FREE ARRANGEMENTS AND TILINGS

PAUL H. EDELMAN AND VICTOR REINER

University of Minnesota

March 1994

ABSTRACT. Let Z be a centrally symmetric polygon with integer side lengths. We answer
the following two questions:
(1) When is the associated discriminantal hyperplane arrangement free in the sense of
Saito and Terao?

(2) When are all of the tilings of Z by unit rhombi coherent in the sense of Billera and
Sturmfels? '
Surprisingly, the answers to these two questions are very similar. Furthermore, by means of
an old result of MacMahon on plane partitions and some new results of Elnitsky on rhombic
tilings, the answer to the first question helps to answer the second. These results then
also give rise to some interesting geometric corollaries. Consideration of the discriminantal
arrangements for some particular octagons leads to a previously announced counterexample
to the conjecture by Saito that the complexified complement of a real free arrangement is a

K(m,1) space.

Section 1. Introduction

We begin by reviewing some terminology and history of the relation between plane
partitions, rhombic tilings, zonotopes, and hyperplane arrangements. A plane partition
7 is a two-dimensional array (m; ;)i j>o0 of non-negative integers which weakly decreases
along rows and down columns, and has only finitely many non-zero entries, e.g.
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A plane partition 7 is said to fit inside an v X s X t boz if its first row has at most r non-zero
entries, its first column has at most s non-zero entries, and all entries 7; ; do not exceed
t (see [Sta]). The terminology comes from picturing 7 as a set of unit cubes stacked m; ;
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FIGURE 1. Picture of a plane partition as a bunch of stacked cubes

high on the (i, j)-cell of the r x s floor inside an r x s x t box. Figure 1 illustrates the
partition m above inside a 3 x 2 x 3 box.

The problem of counting how many plane partitions fit inside an r x s X t box was
solved, by MacMahon, who was further able to g-count them with w(7) = 3, . ;.

Theorem 1.1 [Ma].

wimy  H(r + s+ ) H(r)H(s)H(2)
20" = H(r +s)H(r + )H(s + 1)

s

where the sum runs over all plane partitions which fit inside anr x s X t box, and

H(n) =[n—1]l4n = 2]y [2]:q[1]!q
[n)!y = [nlgln — 1], - [2]4[1]4
[n]g =14+qg+¢+---+q¢" L

A different point of view has been exploited more recently in [DT, Ku]. It was observed
[DT] that the set of plane partitions fitting in an r x s X t box is in bijection with the set of
rhombic tilings of a centrally-symmetric hexagon having three consecutive sides of length
r, s, and t. The bijection is given by viewing m as a stack of unit cubes inside the r x s x ¢
box from a vantage point which is far away from the origin in the direction (1,1,1), so that
the boundary of the box appears to be a hexagon, and the visible faces of the unit cubes
are unit rhombi. For example, our earlier plane partition m corresponds to the rhombic
tiling of a hexagon with side lengths 2,3, and 3 in Figure 2.

FIGURE 2. Picture of the same plane partition viewed as a rhombic
tiling of a hexagon
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Rhombic tilings appear in a different connection in some recent work by Elnitsky on
reduced decompositions of permutations [El]. He shows that counting rhombic tilings is
equivalent to enumerating certain equivalence classes (called C;-equivalence classes) of
reduced decompositions of certain permutations. He also proves a formula (conjectured by
Propp and Kuperberg) for the number of rhombic tilings of a centrally-symmetric octagon
with four consecutive sides of length r,s,1, and 1. An example of such a tiling is shown
below for r = 3 and s = 4.

FIGURE 3. Picture of a rhombic tiling of a (3,4,1,1) octagon

Furthermore, Elnitsky is able to g-count these tilings 7 using a certain weight function

w(7) which is related to the rank function in the higher Bruhat orders of Manin and
Schechtmann [MS,Zil] which will be described in §5 of this paper:

Theorem 1.2 [El].

vy 2l s Llalr 5 420,
2" = e + 2l 31,

T

where the sum runs over all unit rhombic tilings 7 of a centrally-symmetric octagon with
four consecutive sides of lengths r,s,1,1.

On the other hand, a certain sub-class of rhombic tilings appears naturally as a very
special case in the work of Billera and Sturmfels [BS] on fiber zonotopes. A polytope Z
in R? is a zonotope if it is the Minkowski sum of a generating multiset of vectors V =
{vi}i=1,...,n C Rda i'e'a

Z={Ecivizogc,-glforalllgign}.

i=1

A 2-dimensional zonotope is a centrally-symmetric n-gon where n is the number of distinct
vectors among the {v;}. One can produce a rhombic tiling of Z C R? in the following
way: Choose n generic values ¥ = (y1,%,,... ,%,) in R, and “lift” the head of the vector
v; out of the plane by the height 1;, yielding a vector v} in R® which agrees with v; in
the first two coordinates, and has ©; as its third coordinate. Then form the zonotope Z'
generated by V' = {vi}i=1 . .. Project the “top” faces of Z' (i.e. the faces which are
visible from far away on the positive z3-axis) down onto Z in R?, and this gives a tiling of
Z by rhombi. If a rhombic tiling of Z comes from such a choice of ¥ and this projection
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FIGURE 4. The two coherent tilings of a (1,1,1) hexagon

process, it is called a coherent tiling of Z. Figure 4 shows the two coherent tilings of a
centrally-symmetric hexagon with unit sides .

Not all rhombic tilings of a 2-dimensional zonotope Z are coherent, and it is an inter-
esting problem in general to decide which tilings are coherent, The following is a special
case of [BS,Corollary 4.2].

Theorem 1.3. Let Z be a zonotope in R? with n generating vectors. There is an n — 2
dimensional zonotope F(Z) called its fiber zonotope, whose vertices are in bijection with
the coherent rhombic tilings of Z.

Warning: If two of the zonotope generators v;, and v; are identical, then one must
take care in the above theorem to distinguish rhombi that come from projections of faces
generated by v; and v, even though these faces will “look” identical. An example of the
fiber zonotope F(Z) for a centrally-symmetric hexagon of side lengths 1,2, and 1 is shown
in Figure 5.

FIGURE 5. The fiber zonotope F(Z(1,2,1))

Finally, we can explain how hyperplane arrangements enter the picture. The fiber
zonotope F(Z) is “dual” to an arrangement Az of hyperplanes in R®~? in the sense
that vertices of F(Z) are in bijection to the regions of Az (here a region of Az means a
connected component of the complement of Az in R"~?). This hyperplane arrangement
Az is also known as the discriminantal arrangement associated to the set V' of vectors
which generate Z (see [B]). The arrangement Az for the previous example is shown in
Figure 6.

The problem of counting the coherent rhombic tilings of the zonotope Z is then equiv-
alent (bearing in mind the above warning) to counting the vertices of the fiber zonotope
F(Z), which is then equivalent to counting the regions of the discriminantal arrangement .
Az. Counting regions in hyperplane arrangements is a well-studied problem (see [Za)]),
and has close connections to the theory of free arrangements. We refer the reader to the
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FIGURE 6. The discriminantal arrangement Az(y 2 1)

excellent book [OT] on this subject for a definition of a free arrangement and its ezponents,
but recall here the main application of free-ness to counting regions:

Theorem 1.4 [OT, Theorems 2.86, 4.137]. Let A be a free arrangement of hyperplanes
in R? with exponents {e;,eq,... ,eq}. Then the number of regions of A is (
vl } Ghe T TV
d / S

o
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=1

With this background in mind, we now discuss the contents of this paper. Section 2
contains the main results of the paper (Theorems 2.5 and 2.6). Theorem 2.5 answers the
question “When is the discriminantal arrangement Ay free?”, where Z is a 2-dimensional
zonotope whose zonotope generators are of unit length, i.e. a centrally-symmetric polygon
with integral side lengths. Theorem 2.6 answers the question “When are all the tilings of
Z by unit rhombi coherent?”.

The proof of Theorem 2.5 requires some lengthy induction tables to prove that certain
arrangements are free, and we have included these in §3. Section 3 also contains a con-
jecture about the freeness of certain liftings of Weyl arrangements which is suggested by
these induction tables.

Section 4 discusses two interesting 1-parameter families of arrangements. One of these
families is a previously announced counterexample to the 1975 conjecture of Saito that
the complexified complement of a free arrangement is a K (, 1)-space. The counterexam-
ple arises naturally in consideration of the discriminantal arrangements Az associated to
octagons with four consecutive sides of lengths 2,2, 1, and 1.

