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Proof of Griinbaum’s Conjecture on the
Stretchability of Certain Arrangements of Pseudolines
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We prove Griinbaum's conjecture th
the projective plane is stretchable,
determined by an arrangement o
ordered duality in the projective pl
|1, n} associated to arrangements

at every arrangement of eight pseudolines in
i.e., determines a cell complex isomorphic to one
f lines. The proof uses our previous results on
ane and on periodic sequences of permutations of
of n lines in the euclidean plane.

Any finite set of lines in the real projective plane determines a cell
mplex; these complexes and their combinatorial properties have been a
bject of study at least since 1826 [9]. More recently, Levi [6] considered a
pological generalization of this notion, defined as follows: Consider a
wple closed curve in RP? which does not separate RP?; this is called a
eudoline. (It is clear that any two pseudolines must meet, and it is easy to
¢that if they meet at precisely one point, they must cross there.) If a finite
tof pseudolines has the property that any two meet at pre
1that not all pass through a common point, we speak of
pscudolines; the arrangement is simple if distinct pairs
ints. An arrangement of pseudolines also determines a c
vi and others showed that a number of properties of |
Ty over to pseudolinear ones |[6,4].
morphic if there is an isomorphism of th
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cisely one point,
an arrangement
meet at distinct
ell complex, and
inear complexes
Two arrangements are called
eir associated cell complexes; it
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which the point P corresponds to the vertical point at infinity: and since 4 i
simple except for the point P, we can tilt one of the three vertical lines
slightly to reconstruct the missing triangle. Hence every arrangment of eight
pscudolines is stretchable.

Remark. The preceding argument shows that any arrangement of nine
pseudolines which has a point common to four of them is also stretchable. In
fact. if the arrangement contains a ‘“complete quadrilateral™ (a
subarrangement of four lines whose vertices can be brought together without
crossing any other lines of the arrangement, as was true for the triangle in
the last paragraph). the arrangement is stretchable.

REFERENCES

1. RO Canbam, Phe DL Thesis, University of East Anglia, Norwich, 1971

201 B Goodman and R. Pottack. On the combinatorial classification of nondegenerate
configurations in the plane, J. Combinatorial Theory Ser. 4 29 (1980), 220-235.

3. L E. GoopmaN AND R. PoLLACK, A theorem of ordered duality, Geomerriae Dedicata. o
appear.

4. B. GRONBAUM, “Arrangements and Spreads,” Amer. Math. Soc.. Providence. R. L. 1972

5. E. HaLsey. Ph. D. Thesis, University of Washington. Seattle, 1971.

6. F. LEvi, Die Teilung der projektiven Ebene durch Gerade oder Pseudogerade. Ber. Verh
sdchs. Ges. Wiss. Leipzig. Math. Phys. KI. 78 (1926), 256--267.

7. E. Moise, “Geometric Topology in Dimensions 2 and 3. Springer-Verlag. New York,
1977.

8. G. RiNGEL, Teilungen der Ebene durch Geraden oder topologische Geraden., Math. Z. 64
(1956), 79-102.

). J. StEINER. Einige Gesetze uber die Teilung der Ebene und des Raumes, J. Reine Anger
Math. 1 (1826), 349--364.

JOURNAL O« CMRBIN AT O

On Chains anc

7 AT
‘)v‘,'l. e

Dt

Deparimen:

A ranked poset £
fargest ranks o f7
exint disjoint chans
Ath fareest rank Giny
Posatsties S ol
unimaodal Whitney
not reguire the exists

spie network fow

In {3 Griggs intr:
studied their relations!
that condition S. whi
sondition 7. which oo
strongly related. Spect
sonverse, while false
Whitnev numbers. The
Greene and Kleitmun
rosets. In this paper w.
without relving oo saty
shown by a simple net

FAddress s of Ao
Honobulu, HE wns22




