COMPUTING THE NUMBER OF FACES OF TRANSPORTATION POLYTOPES IN POLYNOMIAL TIME

Igor Pak

Department of Mathematics Yale University New Haven, CT 06520 E-mail: pak@math.yale.edu

January 20, 1999

Abstract. Define transportation polytope T_{n,m} to be a polytope of nonnegative n × m matrices with row sums equal to m and column sums equal to n. We present an efficient algorithm for computing the numbers f_k of the k-dimensional faces for the transportation polytope T_{n,n+1}. The construction relies on the new recurrence relation for the numbers f_i, which is of independent interest.

1. Introduction

Let a = (a_1, . . . , a_m), b = (b_1, . . . , b_n) be two nonnegative integer vectors, such that a_1 + · · · + a_m = b_1 + · · · + b_n. Define a transportation polytope T (a, b) to be a set of matrices (x_{i,j} ) ∈ R^{m×n} , 1 ≤ i ≤ m, 1 ≤ j ≤ n which satisfy the following linear inequalities and equations :

(1) x_{i,j} ≥ 0 m∑ i=1 x_{i,j} = b_j n∑ j=1 x_{i,j} = a_i , where 1 ≤ i ≤ m, 1 ≤ j ≤ n .

These polytopes arise in many problems of enumerative combinatorics, statistics, combinatorial optimization, and linear programming (see [DG,EKK,Kn,Sc,St,Z]). Problems such as computing the volume or sampling the integer points are known to be hard and has been considered earlier (see [DG,DKM]). In this paper we study the problem of computing the number of k-dimensional faces in a special case.

In a celebrated paper [KW] Klee and Witzgall described the facets and vertices of the transportation polytopes. Still little is known about the structure of their faces. Even when there exist a full description, (see [BS]), it is often general combinatorial,

Key words and phrases. Transportation polytope, f-vector, g-vector, labeled trees, computing.

Typeset by AMS-TEX 1

and useless for fast numerical computations. On the other hand, it is well known that if the polytope is simple, then theoretically one can obtain the number of kdimensional faces from its graph (see [Ka,Z]). Again, known algorithms run in the exponential time (cf. [Kr]).

In this paper we present an efficient algorithm for computing the number of faces of transportation polytopes in a special case when n = m+1, a = (m+1, . . . , m+1) and b = (m, . . . , m). Denote this polytope P_m. The dimension of P_m is d = m(m − 1). Let f_{m,k} be the number of k-dimensional faces of P_m, 0 ≤ k ≤ d.

Theorem 1. The set of numbers f_{m,k} for 1 ≤ m ≤ n, 0 ≤ k ≤ n(n − 1) can be computed in time polynomial in n.

This family polytopes P_n is of special interest for several reasons. First, they are simple polytopes (see [EKK]). Second, their vertices and edges have a nice combinatorial description (see [EKK,KW]). Third, they are known to have the maximal number of vertices among all transportation polytopes with m = n − 1. Finally, these polytopes can be also defined as Newton polytopes of products of the leading minors in matrices n×(n+1) and related to the study of the hypergeometric functions on Grassmannian G_{2n+1,n} (see [SZ,GKZ]).

Proof of the Theorem follows from a new combinatorial identity for the numbers f_{n,k}. While somewhat cumbersome, it suffices for the proof of Theorem 1. Formally, we prove the following key result.

Theorem 2. Let F_n(q) = ∑ k f_{n,k}q^k be the generating polynomial for the number of k-dimensional faces. Then

(2) F_n(q) = n−1∑ k=0 ( n − 1 k ) (q + 1)^{k(n−k)} C_{n,k}(q + 1) F_k(q) F_{n−k−1}(q),

where F_0 = 1 and

(3) C_{n,k}(q) = ∑ 1≤i<j≤n+1 q^{i−1} j−i−1∑

l=0 ( j − i − 1 l )( n − j + i n − k − l − 1 ) q^l

Note that Theorem 1 follows immediately from Theorem 2. Indeed, computation of all the polynomials C_{m,k}(q), 1 ≤ m ≤ n according to (3) clearly takes a time polynomial in n. Now use recurrence relation (2) to compute all the polynomials F_m, 1 ≤ m ≤ n. This proves the result.