Section 5 discusses the connection of MacMahon and Elnitsky’s g-counting results to the
higher Bruhat orders of Manin and Schechtmann, and to the weak order [Ed] on the regions
of the discriminantal arrangements Az. From these connections we deduce an interesting
consequence (Theorem 5.3) about the factorization of the rank-generating function for
these weak orders in certain instances.

Section 2. The main results

We begin with some definitions, and a few simple observations about 2-dimensional
zonotopes and their discriminantal arrangements. We will frequently use the notation
[n] :={1,2,...,n} and [a,b] := {a,a+1,... ,b~1,b} for integers a < b. For terminology
and results on hyperplane arrangements the main reference will be [OT].
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Let Z(vy,va,...,vy,) be a 2-dimensional zonotope having unit length zonotope gener-
ators {v1,...,va} C RZ? ie., a centrally-symmetric polygon in the plane with integral
side lengths. If Z has as its distinct zonotope generators the vectors uy,us, ..., u; with
multiplicities 71,79,... ,7; respectively, then by negating some of these vectors and re-

numbering, we may assume that each u; points into the right half-plane, and that they
are in clockwise order starting from the positive y-axis, as shown in Figure 7.

FIGURE 7. The convention for ordering the zonotope generators

In this case we will say that Z is a Z(ry,ra,... ,7) (ignoring the vectors uj, us, ... , u;),
which is equivalent to saying that one can find a clockwise consecutive sequence of half the
sides of the polygon Z having lengths ry,7,... ,r; in order. By an obvious bijection, any
two Z(ry,72,...,7()’s have the same number of tilings by unit rhombi, hereafter simply
called tilings.

If Z = Z(v1,v2,...,Vys) is a 2-dimensional zonotope then the discriminantal arrange-
ment Az lives inside a codimension 2 subspace of R and consists of the hyperplanes
defined by the linear forms

ls = det(vs,, Vs, )5, — det(v,,, Vs )Zs, +det(Vs,, Vs, )Ty,

as § = {s1,52,53} runs over all 3-subsets of [n] (see [BS] Formula 5.3). Depending upon
the number of coincidences among the three vectors {Vs,sVsy, Vsy }, this formula either
gives a defining form of 0 and is omitted, or a multiple of one of the forms z; — z j, Or a
multiple of the forms

ars, + bx,, + czs,

where
avg, +bvy, +cvy, =0

is the unique (up to scalar multiple) linear dependence among the three distinct vectors
Vs1» Veys Vsg. Since each of these linear forms is a dependence on the vectors {v;}, Az is
actually an arrangement inside the subspace R®~2 given by the null-space of the 2 x n
matrix having the v;’s as columns.

Given two sets of vectors V = {vy,...,vn} and U = {uy,...,u,} both in R? we will
say that V is projectively equivalent to U if there exists an invertible linear transformation
L:R?% — R? and a sequence of non-zero scalars dy,...,d, such that

LV,' =d,' u;

for all 1 <7 < n. We say that two zonotopes are projectively equivalent if their generators
are projectively equivalent. We also say that two hyperplane arrangements are pro jectively
equivalent if their linear forms are projectively equivalent in the dual space.
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Lemma 2.1. If Z, and Z, are projectively equivalent 2-dimensional zonotopes then the
discriminantal arrangements Az, and Az, are projectively equivalent as well.

Proof. Suppose that Z; is generated by V = {vi,...,v,}, Z» is generated by U =
{uy,...,u,} and
L V; = d,‘ u;

for all 1 < 7 < n where L is an invertible linear transformation and {d;} is a set of non-zero
scalars. Then for a fixed 3-subset S = {s1,5s2,53} C [n] we have

Is = det(u,,, u,,)zs, — det(us,, us, )Ts, + det(u,,, us, )zs,

is equal to

1
det L det(vs,, Vs, )T, ————det L det(vs,, Vg, ) Lo, +

1
det L det(vs,, Vs, ), -
Tndr T et L det(Vay, Vi)

] 1
g dy,dy,

If we apply the linear transformation z; — '071.'_ z; and scale ls by multiplying by d,, ds,d,, Fltlf
we get
det(Vs,, Vs, )Ty — det(Ve,, Vs, )Ts, + det(Vs,, Vs, )Ts,

and hence Az, and Az, are projectively equivalent. O

In fact, something stronger is true in the case where the 2-dimensional zonotope is
generated by only 3 distinct generators. The proof is left to the reader.

Lemma 2.2. If Z; and Z, are 2-dimensional zonotopes each of the form Z(ry,rq,r3)
then Az, is projectively equivalent to Az, and both are projectively equivalent to the
arrangement A,y 1r,r, defined by the linear forms

{1'1 - xj}i<j€[l,1‘1]U[7'1+1,1‘1+1’2]U[1‘1+7‘2+1,7‘1+7‘2+7‘3]
{Zi + 25 + T bielt, Ul +1,m 4 r2)Ulr 4 a4 1, mra ]

Given a hyperplane arrangement A in a vector space V and a subspace X which is
the intersection of some subset of its hyperplanes, the localization arrangement A x is the
arrangement in the quotient space V/X defined by

{H/X :H e A, X C H)

The Localization Theorem (see [OT,Theorem 4.37]) asserts that any localization Ay of
a free arrangement A is free. Say that Z is a subzonotope of Z' if they have the same
zonotope generators uy,...,w, and multiplicities r1,... ,r; and rf,... ,r} respectively,
with r,, <rl for all m. A fundamental fact in the proofs of the main results will be that
subzonotopes of Z can form “obstructions” to both the freeness of A7 and to the property
of Z having all tilings coherent.
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Proposition 2.3. If Z is a subzonotope of Z', then
(1) Az is projectively equivalent to a localization of Az, and hence if Ay is not free
then Az is not free,
(2) If Z has an incoherent tiling, then Z' has an incoherent tiling.

Proof.

(1) Assume the zonotopal generators (with multiplicities) of Z' are numbered Viyeeeo , Vi
for the purposes of computing the discriminantal arrangement, and that the n-
subset N of [n'] gives the indices of those v;’s which generate Z. Then Ay is
projectively equivalent to the localization of Az to the subspace X which is the
intersection of all hyperplanes defined by [s where S is a 3-subset of N.

(2) Given an incoherent tiling of Z, draw the outline of Z’ around it, and extend this
to a tiling of Z'. This can always be done and this tiling of Z' is easily seen to be
incoherent. An example is shown in Figure 8.

FIGURE 8. Extending a tiling of Z to one of Z'

We come now to the first main result, which characterizes when A z 1s a free arrange-
ment. We refer the reader to [OT,Chapter 4] for the definition of a free arrangement A, the
definition of the ezponents, expA, the characteristic polynomial x(A,t) of an arrangement,
and for the Factorization Theorem of Terao.

Theorem 2.4 (Factorization Theorem [OT,4.137]). If A is a free arrangement in R?
with expA = (ey,...,eq) then

d

x(A,1) = [t - e).

=1

Theorem 2.5. Let Z be a 2-dimensional zonotope as before. Then Az is free if and only
if one of the following four cases holds, with the exponents exp(Az) listed:

(1) Z is a Z(r,s) parallelogram, and the exponents are
{1,2,...,r—1,1,2,... ;s — 1}.

(2) Z is a Z(r,s,t) hexagon in which either r,s or t is at most 2 (up to projective
equivalence, one may assume t < 2), and the exponents are

{1,2,...,r+s-1} ift=1
{Lr+1,r+2,...;r4+s-1,5+1,5+2,... ,r+s} ift=2"
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(3) Z is projectively equivalent to a Z(r,s,1,1) octagon, and the exponents are
{Lr+2,r+3,...,r+s8,5s+2,5+3,...,r+s+1}

(4) Z is projectively equivalent to a Z(r,1,s,1) octagon in which the 4 distinct zono-
topal generators uy, Uz, us, uy of Z are not projectively equivalent to

(0’ 1)? (1, 1)7 (1v O)a (1’ _l)a

and the exponents are

{Lr+2,r4+3,...,r+s5+2,5+3,... ,r+s+1}.

