25.8 motivated the conjecture that the restriction of a free arrangement is
free. We would need to know not only that A¥ is free but also that exp A = {b),... 6%}
In all the examples we have compnted this is true, but we have been able to prove it in only
one case [151}:
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holds in particular for the groups defined in FExample 25.1. The fundamental groups xy( )
are not. known for all ;. They were computed for £ = 2 by Bannai {15].

Regular complex polytopes were introduced by Shephard [175]. Their symmetry groups
are irreducible complex reflection groups and we call them Shephard groups. There are
finite irreducible complex reflection groups which are not Shephard gronps. There are also
Coxeter groups which are not Shephard groups. Coxeter _:_ showed that every Shephard
gronp admits a presentation with generating reflections sy, ..., 2 and relations

() L= 1<i<e

(6) 8% ... = 88 i#]

where p; > 2 are integers and there are a certain number ¢, ; = ¢;; > 2 terms on hoth sides
of equation (6). Not all complex reflection groups admit such presentations.

To each Shephard group ¢ we assaciate a Coxeter group W by replacing p; by 2 in (5).
The group W is uniquely determined by & up to isomorphism. Thus (7 and W are both
finite quotients of the same Artin group A. We call them an associated pair of gronps and
write (G.W). In general G and W are neither subgroups nor quotient. groups of cach other.
When both groups are in consideration we use notation like M, Mw. d7.dY, etc. The
following is a consequence of the main result of {149):

Theorem 25.10 Let G be a Shephard group and let W be the associated Cozeter group.
There erist basic sets Fo = {fF,.... [} and Fw = {f¥,.. .. S} such that their diserim-
tnani polynomials are equal:

DQA.N.T....\N‘E.\HDV = DS.A‘N._.. . .‘N.s“.ﬂ.-iv. a

Thus with this choice of coordinates G and W have the same discriminant loci, Dz = Dw
and hence B; = Bw. Since it follows from Theorem 19.15 of Deligne that Bw is a K(x,1)
space, we gel:

Corollary 25.11 If G is a Shephard group then A(G) is K(x,1). O

The group G = Gjs introduced in Example 25.2 is a Shephard group. The associated
Coxeter group W ia of type A3 = Dy. We illustrate Theorem 25.10 with the pair (G35, Da).
Maschke [125. p.326] constructed certain homogencous polynomials Cq, Cg, C12,Ciz of degrees
6.9.12 and 12, where C;3 = Q, defines A((?). Shephard and Todd [176, p.2R6] remarked
that we may choose F; = {('s, ("5, Cy2} as basic invariants for G. 1t follows from Maschke’s

work (125, p.326] that
Cl = (43202 — € 4 3CCa)* ~ 4C,.

Here = means that the polynomials are equnal up to a constant multiple. Since every reflection
in (7 has order 3, [] o} = C7). Thus we have:

(7) AT\ 12. Ty, Fe) = :u.mﬂ.uu - ﬂ,_u + uﬂ._‘ﬁavu - \-ﬂm_a.
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Next we compute the discriminant for W = D,. Since Dy is a subgroup of B, of index 2,
we inay think of W as the group of symmetries of one of the two tetrahedra inscribed in a
cube, see Figure 41. Thus we may choose a basis z,y, z for V* such that

IT or =0 -9 - N - 2.

HeA(W)

Figure 41: A tetrahedron in the cube
In this coordinate system py = 22 +y? 4+ 22, p; = ryz, and py = 2292 + 222 4 y22? is a set
of basic invariants for W. Consider a cubic polynomial with roots z?, y2, z%. The formula

for the discriminant, of this cubic, expressed in terms of the elementary symmetric functions
of the roots, gives the identity

IT % =20 - 9pps + 27930 — 447 - 3po)°.
He A(W)

Let fi = pi. fa = p2fA and fy = p} — 3ps. Then Fw = (i, f2.fs} is also a set of basic
invariants for W and we have

(8) Aw(T, To Ts; Fw) = (43217 — T3 4 3N T3)? — 4T3,

Comparing (7) and (8) illustrates Theorem 25.10 for the pair (Gas, D3).
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Theorem 28.9 If p € SpecR and M' = M — M” is an cract sequence of R modules then
M, — M, — M_ is an cracl sequence of R, modules. O

Definition 26.10 If i) € Spec R the height of g, ht p, is the largest intcger o for which
there exists a chain p=po Dy D ... D pn with p, € Speell for @ <i < n.

Definition 28.11 The Krull dimension of R is defined by
Krull dimR = sup{ht p | p € SpecR}.

Thus Krull dimR is the largest integer n for which there exists a chain po D¢ D ... D ga
with g, € SpecR for 0 <1 < n. For the next result see [126].