The rest of the article is organized as follows. In section 2 we recall some definitions and known results on the structure of polytopes P_n. In section 3 we prove the recurrence relation for F_n(q) with some coefficients. In section 4 we prove an explicit formula (3) for polynomials C_{n,k}(q).

2. Combinatorics of P_n

Recall several definitions. Let P be a convex polytope in a vector space V of dimension d = dim(P ). Polytope P is called simple if each vertex is adjacent to exactly d edges. It is known that P_n is a simple polytope of the dimension n(n − 1) (see [EKK,KW]).

Define f-vector of polytope P to be a sequence f = (f_0, f_1, . . . , f_d), where d = dim(P ) and f_k is the number of k-dimensional faces in P . Characterization of f-vectors of polytopes is an important still largely unsolved problem (see [St,Z]).

Let φ ∈ V^∗ be a linear function on V which is generic, i.e. not constant on edges of P . Make orientation of edges of P in direction of increase of φ. Let v be a vertex of P . Define an index of v (denotes ind_φ(v)) to be the number of edges that are leaving v. Denote by g_i the number of vertices of P such that ind_φ(v) = i. Define g-vector of a polytope P to be a sequence g = (g_0, g_1, . . . , g_d). It is known that when P is simple the g-vector does not depend on φ, and (4) F (q) = G(q + 1), where G(q) = ∑ k g_k q^k, F (q) = ∑ k f_k q^k (see [Br,Z]).

Of all different linear functions φ, one will be particularly useful for our purposes. Let E = {e_1, e_2, . . . , e_m} be a linear basis in the vector space V . Define a lexicographic orientation of edges of the polytope P by the following rule. Let edge (v_1, v_2) be oriented from v_1 to v_2 if the first nonzero coordinate of a point (v_2 − v_1) is positive. It is easy to see that this orientation can be also obtained by using a linear function φ_E (x) = ∑_m i=1 a_ix_i, where a_1 = 1 and a_1 ≫ a_2 ≫ · · · ≫ a_m > 0.

Define colored trees to be trees with n edges labeled (colored) by the numbers from 1 to n, and n + 1 vertices labeled by the numbers from 1 to n + 1. Let R_n be the set of all colored trees with n edges. From Cayley formula we obtain

|R_n| = n! (n + 1)^{n−1} Now let V be a vector spaces of n × (n + 1) real matrices. For any t ∈ R_n, let a_{i,j} (t) be the number of vertices j^′ ≠ j in t, such that the shortest path from j to j^′ starts with an edge i, 1 ≤ i ≤ n, 1 ≤ j ≤ n + 1. Define a map γ : R_n → V by the values a_{i,j} (t). It is known that γ gives a bijection between set R_n and vertices of P_n (see [KW]). By abuse of speech we will refer to vertices when we talk about corresponding them trees.

Now we can describe edges of P_n in terms of trees. A pair of trees (t_1, t_2) corresponds to an edge of P_n if and only if t_2 can be obtained from t_1 by deleting edge an i = (j, j_1) and adding an edge i = (j, j_2), such that the shortest path from j to j_2 in t_1 starts with an edge i (see [SZ]). We can refer to the edges containing vertex v ∈ P_n, v = γ(t) by the ordered pair of vertices (j, j_2) ∈ t, which are nonadjacent by an edge in the corresponding colored tree t. Note that their number is always n(n − 1), which agrees with the dimension dim(P_n) = n(n − 1).

By our definition P_n = T_{n,n+1} lies in a vector space V with a natural basis E_n = {e_{1,1}, . . . , e_{1,n+1}, e_{2,1}, . . . , e_{2,n+1}, . . . , e_{n,1}, . . . , e_{n,n+1}}, where e_{i,j} is a matrix with 1 at (i, j) and 0 elsewhere. Let us fix lexicographic orientation on P_n corresponding to the basis E and any linear function φ which defines the same orientation. For the rest of the paper φ will stand for this particular linear function.

3. Proof of recurrence relation

In this section we shall obtain the recurrence relation for f and g-vectors by the direct counting of indices of colored trees for lexicographic orientation.

Let t ∈ R_n be a colored tree with n edges. Let ρ(t) = ind_φ(γ(t)) be the number of edges of P_n leaving v = γ(t) in lexicographic orientation. For any subtree t_1 of t define ρ(t_1) = ρ(t^′_1), where t^′_1 is obtained from t_1 by monotonic relabeling the vertices.