Proof. We first narrow the possible arrangements Az which can be free by showing that
certain “minimal obstructions” are not free, and then applying Proposition 2.3(1). Let
Zy be any Z(1,1,1,1,1) decagon, Z; any Z(2,2,2,1) octagon, Z3 the Z(2,1,2,1) octagon
which is ruled out by case (4) in the theorem (i.e. generated by (0,1),(1,1),(1,0),and (1,-1)),
and Z4 any Z(3,3,3) hexagon. It is not hard to compute what the associated discrim-
mantal arrangements for these Zy, Z5, Z;, Z, look like up to projective equivalence (al-
though the answer sometimes depends on the choice of their generators {u;}). It is known
[Zi3,Proposition 2.3] that if an arrangement is projectively equivalent to a free arrange-
ment then it is free as well. Thus it is enough to check the free-ness of arrangement up
to projective equivalence. For each case we have computed the characteristic polynomial
x(Az,) (using the PASCAL program “Matroid”, available from the first author on request),
and observed that they do not factor over the integers. This implies by the Factorization
Theorem (Theorem 2.4) that the arrangements Az, are not free:

xX(Az,,t) = (t — 1)(#* — 9t + 21)
X(Az,,t) = (t — 1)(t — 5)(t — 6)(t* — 11t + 32)
if uy, us, uz, uy are projectively equivalent
to (0,1),(1,1),(1,0),(1,—1)
X(Az,,t) = (t — 1)(t* — 22¢* + 183t? — 686t + 992) otherwise
X(Az,,t) = (t — 1)(t — 3)(t* — 10t + 26)
X(Az,,t) = (t = 1)(t = 5)(t — 7)(t* — 23> + 200¢% — 784¢ — 1188)

By Proposition 2.3(1), if Az is free, it cannot contain any of these Z;’s as a subzonotope.
We use this to show that the only possibilities for Z with A free are the ones listed in
the Theorem.

Z cannot have more than 4 distinct zonotope generators u;, or else it would contain Z;.
If Z has exactly 4 distinct zonotope generators uy,... ,uy, then at least two of them must
have multiplicity r; = 1, or else it would contain a zonotope pro jectively equivalent to Z,.
This implies Z must either be projectively equivalent to a Z (a,b,1,1) which is on our list,
ora Z(a,1,b,1). In the latter case, this Z(a,1,b,1) must look like case (4) of the theorem,
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or else it would contain a Z3. If Z has exactly 3 distinct zonotope generators, then one of
them must have multiplicity at most 2, or else Z would contain a Z,. Hence Z is on the
list. Lastly, if Z has exactly 2 distinct zonotope generators, then it is a Z(r,s), which is
on the list. This shows that the only possibilities for Az to be free are the ones listed in
the theorem, proving the forward implication.

To prove the reverse implication, namely that the arrangements Az listed are free with
the stated exponents, we proceed case by case. In each case, up to projective equivalence,
Az can be written in a convenient form, which is either readily identifiable as free, or can
be proven free in §3 using the induction table technique (see [OT, page 119]).

If Z is a Z(r,s) parallelogram, then Az is the arrangement defined by linear forms

{xi - wj}i<j€[1,r]u[r+l,r+s]

which is the product [OT Definition 2.13] A,_; x A,_;, where A,_; is the Cozeter ar-
rangement of type A. A,_; is well-known to be free with exponents {1,2,... ,r — 1}, and
the product of two free arrangements is free, with exponents equal to the multiset union
of exponents for the summands [OT, Proposition 4.28]. This agrees with the asserted
exponents for Az .

If Z is a Z(r,s,t) hexagon, then Az is easily seen (Lemma 2.2) to be projectively
equivalent to the arrangement we shall call A,x,x:, defined by linear forms

{-771' - :Ej}i<je[l,r]u[r+1,r+s]U[r+s+l,r+3+t]

{xi +z;+ 'Tk}ie[l,r]U[r+l,r+s]U[r+s+1,r+s+t]

If t =1, then A,xsx1 is projectively equivalent to the Coxeter arrangement A, ., whose
exponents were just discussed and agree with those asserted by the Theorem in this case.
If ¢ = 2, then Arxsx2 is proven free with the asserted exponents by an induction table in
§3.

If Z is a Z(r,s,1,1) or Z(r,1,s,1), octagon then up to a projective equivalence in the
plane R?, one may assume its 4 distinct zonotope generators u; look like

(0,1),(1,1),(1,0),(1, a)

where a is some strictly negative real number, and in the special Z(r,1,s,1) case (4) from
the theorem, a cannot equal —1. In both of these cases, it is not hard to check that Az is
projectively equivalent to the arrangement we shall call A(r{’g defined by the linear forms

{z:}ieprss U {zi — Titicielrs) U {zi — bxj}ie[l,r],je[r+l,r+s]

for some value of the parameter b. In the Z(r,s,1, 1) case, b is related to a by b = 1 — a,
so that b is a real number strictly greater than 1. In the special Z(r,1,s,1) case (4) from
the theorem, b is equal to a, so that b is a strictly negative real number not equal to -1.
The arrangement A(rb,) will be proven free with the asserted exponents whenever b is a real
number not equal to 0,1, or —1 by an induction table in §3. This completes the proof that

Az is free with the asserted exponents in all of the cases of the theorem. O

The other main result characterizes when Z has the property that all of its tilings by
unit rhombi are coherent.
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Theorem 2.6. Let Z be a 2-dimensional zonotope as before. Then all tilings of Z by unit
rhombi are coherent if and only if one the following four cases holds (cf. Theorem 2.5):

(1) Z is a Z(r,s) parallelogram.
(2) Z is a Z(r,s,t) hexagon in which at least one of r, s, t is at most 2.
3) Z is projectively equivalent to a Z(r,s,1,1) octagon.
p
(4) Z isa Z(1,1,1,1,1) decagon.

Proof. As in the proof of the previous theorem, we first narrow the possible zonotopes Z
for which all tilings can be coherent, by noting that certain previously studied “minimal
obstructions” have been found to have incoherent tilings, and then apply Proposition
2.3(2). Let Z; be any Z(1,1,1,1,1,1) dodecagon, Z, any Z(2,1,1, 1,1) decagon, Z3 any
Z(2,1,2,1) octagon, and Z4 any Z(3,3,3) hexagon. For Z, it was observed by Sturmfels
[Stu] that while Z; has exactly 908 rhombic tilings, the number of coherent tilings depends
upon the choice of zonotope generators uy, ... ,us, and is either equal to 876,880,884,888,
or 892 depending upon five cases. This analysis can be extended to Z; and Zs. For Z,
there are either 264 or 266 coherent tilings (depending on the choice of generators) out of
a total of 268 tilings. For Z3 there are either 74 or 75 coherent tilings out of a total of 76.

For any Z(3,3,3) hexagon Z4, it has been shown by Richter-Gebert [Ri] that of the 980
tilings, exactly 4 of them are incoherent, regardless of the choice of zonotope generators
uy, uz, uz. Figure 9 shows the four tilings which are incoherent for a particular Z (3,3,3).

FIGURE 9. The four incoherent tilings of a regular Z(3,3,3) hexagon

Richter-Gebert actually proves a much stronger result, characterizing exactly which
tilings of a Z(r, s,t) are coherent.

By Proposition 2.3(2), if Z has all of its tilings coherent, it cannot contain any of these
Z;’s as subzonotope. We use this to show that the only possibilities for Z with all tilings
coherent are ones listed in the theorem. ‘

Z cannot have more than 5 distinct zonotope generators, or else it would contain Z; as a
subzonotope. If Z has exactly 5 distinct zonotope generators, then all of the multiplicities
r; must equal 1, or else it would contain Z;. Hence Z is on the list in this case. If Z
has exactly 4 distinct zonotope generators, then it must be projectively equivalent to a
Z(r,s,1,1) octagon, or else it would contain Zs. Hence Z is on the list in this case. If Z
has exactly 3 distinct zonotope generators, then it must be Z (r,s,t) hexagon with at least
one of r,s,0r ¢ at most 2, or else it would contain Z,. Hence Z is on the list in this case.
If Z has exactly 2 distinct zonotope generators, then it is a Z (r,s) quadrilateral, and is
on the list. This shows that the only possibilities for Z to have all tilings coherent are the
ones listed in the theorem, proving the forward implication.
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To prove the reverse implication, our main tool will be the result of Zaslavsky (see
[OT,Theorem 2.68]) which states that the number of regions in an arrangement A4 in R? is
(=1)%x(A4, —1), where x(A, t) is the characteristic polynomial of A. When the arrangement
is free this is particularly simple to compute since the Factorization Theorem tells us that

d
x(At) =Tt —e)
=1 -
so that
d
(—D)%(A,-1) = [J(1 +e)

=1

By Theorem 1.3 and the Warning following it, if Z is a Z(r1,r2,... ,71), then each coherent

tiling of Z gives rise to exactly ], ;! vertices in the fiber zonotope F(Z), which has as
many vertices as there are regions of the discriminantal arrangement Az. Therefore if
we can calculate this characteristic polynomial, we conclude that the number of coherent
tilings of Z is
(=1)?x(Az,~1)
I !

and then compare this to the total number of tilings of Z if it is available. Luckily (or is
it just luck?), for all the zonotopes Z on the list, this number of tilings is available.