Proposition 26.12 If o : R — S is an cpimorphism of ringa then the correspondence
0 € SpeeS s ¢~ (p) € Spech gives a bijection from Spec S 1o Spec RN V(ker(p)). O

Proposition 268.13 Let I be an ideal of R. Then

Krull diim(R/1) = sup Krull dim(R/gp).
eeVl)

Proof. This is clear from Definition 26.11 and Proposition 26.12. D
Definition 26.14 If M # 0 then the dimension of M is defined by

dimM = dimp M = Krull dim( R/AnnM).
Proposition 26.15 If M # 0 then

dimM = sup  Krull dim(R/p).
peSupp M

Proof. This is clear from Definition 26.14, Proposition 26.13, and Proposition 26.8. O

In (26.16)-(26.18) let. K he a field and let R = K|zy,...,z/] where ry,...,z/ are inde-
terminales. The next results are in [126, 14.A, Cor. and 14.11, Cor.3].

Proposition 26.18 The idcal (z,,...,7}) is a prime ideal of height k for 1 < k < £ and
Krlldm R=¢. D

Proposition 26.17 If p € Spec R then Krull dim(R/p) =/ —htp. O
Proposition 26.18

dmM=¢~ min htp
peSUpP (M)

Proof. This follows from Proposition 26.15 and Proposition 26.17. O

220

Graded Modules

For the rest of this section we assume that R = @,z R, is a finitely generated K-
algebra with B, = 0 for p < 0 and Ry = K. Assume that M is a graded R-module,
M = @ egM,. Let Ry = Dy50R,. Then Ry is a maximal ideal of R.

Theorem 26.19 Let M be a free graded R-module of rank (. A finite subset of M consisting
of homogrneous elements is a basis if and only if it is @ minimal sel of generators.

Proof. Suppose that {m,,...,m;} is a minimal set of generators. Let M = M/R M.
Then M is naturally a K = Ry ~ R/R,—vector space. Denote the class of  in M by 7. By
Proposition 26.3 it is sufficient to show that k < f. Assume k > €. Since £ elementa (the
classes of members of a basis) generate M, sy, ..., 1, are linearly dependent over K. Thus
there exist ¢, ...,cx € K, not all zero, such that

affy +...+afiy=0.

This implies that
ey +...+ame = R M.

There exist ry,...7x € Ry such that
cmy .. damy=rimi+4... 4+ rymg.

Suppose ¢ # 0 and consider the homogeneous component of degree degm, in the last
equation. Since ry € Ry, degrym, > degcym,. Thus

cogmy € Rmy + ... 4+ Rm,.
This contradicts the minimality of m,,...,m,. The converse is obvious. O

Theorem 28.20 If a graded R-module M is free of rank £ then it has a homogeneous basis
{my,....me}.

Proof. Consider all homogeneous components of members of a basis. They form a set of
homogeneous generators. Choose a minimal set of generators among them. By Theorem
26.19 it is a basis. O

Recall the Poincaré series of a finitely generated graded module from Definition 18.1.

Theorem 26.21 Let
Gloz_lozulo:uloa

be an eract sequence of finitely generated graded R-modules and S-h phisms of degree
zero. Then

Poin (M,.t) — Poin (M3.1) + Poin (M,,t} =0. O
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Derivation 15, 98

basic 212

degree of 98

Ealer 100, 107

homogeneons 98

wnvaiiant 212

tangent to A 99
DG algebra 200
tom Dieck, T. 10
Diffcomorphic arrangements 154, 163
Differential forms 18, 90, 91
Differential graded algebra 200
Dimension of module 220
Dirichlet convolution 37
Dirichlet, P. GG. L. 37, 38
Discriminant 214

lorus 214
Discriminantal arrangement 20, 202
Distinguished hyperplane 14
Dold, A. 134
Dowling lattice 210
Dual cell complex 167
Duality 126

Alexander 204

Fdelman, P. 7
Figenspace 206
Embedded arrangement 168
Empty arrangement 11, 103
Fequivalence:

of algebras 76

of lattices 22
Fasential arrangement 22
Euler derivation 100, 107
Fuler integral representation 5
Euler, L. 5, 36, 37
Exact lunctor 145
FExact sequence:

for A(A) 74

for D(A} 114

for H(.A) 95

for localization 220

210

in cohomology 188, 209
Exciston 189
Fxponents:

of reflection group 212

of free arrangement 106
Fxterior algebra 58

Face 26
Face poset 17, 19, 26, 165
Factorization of algebra IR, 192, 199
Factorization Theorem 19, 152
Fadell, . 2, 158
“alk, M. 7, 20, 76, 153, 154, 155, 158, 159,
192, 200, 202, 204
Family of planes 176
Fiber bundle 155
Fiber type arrangement 158, 194, 198, 202
Fiber, contractible 173
Fibration Theorem 198
Flat graphing map 179
Folkman complex 19, 135, 142, 143, 144,
205
Folkman, J. 19, 97, 134, 138, 165
Fox, R. 2, 157
Free arrangement 7, 15, 18, 103, 149, 152,
204, 212
exponents of 106
Free group 182
Free module 218
Full subcomplex 166, 168
Funclor 143
covariant 143
contravariant 143
exact 145
local 145
Fundamental group 8, 19, 158, 175, 182,
187

