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1. Introduction and Rationale

A form (real homogeneous polynomial) f is called positive semidefinite (psd) if
S(x)20 for all x=(x,,...,x,)ER"; f is a sum of squares (sos) if there exist forms
h, such that f=Y hi. In this paper we study even symmetric sextic forms in
n23 variables. A typical even symmetric sextic is

J
.y Jo=a Y xP+BT xtxi+y ¥ xixixl.
imt i%j i<j<k

We determine necessary and sufficient conditions for such a form to be psd
and for such a form to be sos. These conditions are easy to check for any given
form f. They provide an explicit description of the cones of psd and sos even
symmetric sextics as semialgebraic sets and they settle some open questions of
R.M. Robinson. As f(x)20 is an inequality, we aiso obtain an interesting (and
largely new) family of symmetric polynomial inequalities. The remainder of this
introduction is devoted to describing the psd and sos conditions and placing
our work in the context of previous work on psd and sos forms.
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(1.10)  S(x,y,2)=I(a,b,c)=abc—(b+c—a)(c+a—~b)a+b-c)20
for a,b,¢20.

In 1820 Lehmus showed that I'(a, b, c)=0 when a, b and ¢ are the sides of a
triangle; in 1920 Peano showed that I'(a, b, c)20 for all non-negative a, b and
c. Hobson has shown that, if a triangle has sides a, b and ¢ and area 4, then
I'(a,b,c) is 84 times the distance between the centers of the inscribed circle
and the nine-point circle, while S(a, b, c)"/? is 84 times the distance between the
centers of the circumscribed circle and the nine-point circle ([Ho, pp.198-
200]). See also Coxeter’s survey article [Co] for references and more details.
Finally, as noted in [CL,],

I(a,b,c)=a(a—b)(a—c)+bb—a)(b—~c)+c(c—a)(c—b)

and so I'(a,b,c)20 for a,b,c20 is a special case of Schur's inequality. (See
[HLP, p. 64]). See note added in proof.
H.D. Ursell [U] studied the mapping

T: (xg, ... x,) (M, (%), ..., M, (%)}

where 0<p, <...<p, and x,20. He determined the set ¥(p,,...,p,) of points
zeR’, for which T(z) is on the topological boundary of T(R%). Let p, =1, p,
=2 and p,=3; one can show that every zero of the psd even symmetric sextic
aMy+bM,M,+cM3 is contained in &(1,2,3), but not vice versa. Ursell’s
Theorem states in this case that the elements of %(1,2,3) have, projectively,
and up to permutation, the shape z=(t, 1,...,1,0,...,0) with t21. As we shall
see (Theorem (3.6)), such a z can be a zero of a psd even symmetric sextic if
and only if =1 or z has the form (¢, 1,0, ..., 0).

This paper is organized as follows. Section two introduces the several
families of extremal even symmetric sextics. It contains a crucial technical
proposition analyzing the set of quadratics g which are non-negative on certain
subsets of R. For completeness, the psd and sos even symmetric sextics in n=2
variables are also determined. Section three considers the psd case. By means
of a surprising algebraic identity, we are able to determine the possible zeros of
a psd even symmetric sextic. This leads directly to Theorem (3.7) on the
criteria for f to be psd. Section four considers the sos case. We use the even-
ness and symmetry of f to “even out” and “symmetrize” any given representa-
tion f=Y h%, obtaining a small family of extremal sums of squares. The
technical proposition of section two allows us to phrase the sos criterion for f
in terms of f*. Section five discusses the answers to Robinson's questions on §
+BM, and the sums of binomial squares; section six presents pictures of the
psd and sos cones for n=3, 4 and 5 which reflect facts about semialgebraic
sets. We conclude in section seven with some open questions.

We wish to thank Professor R.M. Robinson for suggesting the inclusion of the diagrams in
section six and for other valuable comments.
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2, Machinery and Preliminaries

We now introduce the dramatis personae for the rest of the paper. We shall
assume that f is an even symmetric sextic in a fixed number (n 2 3) of variables,
and shall use the representations (1.1) and (1.3) interchangeably (always keep-
ing (1.4) in mind). The extremal forms turn out to be those f whose auxiliary
quadratics f* have a simple zero structure. This should not be too surprising:
if f*(m)=0 for an integer m, 1Smg<n, then f(v,)=0. By taking all per-
mutations (f is symmetric) and sign choices (f is even) for the components, f
n
m
m, +m,, then f*({t)=A(t —m,)(t —m,) is determined up to a scalar multiple, and
hence so is f.