For Z a Z(r,s) quadrilateral, Az is free, so we can use the exponents from Theorem
2.5(1) to compute that there is exactly 1 coherent tiling. But it is also clear in this case
that there is exactly 1 tiling, so all tilings are coherent.

For Z a Z(r,s,t) hexagon with one of r,s,¢ at most 2, we may assume without loss of
generality that ¢ < 2. In this case, Az is free, so we can use the exponents from Theorem
2.5(2) to compute the number of coherent tilings. We can also set ¢ = 1 in MacMahon’s
result (Theorem 1.1) to compute the number of all tilings, and it is easy to check that the
answers agree. Hence all tilings are coherent.

For Z a Z(r,s,1,1) octagon, Az is free, so we can use the exponents from Theorem
2.5(3) to compute the number of coherent tilings. We can also set ¢ = 1 in Elnitsky’s
result (Theorem 1.2) to compute the number of all tilings, and it is easy to check that the
answers agree, so that all tilings are coherent.

For Z a Z(1,1,1,1,1) decagon, Az is not free, but x(Az,t) was computed as part of the
proof of Theorem 2.5, so we can plug in t = —1 to get that there are exactly 62 coherent
tilings. By brute force enumeration, one can show that there are exactly 62 tilings of Z
in this case (cf. [Zil,Fig. 3]), so all tilings are coherent. This completes the proof that all
tilings are coherent for each of the zonotopes Z listed in the Theorem O

Remark 1

Theorems 2.5 and 2.6 show that although the notions of Z having A free, and Z having all
tilings coherent are related, neither implies the other. For example, if Z isa Z(1,1,1,1,1)
decagon then it has all tilings coherent but does not have A free, whileif Z is a Z (2,1,2,1)
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octagon with zonotope generators not projectively equivalent to (0,1),(1,1),(1,0),(1,-1),
then 47 is free, but not all tilings of Z are coherent.

Remark 2

The reader should not be surprised to learn that much of what we have discussed in this
section can be generalized to higher dimensions. For an excellent introduction to this see
[BLSWZ, §2.2]. Given an arbitrary zonotope Z C R¢ we define a cubical subdivision of Z
to be a polytopal subdivision of Z whose cells are affine images of cubes. Certain of these
subdivisions, called the coherent ones, can be obtained by the natural extension of lifting
described in §1. These subdivisions are in natural correspondence with the vertices of the
fiber zonotope F(Z) defined in general in [BS,Theorem 4.1].

The collection of all cubical subdivisions is in one-to-one correspondence with certain
one-element liftings of the related oriented matroid, (this follows from the theorem of Dress,
[BLSWZ,Theorem 2.2.13].) As discussed above, in the example of the dodecagon, which
subdivisions are coherent may depend on exactly which generators are chosen and not just
on the oriented matroid that they generate. On the other hand, some subdivisions may
not be coherent for any choice of generators, as in the case of Z(3,3,3). So it is possible
for a zonotope to have all of its liftings coordinatizable (in the oriented matroid sense)
without having all of its tilings coherent, but not vice versa.

The advantages to us of working only on 2-dimensional zonotopes is that there are
formulas (Theorem 1.1 and 1.2) which allow us to compute the total number of rhombic
tilings for the cases that turn out to be of interest. We know of no higher-dimensional
analogues to those formulas.

Section 3. Induction tables

This section (which may be safely skipped by the reader) completes the unfinished
business of proving that the two families of arrangements A, ,x2 and ,452 which appear
in the proof of Theorem 2.5 are free with exponents as asserted earlier.

Our strategy for showing that arrangements are free will be to show that they are
inductively free, using an induction table and the Addition Theorem of Terao [OT,Theorem
4.50], which we now explain. Given an arrangement A in R? and a hyperplane H in A,
there are two associated arrangements, the deletion A — H and the restriction

AR = {H,nH:H; ¢ A}

where the restriction A is thought of as an arrangement of hyperplanes inside H = R¢~!,

Theorem 3.1 (Addition Theorem [OT, Theorem 4.50]). Assume the deletion A — H

and restriction A¥ are both free, and exp(A®) C exp(A — H) so that we can index in
such a way that

ezp(AT) = {e1,... ,eq-1}
exp(A— H)={e1,... ,eq—1,€q}.
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Then A is also free, and
ezp(A) = {e1,... ,eq—1,ea + 1}
An induction table for A is simply a sequence of applications of the Addition Theorem

that begins with the empty arrangement and shows that A is free. A is called inductively
free if it has such an induction table.

Theorem 3.2. The arrangement A,x,x2 is free with exponents

exp(Arxsxz2) ={l,r+L,r+2,...,r+s—-1,s+1,8+2,...,r +s}.

Proof. We will prove the free-ness of this arrangement by constructing an induction table.
Our strategy for building such a table will be to embed these arrangements in a larger
family, in such a way that this larger family contains all the restriction arrangements
needed to prove that they are all inductively free. To this end, we give below the defining
forms for the hyperplanes of three families of arrangements which will be shown to be free,
and list their purported exponents:

For [ < r and I any interval in Z, let

Arx.sx?,l = AranZ U {-ri —Z; + Tri4s41 — xr+s+2}i€[1],j€[r],i;£j ’
{Lr+Lr+2,...jr+s+l—1,s+1+1,s4+1+2,... ,s+7)

Arxat = {Tr41 = rp2} U{zi — z5}icie UAzi = 25 + @ri1 — Trra bieq, jerl i
{L,I+1,142,... ,l4+7r -1}

l
"45"} =A{zrt1} U{zi—z; + Z$r+l}i<j€[2n“],z€[—l,1] U{zs —z; + 2$T+1}j€[2,rl,z61

{{0,1,l(r—2)+#I,l(r—2)+#I+1,... Ar =2+ #I+r—2} i H#I>1
0,L,(r —D)#LUr — )+ L Ur —1)+2,... , l(r—=1)+r —2) if #1I <1

The induction table will be built up by showing these arrangements are free in the following
order,

0]
Ar,j = Arx2,r = Ar><2,l = -Arx2x2,l = Ar><.9><2,l = Arxax2

noting that the first and last links in this chain are trivial because
~ 41
ATX2’T = Ai)[)_lal]

Arxax? = -Ar><sX2,0

We begin by showing that -A(rf)l is free by induction on r+#1I where #1 is the cardinality
of the set I. There are three cases depending on the cardinality of I = [a,b]. In the first

case, #1 > [+ 1. Beginning with Aﬁf?a,b_l], which is free with exponents

{0,L,I(r =2)+ #I - LU(r =2)+ #I,... ,Ji(r =2) + #I +r — 3}
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by induction on #I, we add in the hyperplanes
Ty —Tm + bxr-{-l

form = 2,..., 7' in any order. Each time, the restriction arrangement is projectively
equivalent to AW ro1,(=lb—a] which has exponents

{0, L,i(r =2)+ #LI(r—2)+#I+1,... ,l(r =2) + #I +r -3}

by induction on r, and hence the effect is to raise the exponent I(r—2)+#I—1upto
I(r —2)+ #I+r — 2, giving us

{0,1,i(r —2) + #I— 1,1(r —2) + #1,... ,I(r —2) + #] + 1 — 2)

which are the exponents claimed for .A(l)

In the second case, 1 < #I < [. Beginning with A(I[a b—1]> which is free with exponents
{0,L,(r ~DF#I -1, l(r—1)+1,I(r—1)+2,... l(r=1)+r -2}
by induction on #I, we add in the hyperplanes
Ty — T + bTry

for m = 2,...,r in any order. Each time, the restriction arrangement is projectively
equivalent to .A(l) 210 which has exponents

{0, L,Ir =)+ L,l(r=1)+2,... {(r—1)+r -2}

by induction on 7, and hence the effect is to raise the exponent (r — IN#I —1) up to
(r — 1)#I, giving us

{0,1,(r = D#LIr =)+ 1,1(r—1)+2,... ,1(r—1)+r -2}

which are the exponents claimed for A(rl}.
In the third case, I is the empty interval @, and we have

) ~
Ay = (0)x ALy

where (0) denotes the empty arrangement in R! and x denotes the product of arrangements
[OT,Definition 2.13]. By induction on r we know that A(l) _y,p) is free with exponents

10,L,(r-1)+1L,l(r—1)+2,...,I1(r —1)4+r -2}
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and taking its product with (0) preserves free-ness and adds on the exponent {0}, which
gives the asserted exponents for .AS.{L. This completes the three cases, and hence the proof

that .A(TI)I is free with the asserted exponents is complete.
We next proceed to prove that 4,xs; is free by induction on r. We recall our earlier

observation that A,x2 , & .A(rl[)_l 1]

l < r. We begin with the arrangement
(0) x -A(r—l)x2,l
which is free by induction on r with exponents
{0,1,1+1,1+2,... ,1+r—2).