Let us fix any t_0 ∈ R_n. Consider an edge 1 = (i_0, j_0), i_0 < j_0 in t_0. Define trees t_1 and t_2 to be subtrees of t_0 obtained after removing edge 1, and such that i_0 ∈ t_1 and j_0 ∈ t_2. Below we will express ρ(t) in terms of ρ(t_1) and ρ(t_2). This will enable us to prove the recurrence relation.

Recall that all edges of P_n correspond to nonadjacent pairs of vertices (i, j). The number ρ(t) is the numbers of those pairs (i, j) such that the linear function φ increases along the corresponding edge (t_0, t). We call these increasing edges. We will consider all possible locations of vertices i and j on a tree t_0.

Let S_1 and S_2 be the sets of subtrees t_1 \ {i_0} and t_2 \ {j_0}. Let k = |S_1|. Then |S_2| = n − k − 1. Consider all possibilities of locations of vertices i and j. Compute the number of such pairs which correspond to increasing edges.

1) For i, j ∈ S_1 ∪ {i_0} the number of increasing edges is equal to ρ(t_1). 1^′) For i, j ∈ S_2 ∪ {j_0} the number of increasing edges is equal to ρ(t_2). 2) For i ∈ S_1, j ∈ S_2 ∪ {j_0} the number of increasing edges is equal to k(n − k).

Indeed, the lexicographically first changing entrie of the matrix A = (a_{i,j} (t_0) is a_{1,i0} , which is increasing.

2^′) For i ∈ S_2, j ∈ S_1 ∪ {i_0}, the number of increasing edges is equal to 0. Indeed, the lexicographically first changing entrie of A = (a_{i,j} (t_0)) is a_{1,i0} , which is decreasing.

3) For i = i_0, j ∈ S_2, j < j_0 all such edges are increasing. Indeed, the lexicographically first changing entrie of A = (a_{i,j} (t_0)) is a_{1,j} , which is increases from 0. Note that a_{1,i0} remain unchanged.

4) For i = i_0, j ∈ S_2, j > j_0 all such edges are decreasing. Indeed, the lexicographically first changing entrie of A = (a_{i,j} (t_0)) is a_{1,j0} , which decreases to 0. Note that a_{1,i0} remain unchanged.

5) For i = j_0, j ∈ S_1, j < i_0 all such edges are increasing. Indeed, the lexicographically first changing entrie of A = (a_{i,j} (t_0)) is a_{1,j} , which increases from 0.

6) For i = j_0, j ∈ S_1, j > j_0 all such edges are decreasing. Indeed, the lexicographically first changing entrie of A = (a_{i,j} (t_0)) is a_{1,i0} , which decreases to 0.

Summarizing all the previous cases we obtain the following result

(5) ρ(t_0) = ρ(t_1) + ρ(t_2) + k(n − k) + α(S_2) + β(S_1),

where

(6) α(S_2) = |{j ∈ S_2, j < j_0}|

(7) β(S_2) = |{j ∈ S_1, j < i_0}|

Now define polynomials C_{n,k}(q) as follows:

(8) C_{n,k}(q) = ∑ 1≤i_0 <j_0 ≤n+1 ∑ S_1,S_2, S_1∩S_2=∅, S_1∪S_2={1,...,n+1}\{i_0,j_0 } q^{α(S2)+β(S1)}

In the next section we will show that these polynomials are equal to the polynomials defined in (3). Assuming that, we can prove our recurrence relation (2). Indeed, let’s raise q into power on both sides of (5) and sum this over all possible pairs of subtrees (t_1, t_2). Substitution of (8) gives

(9) G_n(q) = n−1∑ k=0 ( n − 1 k ) q^{k(n−k)}C_{n,k}(q)G_k (q)G_{n−k−1}(q),

Replacing q by q + 1 in (9) and applying (4), we obtain (2). This proves the first part of Theorem 2.

4. Computing coefficients C_{n,k}(q)

We shall prove the following lemma, which implies the second part of Theorem 2.