The first class of forms is suggested by the quadratics (t—k)(t—(k+1)),
1£k=n-1, which are non-negative on the set {1,2,...,n}. Define forms f, for
integers k, 1 Sk<n—1, by any of the following three representations:

has at least 2™-! A V zeros, viewed projectively. Further, if f*(m,)=/*(m,)=0,

@) L=+ k)M —(2k+ 1) M, M+ M3,
Q.1)(b) L=k =Y xf —2k—1) T xtx}+63 xIxPx2,
2.1)(c) L=k +k—Qk+ 1)t +2=(t~k)(t —(k+1)).

(See (1.4) for the equivalence of (a) and (b) in this and the other repre-
sentations.) It is certainly not obvious (and we have not yet proved) that f, is
psd, although evidently f,(v,)20 with f,(v,)=£(v,,,)=0. It turns out that f is
sos only when k=1:

22 Si=6% xIxx}

is obviously sos and so is psd. A comparison of (1.9) with (2.1)(b) shows that
Robinson's form $(x, y, z) equals 4 f,(x, y, 2). Thus, the forms f,,..., f,_, may be
viewed as generalizations of Robinson’s form S(x,y,z) to the case of any arbi-
trary number ( 2 3) of variables.

Another quadratic which is non-negative on {1,2,...,n} is —(t—1)(t—n).
Accordingly, we define f, by any of these three representations:

23)(a) Jo=—nMg+(n+ )M, M, —M3,
2.3)(b) fo=(n=D Y xtx}—6Y x}xlxl,
(2.3)(c) Jor)= —n+m+1)t—12= —{t~1)(t—n).

The following expression of f,, easily checked against (2.3)(b) by expansion,
shows that f, is a sum of squares, and hence also psd:

24) So)=Y( T x}x?~xP).
=l j<k
Lk *i
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We note in passing that this proposition is consistent with Theorems
(3.7, (ii), (i) and (4.25)(3), (iii) with n=2, and that the extremal forms are
x2yx?+y?) and (x2 - )P (x2 +)2).

3. Psd Even Symmetric Sextics

Suppose f is a psd even symmetric sextic in n >3 variables and let A=inf{f(x):
Y xf=1}. If 1=0 then f(y)=0 for some y+0. If 1>0 then J=f—AM3 is also
psd with fly)=0 for some y#0. In either case we see the importance of
studying psd even symmetric sextics which are not strictly definite. Our analy-
sis is greatly aided by the following intriguing identity for even symmetric
sextics.

(3.1) Lemma. Fix real numbers w, X3,..., X, and define

3.2 x(0)=(wcos b, wsinb, x,, ..., x,).

Then for any even symmetric sextic f and all real 0,

(3.3) J(x(8))=(cos? 20) f(x(0)) +(sin*26) f(x(n/4)).

Progf. It suffices to prove (3.3) for the basic sextics My, M, M, and M3, Since
iLaASvneu.*.Muxw is independent of 6, we need only show

3.9 (wcos@) +(wsinfy + M.U x;
=3

L N L
=cos?20 A=x+ Kv+&=N~eA W+ x~v
Ww ! A«\Mvw .Mw '
for r=4 and 6. Observe that ) x| cancels and then w” factors out. Hence (3.4)
is equivalent to t=3
2
N-\N

Indeed, for r=4, RHS =(cos? 8 —sin?6)> +4(2sin 0 cos 0)? = cos* 0 +sin* 6, and
for r=6,

cos’ 0+sin"8=cos?20+——sin?20, r=4o0r6.

RHS =(cos? 0 —sin?§)* + (2 sin 8 cos 0)* =cos* @ —cos? O sin? 0+ sin* @
=cos®0+sin®6. O
Using this lemma we obtain a powerful condition on the zero-set of a psd
even symmetric sextic.