Adding in the hyperplanes {z; — Tr}je[r—1] One at a time in any order, and then adding in
the hyperplanes {z, —z; + 2,41 — Zry2} jeq in any order, the restriction arrangements are
all projectively equivalent to A(,_1yx2,, which by induction on r is free with exponents

{Li+1,142,...,l4+r—2}.

After adding all these hyperplanes in we have the arrangement A,x; ;. This raises the
exponent 0 up to [ +r — 1, so that A2 is free with the desired exponents

{Lrl+1,0+2,...,0+r=21+r—1}.

We next proceed to prove that Arx2x2,1 is free by induction on r, by working our way
up from (0) x (0) x A,x2,; through several intermediate arrangements defined below.

Ao = (0) x (0) X Arx2.1

A1 =AU {z; + zri1 + Tria}jep]

Az = Ay U{z; + Trp1 + Tria}jepr]
(0)x 4 = 4, U {zj + @rt1 + Trtadjether,

Ay = A3 U{z, 41 — 2,42}

As = Ay U{zj + 2,40 + Tri3}jelr]

A = As U{z; + Tri2 + Tria}jepm

A7 = As U{z; + zri2 + Tria} jert1,1]

so the case [ = r is already proven and we may assume

To abbreviate the proof, we will only say for each i what the restrictions look like (up
to projective equivalence) as one adds in each of the hyperplanes H in A; — A;_; in any
order:

? Restriction Exponents of restriction

1 (0) X Arxay {0,1,141,1+2,... ,1+r—1}
2 (0) x Arxa {0,1,14+1,14+2,...;l+r—1}
3 (0) x Arxz,141 {0,1,14+2,143,...,l+7r}

4 AP {(L,142,01+3,... . 1+rr+1}
5 AP {1,14+2,143,... . I+rr+1}
6 AL {L,I4+2,143,...,1+rr+1}
7 A{FY {1,14+3,14+4,...,l+r+1,r+1)



FREE ARRANGEMENTS AND TILINGS 17

To summarize the effect this has on the exponents, we start with A4¢ = (0) x (0) x A;x2,1
having exponents

{0,0,1,1+1,14+2,...,l+r—1}

Passing from A4, to A, raises one of the 0 exponents to [ + r, yielding

{0,1,14+1,14+2,...,l+r}

Passing from A, to A3 raises the [ + 1 exponent to r + 1, yielding
{0,1,14+2,1+3,... ,l4+r,r+1}

Passing from Aj; to Ag raises the remaining 0 exponent to { + r + 1, yielding
{1,1+2,1+3,... ,l+r+1,r+1}

Passing from Ag to A7 raises the [ + 2 exponent to r + 2, yielding

{1,I+3,l+4,...,l+r+1,r+1,r+2}

which one can check agrees with the asserted exponents for A,x2x2,1 = A7.
Finally we prove that A.xsx2, is free by induction on s, using the just-proven base case
s = 2. Define the intermediate arrangements
.Ao = (O) X Ar—lxst,l
Ar = Ao U {Zri14m — Trts)je[r+1,r+s]
Az = Ay U{z + Trps + Trist1}jep,n
Ay = A U{z; + 245 + $r+s+2}je[1,t]
Ay =AU {-Tj + Trps + $r+s+2}je[l+1,r]

As before we will only say for each ¢ what the restrictions look like (up to projective
equivalence) as one adds in each of the hyperplanes H in A; — A;_; in any order:

¢ Restriction Exponents of restriction

1 Arxs—1x2. {Lr+Lr+2,...,r+s+1=21+sl4+s+1,... ,r+s5—1}
2 Arxs—ix2 {Lr+1,r+2,...,r+s+1-214+s,l+s+1,... ,r+s5—1}
3 Arxs—1x2.1 {IL,r+1,r+2,...,r+s+1-214+sl+s+1,...,r+s—1}
4 Arxs—ixzg+1 {Lr+l,r+2,...r+s+1—-114+s+1,1+s5+2,... ,r+s—1}

To summarize the effect this has on the exponents, we start with Ay = (0) X Arxs—1x2,15
which is free by induction on s with exponents

{0, L,r+1,r+2,...;r+s+1—-2,s+Ls+1+1,...,s+r—1}
Passing from Ay to Aj; raises the 0 exponent to r + s + [ — 1, yielding

{Lr+1r+2,...;r+s+1-2r+s+1-1,s+L,s+1+1,... ,s+r—1}
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Passing from Az to A4 raises the s + [ exponent to s 4+ r, yielding
{1,r4+1,r4+2,...,r4+s+1-2r+s+1—-1,s+14+1,... ,s+r—1,5+7}

which agrees with the asserted exponents for A,xsx2,1 = As.
This completes the proof that A, xsx2 is inductively free, and has the exponents asserted
earlier. 0O

Before proceeding on to prove that A(r?g is free, we stop to take a closer look at the
class of arrangements AE‘f)I which were proven free along the way, in the special case when
I = [=1,1]. These arrangements may be viewed as a special case of a certain“symmetrical
lifting” construction which we now describe. Let A be an arrangement of n hyperplanes in
R? with defining linear forms {Ig} for the hyperplanes {H}. Let LD (A) be the arrange-
ment of (2k + 1)n 4 1 hyperplanes in R**! with hyperplanes defined by the forms

{lg + zza1}mea,ze(-1,n U {za+1}

One can check that the arrangement Ai’%_ TE the same as £V(4,_,) where A, is the

Coxeter arrangement {z; — z;};<je(s]- The exponents which were computed for this case
are consistent with the following conjecture:

Conjecture 3.3. Let Aw be the hyperplane arrangement associated to an irreducible
Weyl group W, with exponents {ey,... ,eq} and Cozeter number h (see [OT, Definition
6.99]). Then LY (Aw) is free, with exponents

{1,61+l'h,62+l-h,...,6d+l'h}.

As pointed out above, the conjecture is true for all [ when W = A,,, and has been
checked for many small values of [ when W = B,,, D,, Eg, Fy,G;. Note that the assertion
of the theorem does not hold in general for W an irreducible Cozeter group. For example, if
W is the dihedral group of order 10 acting in its defining representation as the symmetries
of a regular hexagon, one can check that the characteristic polynomial x(£™(Aw),t) does
not factor completely over Z.

Theorem 3.4. The arrangement .A(r?,), for b # 0,1, —1, is free with exponents

exp(A(rf’g)z{l,r+2,r+3,... ,T+s8,8+2,5+3,...,r+s+ 1}

Proof. Similarly to the proof of the previous theorem, our strategy in building an induction
table for .A(rf’g where b # 0,1, —1 will be to embed these arrangements in a larger family,
in such a way that this larger family contains all the restriction arrangements needed to
prove that they are all inductively free. To this end, we give below the defining forms for
the hyperplanes of two families of arrangements which will be shown to be free, and list
their purported exponents:
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For r, s, k nonnegative integers,let

b
(=,)r,s,k = {$i}i€[r+s+1] U {-’Ei - xj}i(je[r+3+1]

U{z; — bxj}ie[l,r],je[r+1,r+s]
U{zi = 0™ Trqot1}ie[1,r+s],mel0,k]
{L,r+2+k,r+3+k,...,r+s+k+1,s+2+k,s+3+k,...,7r+s+k+1}

b
O ok = i Yierrret1 U {Ti — 25 icieprtot)

U {z: — bz bieqn,r,elrt1,m+s]
U {xi - bm$r+s+1}ie[1,r+s],me[0,k] U {l‘i - bml‘r+s+1}z‘e[r+1,r+s],me[0,k—1]
{1,r+2+k,r+3+k,...,r+s+k+1,5+3+k,s+4+k,... ,r+s+k+2}

The induction table will be built up in the following order: we will show first that
A® A

=’r’s!k’ +’r787

then show how the free-ness of .A(b)

=,r,s,0°
S.