Lemma 3. For any 1 ≤ i < j ≤ n + 1 we have

(10) ∑ S_1,S_2,S_1∩S_2=∅, S_1 ∪S_2={1,...,n+1}\{i_0 ,j_0 } q^{α(S2)+β(S1)} = q^{i−1} j−i−1∑

r=0 ( j − i − 1 r )( n − j + i n − k − r − 1 ) q^r

Proof For fixed i and j define τ(S_2) as follows (11) τ(S_2) = |{l ∈ S_2, i < l < j}| Observe that

(12) α(S_2) + β(S_1) = i − 1 + τ(S_2)

Define coefficients b^{i,j,r}_{n,k} from the following identity:

(13) ∑ S_2,|S_2|=n−k−1 S_2⊂{1,...,n+1}\{i_0 ,j_0 } q^{i−1+τ (S2)} = ∑ r b^{i,j,r}_{n,k} q^{i−1+r}

Note that the left hand side of (10) is equal to the left hand side of (13).

By definition, b^{i,j,r}_{n,k} is the number of subsets S_2 ⊂ {1, . . . , n + 1} \ {i_0, j_0} such that τ(S_2) = r. Divide S_2 into a union of two nonintersecting subsets S_2 = S^′_2 ∪S^{′′}_2 , where S^′_2 = {l ∈ S_2, i < l < j} and S^{′′}_2 = S_2 \ S^′_2. It is easy to see that the number of ways to choose S^′_2 is (_{j−i−1} r ) and the number of ways to choose S^{′′}_2 is (_{n−j+i} n−k−r−1 ) . We conclude (14) b^{i,j,r}_{n,k} = ( j − i − 1 r )( n + i − j n − k − r − 1 )

Now (14) combined with (13) gives (10). This completes proof of the Lemma. □

Remark 4. Note the nice multiplicative formulas for several components of fvector. Say, f_0 = n! (n + 1)^{n−1}, f_1 = n! (n + 1)^{n−1} (_n 2 ) and f_{d−1} = n (n + 1). We do not know if this is true for other components.

Acknowledgments

I would like to express my gratitude to Ira Gessel, László Lovász, Alex Postnikov, Bernd Sturmfels, and Andrei Zelevinsky for helpful remarks.

It has been about six years since the results of this paper has been invented, and before they were finally written. In the meantime the author was supported by numerous funds, including Moscow State U., French Mathematical Society, Harvard U., MIT, Yale U., Hertz Foundation and NSF Postdoctoral Research Fellowship.

References

[BS] L.J. Billera, A. Sarangarajan, The combinatorics of permutation polytopes (1996), AMS DIMACS Series, vol. 24, 1–23.

[Br] A. Brøndsted, An Introduction to Convex Polytopes, Springer, Berlin, 1985. [DG] P. Diaconis, A. Gangolli, Rectangular arrays with fixed margins, IMA series 72 (1995), Springer, 15–41.

[DKM] M. Dyer, R. Kannan, J. Mount, Sampling contingency tables, Random Structures and Algorithms 10 (1997), 487–506.

[EKK] V.A. Emelichev, M.M. Kovalev, M.K. Kravtsov, Polytopes, graphs and optimization, Cambridge U. Press, 1984.

[GKZ] I.M. Gelfand, M.M. Kapranov, A.V. Zelevinsky, Discriminants, resultants, and multidimensional determinants, Birkhauser, Boston, 1994.

[Ka] G. Kalai, A simple way to tell a simple polytope from its graph, J. Comb. Th., Ser A 49 (1988), 381–383.

[KW] V. Klee, C. Witzgall, Facets and vertices of the transportation polytopes, Lect. Notes Appl. Math. 11 (1968), AMS, Providence, RI, 257–282.

[Kn] D. Knuth, Permutations, matrices and generalized Young tableaux, Pacific J. Math. 34 (1970), 709–727.

[Kr] M.K. Kravtsov, On the computational complexity of multicriterial transportation problems (in Russian), Vesti Acad. Nauk Bel. 125 (1994), 46–51.

[P] I. Pak, Four short questions on Birkhoff polytope, preprint, 1998. [Sc] A. Schrijer, Theory of Integer and Linear Programming, John Wiley, New York, 1988. [St] R. Stanley, Combinatorics and Commutative Algebra, Birkhauser, Boston, 1996. [SZ] B. Sturmels, A. Zelevinsky, Maximal minors and their leading terms, Adv. Math. 98 (1993), 65–112.

[Z] G. Ziegler, Lectures on Polytopes, Graduate Texts in Mathematics 152, Springer, 1995.