Gallai, T. 8
Gelfand, 1. M. 9
Jeneral position 1, 5, 59

General position arrangement 5, 161, 202,
206
Generators:
adapted to v 183
of group 175, 182
minimal set of 221
Generic arrangement 20, 161, 206, 207
Generic property t31
Geometric lattice 21, 22
Geometric linking 20, 204
Geomet.ric poset 22
Glauberman, G. 64
Good subspace 196
Cloresky, M. 8, 20, 155, 165, 192, 208
Graded module 221
Grading of (I°(A) 124
Graph 51, 177
admissible 181
coloring of 51
complete 50
node of 179
orientation of 55
real 175
Graphic arrangement 17, 50, 51
Graphing map 176
flat 179
proper 177
regular 178
Greene, C. 35
Griffiths, P. 200
Group:
action 156, 213
Artin 215, 216
braid 2, 157
Coxeter 3, 12, 159, 210
free 182
generators of 175, 182
monomial 210
nilpotent 201
presentation 175
reflection 6, 16
relators of 175

241

representation 10
Grinbaum, B. 2, 3, 161

Hall, P. 38
Harnack, A. 5
Hasse diagram 22
Hattori, A. 5. 19, 154, 155, 161, 162, 206
Hecke algebra 10
Height 220
Hessian configuration 210
Heasian discriminant 210
Hilbert, D. 2, 6, 133
Hirsch extension 200
Hirzebruch, F. 8, 9, 211
Holonomy Lie algebra 10
Homeomorphic arrangements 154
Homogeneous basis 103, 221

degrees of a 222
Homogeneous derivation 98
Homogeneous polynomial 98
Homotopy equivalence 172, 182
Homotopy equivalent arrangements 154
Homotopy type:

of complement 7, 19, 155, 161, 165,

169, 170, 172, 207

of Folkman complex 139
Hopf bundle 155, 207
Horizontal space 194
Hunt, B. 8
Hurewicz isomorphism 162
Hypergeometric function 4, 9, 58
Hyperplane(s) 11

additional 14

dependent 58

distinguished 14

independent 58

reflecting 16

trace of 178

Ideal 132
maximal 132
prime 145, 219
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Reducible arrangement 25
Reflecting hyperplane 16

Reflection 16

Reflection arrangement. 16, 20, 202, 210
Reflection gronp 6, 16

Regular 2-graph 178

Regular cell complex 169, 170, 172
Regular complex polytope 216
Regular differential form 122
Regular graphing map 178

Relators of group 175

Residue 95

Restriction 3, 14, 17, 54, 73, 93, 136
de Rham complex 0, 18R

Rice, J. 188, 192

Riemann ( function 3R

Riemann, G. 38

Roberts, S. 1

Rose, L. 76

Rota, G. -C. 36, 134

Saito’s criterion 103, 128

Saito, K. 7, 15, 122

Salvetti complex 171

Salvetti, M. 8, 19, 154, 165. 171, 175
Same lattice 163

Schechtman, V. 9, 20, 154, 202
Schiafli, L. {

Section of partition 79

Segment 24

Separator 44

Serre, J. -P. 8

Shephard groups 159, 216
Shephard, G. C. 8, 210, 211, 216
Shuffle product 84

Simple pole 94

Simplicial arrangement 3, 159
Simplicial complex 165
Simplicial map 172

Simplicial triangulation 166
Simply connected 138

Singular set of arrangement 7, 15

244

Smith, P. A. 6

Solomon, L. 5, 6, 8 10, 17, 58

Sommese, A. 8

Spanier, E. 134

Standard tuple 65, 70

Stanley, R. 17, 21, 46, 55

Star of vertex 137

Stratification of V 160

Stratified Morse theory 8. 208

Strictly linear fibration 20. 158, 194, 198

Strong deformation retraction 166, 169, 171,
204

Subarrangement 14, 110

Subspace arrangement 11, 20, 208

Sullivan, D. 200, 201

Supersolvable arrangement. 29, 46, 79, 119,
194, 198

Supersolvable lattice 17

Support of face 26

Support of module 219

Sylvester, J. J. 8

Sylvester-Gallai configuration 8

Symmetric group 3, 84, 210

Tangent space 160

Terao, H. 7. 9, 10, 76
Thom class 190

Thom isomorphism 189, 209
Todd, J. A. 210, 211, 216
Total degree 99, 122
Trace of hyperplane 178
Transversality 178
Triangulated cell 167
Triple 14

Tubular neighborhood 188

Undercrossing 180
Universal cover 161, 207

Van Kampen's theorem 182
Varchenko, A. 9

Variety:
of A15
of ideal 219
Vector product 27
Vertex:
actual 177, 184
virtual 178, 183
Virtual vertex 178, 183

Walker, J. 139

Ward, M. 38

Wedge of spheres 139

Weil, A. 207

Weisner, L. 31, 38

Wetzel, J. 1

Whitney complex 140, 142, 143, 144
Whitney, H. 140

Woodbridge, J. L. 1

Wreath product 210

Yau, Sh. -T. 8
Yuzvinsky, S. 9, 19, 97

Zarirki topology 131, 197
Zariski, 0. 175

Zaslavsky, T. 3, 4, 7, 43, 49, 165
Zelevinsky, A. V. 7,9

Zero section 189

Ziegler, G. 7,9, 112
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