. are free by an intertwining induction on the minimum of {r,s, k}, and

A(=b’)r’s,1 imply the freeness of A&”B by induction on
To begin the intertwining induction for Af_f?rys’k, AE:’)T’S’,C, we note that if either r = 0 or
s = 0, then both of these families of arrangements degenerate into an arrangement of the
form '

{xi}ie[r+1] U{z; - bmxr+1}i€[1,r],m€[0,k]

This arrangement is easily seen to be supersolvable, with M-chain given by
A C A CAC---

where Ay is the subarrangement consisting of all hyperplanes whose linear forms only
involve the coordinates ,4 441 and z; where ¢ € [1, k]. We refer the reader to [OT, §2.1 and
§4.3] for a definitions of supersolvability, M-chains, and why this implies the arrangement
is inductively free.

In the first of the two intertwining inductive steps, we assume that A(:)r 1.k AE:)r,s,k—l
are free with the correct exponents, and show that AS)T o 1 is free. Beginning with
AE:’)T, s k—1» Which is free with exponents

{Lr+1+kr+2+k,...,r+s+k,s+2+k,s+3+k,...,r+s+k+1}
by induction, we add in the hyperplanes
$m—bk$r+s+1

form =r41,... ,r+s in any order. Each time, the restriction arrangement is projectively

equivalent to AE:,)r,s—l, » Which has exponents

{Lr+24+kr+3+k,...,r+s+k,s+24+k,s+3+k,...,r+s+k+1}
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and hence the effect is to raise the exponent r + 1+ k up tor + s+ 1 + k, giving us

{L,r+2+4+k,...,r+s+kr+s+1+ks+2+k,s+3+k,...,r+s+k+1}

(6)

~'rs k- In the second of the intertwining inductive

which are the exponents claimed for A

(b)
=,r—1,8,k+1°

that AE:”)T,S’,C is free. Beginning with A

AS )r . x are free with the correct exponents, and show
(b)

=,r,8,k?

steps, we assume that A

which is free with exponents
{L,r+2+k,r+3+k,...,r+s+k+1,s+2+k,s+3+k,...,7+s+k+1}

by induction, we add in the hyperplanes

k+1
Tm — b + Tr4s+1

for m = 1,...,r in any order. Each time, the restriction arrangement is projectively
equivalent to Aﬁ’)r_l s.k4+1 Which has exponents

{L,r+2+kr+3+k,...,r+s+k+1,5+3+k,s+4+k,... ,r+s+k+1}
and hence the effect is to raise the exponent s + 2+ &k up to r + s + k + 2, giving us
{I,r+2+k,r+3+k,...,r+s+k+1,84+3+k,...,r+s+k+1,r+s+k+2}
(d)

+,r,8,k"

This proves that AS )r 0,k AE:’)T,S’ « are both free with the correct exponents. We now use
(b)

which are the exponents claimed for A

.A(__b’)r’s’o, .A(__b’)r’s,l, to prove that A(rl,’g is free by induction on s. Beginning with A

=rs—1,00
which is free with exponents
{IL,r+2,r+3,... ,;r+s,85+1,s+2,...,r+ s}
by induction, we add in the hyperplanes
T = bTrqaq1
for m = 1,...,r in any order. Each time, the restriction arrangement is projectively

equivalent to .AE_E”)T__L s—1,1 Which has exponents
{Lr+2,r+3,...,r+s,5+2,s+3,...,r+s}
and hence the effect is to raise the exponent s + 1 up to r + s + 1, giving us
{L,r+2,r+3,...,7r+s,s+2,...,r+s,r+s+1}

which are the exponents claimed for AS«Q. This completes the proof. [J
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Remark

The induction table used to prove A&f’,? free suggests that the following might be an in-
teresting problem: characterize all free arrangements of hyperplanes in which the linear
forms defining the hyperplanes are all of the form

T; — bmxj

for some fixed real number b and m is allowed to vary through the integers. Undoubtedly
this is an interesting family, since it contains all of the classical Coxeter arrangements
(when b = —1), the minimal-dimensional counterexample to Orlik’s conjecture found in
[ER], and the counterexample to Saito’s conjecture discussed in the next section

Section 4. Saito’s conjecture

In this section, we discuss two very interesting, closely related one-parameter families
of arrangements arising from the induction tables of the previous section. The first is a
one-parameter family of free arrangements for which most parameter values yield a free
arrangement, but one value yields a non-free arrangement. The second is a one-parameter
family of counterexamples to Saito’s conjecture that the complezified complement of a free
arrangement is a K(m,1) space (see [OT,Conjecture 5.18],[Sal)).

The first family is Agg where b is any real number, i.e., the discriminantal arrangement
fora Z(2,2,1,1) or Z(2,1,2,1) octagon, depending upon the value of b. It has hyperplanes
defined by the linear forms

{zi}iga U {zi — 25,2 — bz }ien 21, 5e3,4]

As b varies over all real numbers, we have that Ag':% is
free with exponents {1,4,4,5} if 5# 0,1, -1
free with exponents {1,2,3,4} if 6=10,1

not freeif b = —1

These assertions follow from the induction tables in the previous section for b # 0,1, —1,from
the fact that the arrangement degenerates to something projectively equivalent to the Cox-
eter arrangement A, if b = 0,1, and by computing that the characteristic polynomial is

(t — 1)(t — 3)(t* — 10t + 26)

if b=—1.

This is a somewhat strange situation, since non-freeness is a generic condition in the set
of all hyperplane arrangements, assuming that the coefficients of the linear forms defining
the hyperplanes are chosen randomly (see [Zi2,Corollary 7.6]). Moreover this shows that
the set of free arrangements is not Zariski-closed in the set of all arrangements. It fol-
lows from the fact that generic arrangements are not free (see above) that the set of free
arrangements is not Zariski-open in all arrangements.
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Restricting this arrangement .Agl:% to any one of the hyperplanes
{ei —zj 2 — bej}ien 2),jel3.4

yields an arrangement projectively equivalent to A(=b,)1,1,1, whose hyperplanes are defined
by the forms

{zi}iep U {zi — 75} icjes U {z1 — bz2, 21 — bas, 22 — bz3}.
As b varies over all real numbers, we have that AQ?I,LI is

free with exponents {1,4,4} if b#0,1,—-1
free with exponents {1,2,3} if =0,1
free with exponents {1,3,5} if b = —1

These assertions follow from the induction tables in the previous section for b # 0,1, —1,
and for the cases b = 0,1 or b = —1 from the fact that the arrangement degenerates
to something projectively equivalent to the Coxeter arrangements A3 or B; respectively.
Figure 10 depicts these arrangements AS_E’,)I,M in the real projective plane RP? for various
values of b. Here RP? has been identified with the top hemisphere of the unit circle
2?2 + 22 + 2% = 1, in which we have identified opposite points on the equator (the line at
infinity) z3 = 0.

FIGURE 10. Ag’,)l,m forb=—2,-2,1 and 2

Note that when b < 0, the triangular region bounded by the hyperplanes
{z1 —bzy, 2y — 3,72 — bz3}

touches no other hyperplanes in the arrangement, even at its vertices. One can show
that the existence of such a region implies that the complexified complement of the ar-
rangement is not a K(w,1) space, and we thank R. Randell for the following argument:
Let ¢ be the inclusion map of the complexified complement of this arrangement into the
complement of the arrangement which only has the hyperplane z3 = 0 at infinity and
the three which bound this triangular region. Then one can easily show that ¢ induces a
surjection on all homotopy groups, and in particular, on the second homotopy group .
But the complexified complement of the arrangement with four hyperplanes is well-known
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(see [OT,Corollary 5.23]) to be homotopy equivalent to the Cartesion product of a circle
and the 2-skeleton of a 3-torus. This space has non-trivial second homotopy group, and
therefore the complexified complement of A(__I)’)I’I’I also has non-trivial second homotopy
group, so it is not a K (m, 1) space.

Furthermore, by results of Randell [Ra], this also implies that for any b # 0,1, —1 the
complexified complement of -'4(=b,)1,1,1 is not K(m,1). The reason is that if we allow b to be
a complez parameter, then it is easy to see that the intersection lattice of the arrangement
is isomorphic for all values b # 0,1, —1. Since the complex plane with 0,1, -1 deleted is
path-connected, one can construct a lattice isotopy between any two such arrangements,
and conclude that their complements are all diffeomorphic (see [Ra] or [OT,Theorem 5.28)).

We remark on one last interesting feature of the arrangement .AE__b )1 11: 1t is the discrim-
inantal arrangement for the 3-dimensional zonotope Z(;y with 6 zoridtépal generators

{(1,0,0),(0,1,0),(0,0,1),(1,1,1),(b,1,1),(b,5,1) }

The matroid dual (see [BLSWZ], §3.4) of this zonotope is another 3-dimensional zonotope
Z with 6 generators, which, somewhat surprisingly, turns out to be projectively equivalent
to Zp) itself!