(3.5) Lemma. Suppose f is a psd even symmetric sextic and f(y)=0 where i
#0, y,%0 and y?+yl. Let w=(y?+y%)"? and define y(0) by (3.2). Then f(y(6))
=0 for all real 0.
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Proof. Since f is even and symmetric we may assume y, >y,>0 and define ¢,

oA.\Xm, such that y=y(¢). By (3.3), 0=/f(y)=/(y(¢))=(cos?2¢) f(y(0)

+sin?24) £ (y Amvv As f is psd and sin?2¢, cos?2¢ are both positive, it

follows that f(y(0))= (y m.vv =0. But then (3.3) for an arbitrary 0 implics that
fiy@n=0. O

We are now able to characterize the zeros of a psd even symmetric sextic.
We shall use the symmetry of f implicitly in permuting the components of a
given zero, Recall that v, =(l,...,1,0,...,0) is the n-tuple with m components
equal to 1 and n—m equal to 0.

(3.6) Theorem. Suppose f is a nonzero psd even symmetric sextic and f(y)=0
Jor some y+0: y, 2y,2...2y,>0=y, ., =...=y,, 1Sm=<n. Then either y,
=y, and y=1v,) or m=2 and f=yY x}x}x}. In either case, f(v,)=0 for some
k 1sksgn

Proof. If y, =y, then y=A4v,_ and we are done. Otherwise, m22 and Yi>Vu:
By Lemma (3.5) with =0,

SGH+yD"0,95, 0. Vs 0, ..., 0)
"\.AAEW.T%WW—\N. !u' ...‘._\-.wo.c. ....OVNQ.

Repeating this argument, we eventually obtain
SO+ 4y )" ¥, 0,...,00=0,

and by Lemma (3.5) and the homogeneity of £, f(z)=0 for any z with at most
two non-zero components. In particular, f(v,)=f(v,)=0 so by (1.8), f*(1)
=/*(2)=0. Thus f*=1f* and by (2.2), f=yY x?x?x}. As S 2 yxlx}xd,
f(y)=0if and only if at most two components of y are non-zero. [J]

H.W. Schiilting has pojnted out to us that it is also possible to prove the
Lemma above by using Bezout’s Theorem. Keeping the notations in (3.5), let
C, be the affine curve defined by 0=F(x,, x,):=f(x,, x,, Y31 -+ Vo) (We may,
of course, assume that F%0) This curve passes through the eight distinct
points B,...,F given by (&y,, £y,), (£y,, +y,). Since F(x,,x;) is psd,
0F/0x,, 0F/0x, must vanish on R, ..., R, so these are singular points of C,. If
C, denotes the affine circle x?+x3=yl+y2, the intersection multiplicities
mp{C,, C;) are thus 22. If C,¢C,, Bezout’s Theorem would give the con-
tradiction s

1222(deg F)2 3 m, (C,, Cy)216.

=1
Thus, C,<C,, i.e. f(y(6)=0 for all real 6.

(3.7) Theorem. Let f be an even symmetric sextic in n23 variables. The
Jollowing statements are equivalent :
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a'smod 2: either 3 or 1 of the components are odd. These classes generate
forms of the shape (4.6) and (4.7) respectively. [

Having exploited the fact that f is even, we turn to its symmetry. For any
permutation geS, and for xeR" define a(x)=(x,q), ..., X, If @ form p is
symmetric then p(x)=p(o(x)) for all o and x. It is not necessarily true that an sos
symmetric form[is a sum of squares of symmetric forms: x*+y* Y (4,x+ 4, y)*

i

However sums of squares can be symmetrized in a way analogous to
Theorem (4.1). If q is an n-ary form, the symmetrization of q is

1

(4.8) Sl ()= Mm qla(x)).
Suppose p= M‘UFN is symmetric, then
=1
~ r r
49) Px)=— _M_ Y. hi(a(x)) u_M_%:J.

It is possible to treat symmetrizations systematically; in this paper we confine
ourselves to S(h?) where h has shape (4.6) or (4.7).
If h(x)=dx, x, x, then it is easy to see that

e
2 (x) = 2 =
(4.10) ShY)(x)= Aav XMA.x- xix} pYFE Y=

3

H(x).