Section 5. Higher Bruhat order and ¢g-counting

In this section, we connect the theorems of MacMahon and Elnitsky which g-count
tilings to the higher Bruhat orders of Manin and Schechtmann, and to the weak order on
the regions of the discriminantal arrangements Az. A very pleasant consequence of this
connection is a factorization for the rank-generating function of these weak orders in some
of the cases where Az is free, which relates to a question of Bjorner, Terao, and Wagreich
[Wa] (see Remark after Theorem 5.3). In this section, we also resolve a question posed by
Ziegler concerning higher Bruhat orders (see Digression below).

In order to define the higher Bruhat order, it will be convenient to replace a tiling of
a Z(ry,...,r) polygon with an equivalent object which we call the braid picture of the
tiling. Informally, a braid picture consists of n = >, r; strands which begin on the left side
of the page and move across to the right side of the page, and each pair of strands will cross
each other 0 or 1 times as they move across, with at most two strands crossing at a single
point. Our notion of a braid picture is closely related to Goodman and Pollack’s wiring
diagram, see [ BLSWZ,page 260]. If we order the strands sy,... , s, from bottom to top on
the left side of the page, then two strands s;, s; will cross if and only if the indices ¢, j do
not lie in a common interval of the form [r;j +ro+ - +rm+1,r1+r2+- 471, + )

The correspondence between such braid pictures and tilings of a Z(ry,... ,r;) polygon Z
with unit rhombi is hard to explain in words, but easy in pictures; see Figure 11. Roughly
speaking, if the (distinct) zonotope generators for Z are numbered {uy,... ,u;} in order

of weakly decreasing slopes, then, after rotating Z counterclockwise 90°, the strands

{Si }iE[r1+r2+~-+rm+1,r1+r2+---+rm+rm+1]

correspond to those rhombus edges in the tiling which have slopes the same as u,,. The
tiling may be considered the dual planar graph of the planar graph which has vertices at all
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FIGURE 11. A tiling and its braid picture

the crossing points of the strands, and edges along strand segments between the crossing
points.

Given such a braid picture for a tiling T of Z, we define the inversion set Inv(T) to be
the set of triples (i,j,k) with 1 < ¢ < j < k < n for which the three strands s;,s;, s¢ all
do cross each other, and for which the order of crossing is first s;, sk, then s;, sx, and then
3;,8i. Figure 12 shows the two different ways the three strands s;, s;, sx can cross, one of
which is an inversion, the other not.

FIGURE 12. The two orders in which three strands can cross

We then define the higher Bruhat order HB(ry,... ,r;) on the set of all tilings T of a
Z(ri,...,r1) polygon to be the order induced by inclusion of the inversion sets Inv(T).
In the special case wherery = --- =r; =1,s0! =n and Z is a (2n)-gon, this order is the
same as the order B(n,2) in the family B(n, k) of higher Bruhat orders defined by Manin
and Schechtmann [MS].

Digression
In fact, what we have just said is not quite true, since in [MS], the orders B(n,k) were
defined by single-step inclusion of inversion sets, not inclusion. More precisely, they defined
a covering relation in B(n, k) to be a pair of inversion sets (see [MS] for the definition of
inversion sets in B(n,k)), I' C I with #I' = #I + 1, and then B(n, k) is the transitive
closure of this relation. It was pointed out by Ziegler [Zil], that for k& = 1 single-step
inclusion is the same as inclusion on inversion sets, but for k¥ = 3 these two concepts give
rise to distinct partial orders. Ziegler also asked whether for £ = 2 single-step inclusion
was the same as inclusion. We sketch here a proof that this is true, so that our definition
of higher Bruhat order will indeed coincide with that of [MS].

In order to show that single-step inclusion is the same as inclusion, we assume that we
have two tilings T' and T" with Inv(T") C Inv(T). If we can show that there is always
a triple (¢, 7, k) in the set difference Inv(T) — Inv(T") for which Inv(T) — (3, j, k) is still
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an inversion set, then we will be done by induction on #(Inv(T) — Inv(T')). Notice
that the triples (i, j, k) which can be removed from Inv(T) and still leave an inversion set
are exactly the triples corresponding to three strands s;,sj, s which bound a connected,
triangular region of the plane in the braid picture of T, and such triples are usually called
mutations [BLSWZ,page 267]). To rephrase then, we need to show that there is always
a mutation ¢ of the braid picture of T which lies in Inv(T) — Inv(T'). We will need the
following fact characterizing inversion sets of tilings ([Zil, Lemma 2.4]): A set of triples [
is Inv(T) for some tiling T if and only if it is biconvez in the sense that for all quadruples
1 <i< j < k<l<n, the intersection of I with the following four triples

(ivjak)a(i7jal)’(i>kvl)’(ja kal)

will always be either an initial or final segment in the above ordering. We would therefore
be done if we could prove the following lemma:

Lemma 5.1. If I is a biconvex inversion set of a tiling T, then no other biconvex set

contained in I which contains all of the mutation triples t of T can be properly contained
m .

Sketch of proof. Having fixed the tiling T and the biconvex set I of its inversions, partially
order all triples t = (z,7,k) in I by taking the transitive closure of the following relation:
t > t' if the triangles A and A’ bounded by ¢t and ¢ in the braid pictures share exactly
two bounding strands, and the third bounding strand of A’ cuts through the interior of
A. An example is shown in Figure 13.

FIGURE 13. The covering relation that generates the partial order on
triples

It is not obvious that the transitive closure of the above relation is a partial order,
i.e. that taking the transitive closure creates no cycles. However one can check that this
follows from the fact that southernmost corner of A (i.e. the intersection point of strands
si, sk ) is always weakly south of the southernmost corner of A’| in the sense that A’ lies
in the most northern quadrant above both strands s;, s.

Given this partial order, one then shows that any biconvex subset I’ C I which contains
all mutations of I has to contain each triple t € I, using induction on this partial order
on the triples ¢t. Since the mutations of I are exactly the minimal elements in this partial
order, the base of the induction is clear. For the inductive step, one shows that given any
non-minimal triple ¢ in a biconvex set I', knowing which triples below it in the partial
order are in I' and which ones are not will exactly determine whether or not t € I' by
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biconvexity. Hence if I' is contained in I and shares all of I’s mutations, it must actually
contain every triple of I.- O

Before going any further, we should point out that the higher Bruhat order on tilings
of Z(ry,...,r;) does depend on the ordering of (ry,... ,r;) more closely than the number
of tilings does. It is clear that the number of tilings only depends on (ry,...,r;) up to
cyclic permutations, since one can rotate the whole polygon to get a bijection between
tilings. It is even true that the graph underlying the Hasse diagrams for the corresponding
higher Bruhat orders will be isomorphic. However, the notion of which triples (¢, 7, k) are

inversions is not invariant under such a cyclic permutation of (ry,... ,r;), and the choice
of the bottom tiling Ty in the higher Bruhat order will be different for different cyclic
permutations of (r1,... ,7).

We now explain why MacMahon and Elnitsky’s ¢-counting results are special cases of
the rank-generating function

R(T‘], o ,7'1) — Z qrank(T)

TGHB(T‘1,... ,7‘1)

where rank(T) = #Inv(T) is the rank function for the higher Bruhat order on tilings of a
Z(ryy...,11). ' :

MacMahon g-counts plane partitions 7 sitting inside an r x s X t box with weight
g2+ ™3 When viewing the plane partition as a set of unit cubes stacked into the corner
of anr x s X t box, )7, . m; ; is the same as the number of cubes. When viewing this set
of cubes as a rhombic tiling T of a Z(r, s, t) hexagon, the set of triples (z, 5, k) giving the
coordinates of each cube is exactly the inversion set Inv(T) of the tiling. Hence the weight
qz"vi ™. is the same as ¢"*"*(T) in the order H B(r,s,t). Note that in this case the higher
Bruhat order HB(r,s,t) has a simpler description as the distributive lattice of order ideals
in the product of three chains r X s x ¢ (see [Sta]), and it is well-known that MacMahon’s
result gives the rank-generating function for this lattice.

Elnitsky g-counts tilings T of a Z(r,s,1,1) octagon by ¢#**T.T0)  where dist(T,Ty) is
the distance of the tiling T from some canonical tiling Ty in a certain connected graph of
tilings. If we reinterpret this as a Z(s,1,1,r) octagon (by cyclically permuting (r,s,1,1)
and rotating the octagon and its tilings), then one can easily check that his graph coincides
with the Hasse diagram of the higher Bruhat order HB(s,1,1,r), and that T} is the bottom
element in this order, i.e., it is the tiling with Inv(T) = &. Hence dist(T, Ty ) = rank(T).

We now explore the relation between this higher Bruhat order and the weak order on
the regions of a hyperplane arrangement. A region of a hyperplane arrangement A in R?
is a connected component of the complement R? — A. Pick a base region Cp, and define a
function S from regions C' of A to subsets of A by

S(Cy,C)={H € A: H separates Cy from C'}

Partially ordering the set of regions C' of A by inclusion of S(Cy,C) gives a poset P(.A)
defined in [Ed] and usually called the weak order on regions of A with respect to the base
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chamber Cy. Clearly the rank function on P(A) corresponds to the cardinality #5(Co, C).
The weak order derives its name from the special case where A is the Coxeter arrangement
Ap—1 with defining hyperplanes {z; — z;}icjen]- In this case, regions correspond to
permutations 7 in the symmetric group S,, the chamber C is chosen to correspond to the
identity permutation, and the poset P(A,) is usually referred to as the weak order (see
[Ed)).

In the case A = Az for Z some Z(ry,... ,r;) polygon, there are two kinds of hyperplanes:
those of the form z; — z; = 0 where 7 < j lie in some interval

ri4re+ - trm L+ttt gl

and those of the form az; + bz; + czy = 0 where no two of 1 < ¢ < j < k < n lie in any
such interval and auy; + buy; + cu;, = 0 is the unique linear dependence (up to scaling)
among their corresponding zonotope generators. Recalling our convention that the u;’s
all point into the right half-plane, and are numbered going clockwise from the positive
y-axis, we can normalize the scaling of a,b,c so that b is always negative, and hence a,c
are always positive. We choose the base chamber Cj in Az to be defined by z; —z; >0
for hyperplanes of the first type (and 7 < j), and az; 4+ bz; + cxy > 0 for hyperplanes of
the second type. Given a region C in Az, its location relative to the hyperplanes of the

first type uniquely defines | permutations (¢(V),... ,o00) where o is a permutation of
the set [ry +---+7ri_y + 1,7y +---+r;] and
L y(m) < T _(m) < e <T (m)

ritetrmo 141 rite oy +2 rittrmortrm

for points z in C' and each m and where agm) means the image of ¢ under o(™). Likewise,

the location of the chamber C relative to hyperplanes of the second type uniquely defines
a subset I(C) of the triples 1 < ¢ < j < k < n corresponding to braid strands s;,s;, sk
which all pairwise intersect, according to the following rule: let

(m1)

(m2) (ms)
j2=n2, o, O =n3

and then say that (2,7, %) is in I if and only if

o =n;, o

ATy, +bz,, +cxn, <0

is satisfied for points z in the chamber C. Roughly speaking, what the previous convention
is saying is that if the chamber C corresponds to the permutations (o(V,... o)), then
to make it correspond to a tiling, we must reorder the strands within each interval

[rit+re+- o +rm+Liri+ra+ o+ rm+ rmyi]
in the braid picture. This allows one to define a set map
¢: P(Az) - HB(ry,... ,r1) X Sp, X -+ xS,
by
#(C) = (I(C),oM,... ;o)

where we have identified S, , with the set of permutations of the set [ry + -+ + rm—1 +
1,71 4+ -+ 7rm] One only needs to check that the set of triples {(¢, j, k)} on the right-hand
side really do form the inversion set Inv(T) for some tiling, but this is simply a tedious

unravelling of two bijections: the one between regions C in Az and coherent tilings of Z,
and the one between tilings of Z and inversion sets. We omit this verification.



28 PAUL H. EDELMAN AND VICTOR REINER

Proposition 5.2. Let Z be a Z(r1,... ,r1) polygon. Then the map ¢ defined above is a
rank- and order-preserving injection

QSZP(Az)‘—)HB('I’l,... ,7‘1) X Sr1 XX Sr,.

Here the right-hand side is ordered componentwise, using the weak order in each of the
factors Sy, .

Proof. The statement is nearly a tautology once the definitions are unravelled. The relevant
point is that any chamber C is completely specified by S(Cp,C), and if we have ¢(C) =
(I(C),(cM ... ,a)), then I(C) specifies the intersection

S(Co,C)N{azi +bzj+car}
while ¢ ... o) specify the intersections
' S(Co,C)YN {z; — z;}

respectively. All other assertions follow trivially from this observation. O

Remark
It is not true that the map ¢ above embeds P(Az) as a subposet of HB(r1,... ,r1) X Sy X
.-+ X Sy,. One can see this in the case of Z(1,2,1). See Figure 5.

Theorem 5.3. In the following instances:

(1) Z is a Z(r,s) parallelogram.

(2) Z is a Z(r,s,t) hexagon in which one of r,s,t is at most 2.

(3) ZisaZzZ(rs,1,1),2Z(s,1,1,r),2(1,1,r,8), or Z(1,r,s,1) octagon.

(4) Z isa Z(1,1,1,1,1) decagon. _
the map ¢ induces an equality of the rank generating functions of P(Az) and HB(r1,... ,11)X
Sy, X -+ X S,,. Furthermore, in cases (1),(2), and the Z(s,1,1,r) case of (3) we have that

S ek = T+ 1
CEP(Az) i

where [n], = 14+ ¢+ ¢* + ...+ ¢"! and exp(Az) = {e;} are the exponents given in
Theorem 2.5.

Proof. Since Sy, X --- x Sy, has cardinality [],, 7m!, we have already seen in the proof of
Theorem 2.6 that in all the cases listed above, the domain and range of ¢ have the same
cardinality. Hence ¢ induces the equality of generating functions, since it preserves rank.
Furthermore we have that

Z qrank(C) — Z qrank(T) H Z qrank(a)

CeP(Az) tilings T€HB(ry,...,77) m o€S,,,

= > @) il

tilings T€ H B(r1,...,71) m
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where we have used the well-known fact (see e.g. [BEZ,Theorem 2.4(3)]) that the weak
Bruhat order on S, has rank generating function [n]l,.
To prove the second assertion, in each case we can plug in a known expression for

Z qrank(T).

tilings T€H B(r1,...,71)

For case (1), this known expression is trivially 1, since there is only one tiling of a
Z(r,s). For case (2) this expression is MacMahon’s Theorem (Theorem 1.1), and for case
(3) with Z = Z(s,1,1,r) this expression is Elnitsky’s Theorem (Theorem 1.2).

It is now a simple matter left to the reader to show that in each case, multiplication of
this expression by [],.[rm]!q agrees with

H[ei + 1]q

1

where ezp(A,xsxt) = {€;} are the exponents given in Theorem 2.5. 0

Remarks

(1) The last theorem is related to a question of Bjorner, and of Terao and Wagreich
[Wa]: Assuming A is free with exponents {e;}, is it always possible to choose a
base chamber Cy so that

Z qrank(C) — H[ei + 1](1?

CEP(A) i

The answer was long known to be “Yes” for Cozeter arrangements and super-
solvable arrangements [BEZ,Theorem 4.4},and more recently for the inductively
factored arrangements introduced by Jambu and Paris [JP], but an example for
which the answer is “No” was found by Terao.

The previous theorem shows that the answer is “Yes” for the arrangements
listed, which would suggest that perhaps these arrangements are inductively fac-
tored. This is true and well-known for case (1) and the ¢ = 1 subcase of (2), but
one can check by brute force that Az 2,2) and Az(2,2,1,1) do not even satisfy the
weaker hypothesis of being factored (see [OT, Definition 2.66]). Therefore the ar-
rangements Az, , 2y for t < 2 and Az(r,,1,1) form a new class of examples where
this question can be affirmatively answered.

However, even in the cases where Az(21,2,1) is free it will not have such a
base chamber. This was checked using a program written in MATHEMATICA
available from the second author. What this shows is that the existence of such a
base chamber for a free arrangement A is not solely dependent on the intersection
lattice L(A) (see [OT,page 4]) since L(Az(2,1,2,1)) (When Az 1,2,1) is free) is
isomorphic to L(Az,2,1,1))-
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(2) It is worth noting that if we multiply the polynomial in MacMahon’s ¢-count of
tilings of a Z(r,s,t) by [r]ly - [s]lg - [t]!q, the result

H(r+s+t)H(r)H(s)H()
H(r +s)H(r +t)H(s + t)

[rllg - [sltq - [t

does not even factor into a product of terms of the form [n], if r,s,t > 3. For
example, if r = s =t = 3 one gets

[2]4[514(614(614 (614 (714714 (8

which one can check has no such factorization.
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