If h has shape (4.7) then S(h?) is more complicated. It is convenient to first sum
over those ¢ which fix r. In this way we obtain a form which is symmetric in
the n—1 variables other than x,. Having done this, we then decompose S, into
cosets depending on o(r), and sum over these cosets.

(4.11) Lemma.
1 »~ 2 L] 2 2
O R A&L..M_«. N.av = A%+ N.M_N.v +wT(m-2)"
where
— LJ

4.13 =
¢ ) S—N“_m.
and
4.19) EH'-IIAW%ISQNVHII:_I.‘ Y (ey—e)?20
' mim—1) \;Zy * SNASI_:A_ LwET

Proof. By exploiting its symmetry, we compute the left hand side of (4.12):
LJd - m L}
4.15) &»w~+~ma..¢..M~.+Al MNNVAMNNV
k=1 L k=1

+1||t|||N (Y 2e,e)(Y 2z, 2).

m(m—1) 2, K<t
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The right hand side of (4.12) equals

{4.16) d*y +2de-y- ¥ z,+e? ¥ 2 +2e*Y 2,7,

k=1 k=1 k<t

LJ
+wm—-1)Y 22 -2wY z,2,
kw1 k<l

Comparing (4.15) and (4.16) we see that they are equal, provided

.17 1 Y et=et+wim-1)
m,y
and :
2
4, - =27
(4.18) SASI_V_.M_N«.Q. 2e2-2w.

The first relation is immediate from (4.14), and the second follows by noting
that

2 2

mim—1) 22 1)

ASN%I Wn&.ﬂn% 2 A _M..H mmla:..nv. m|

k=1 m(m—1) \;/>4

(4.19) Lemma. Fix r, 1Sr<n and let h(x)=dx}+ Y e,x,x2. Then

a%kr

4.20) SR =2 T x2(dxi +e T4 ¥ ¥ (F-x)),
ni I Ly Y 7
Skt

where e and w are as above, with m=n —1.

Proof. Let T;={o€S,: o(r)=i} so that S, = G T;. By Lemma (4.11),

- N | : »

AS: gMk. ?QVTA&TJM_ 3 wa +sm,.. F&»lx.xvu.
J*i JR*i

Since h?»?:"m Mau L Y. h(a(x)), (4.20) follows from (4.21). O3

na Aal:_ oeT

(4.22) Theorem. If f is an sos even symmetric sextic then
T
4.23) S=cofotc 1+ Y g,
im2

Jor appropriate ¢;20 and real 2,.

Proof. By Corollary (4.5), f is a sum of symmetrizations of the squares of (4.6)
and (4.7), which we have shown to be a non-negative combination of f;((4.10)),
1,((2.4) and (4.20)) and
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Proof. We have already remarked that (it)==(i). In the following, we show that
(i)=(ii) and that (i) <= (ii1).

Suppose \HM\_W and each h; is monomial or binomial; we shall apply the
polarization and symmetrization procedures of the last section 1o hf. Briefly, as
before, if h(x)=ax*+bxf, then 27"Y h*(ex)=a?x?*+b’x** unless

[
a= B(mod 2). Therefore, we may assume that each h; is monomial, or has the
form dx? +ex,x? (r+s) or dx,x2 +ex,x? (r,s,t distinct). We leave the details of
the computations of the symmetrized monomial squares to the reader.

1 1
m:xw&umewu%A\c+h +(n=2)F),
1 1
X)) S((x? x.VcMiMaux\n uagu +£)
6 1
ey T DO B T

For the binomial squares, we may apply Lemma (4.19) (or (5.7)) and obtain
the following:

(5.8) S((dx? +ex,x})}) =d*S(x}(x2 —x2)*) +{d + €)*S(x? x2),
(59)  S(dx,x2+ex,x}))=1d* +e}) S(x2(x? —x)) +(d + )’ S(x} xIx}).
Observe that S((dx?+ex,x2)?) is a nonnegative combination of F and
xtx?, and S((dx,x}+ex,x?)?) is a nonnegative combination of f and
x? x“u x;. Taken together, (5.7), (5.8) and (5.9) show that (i)=(ii).
Suppose f*(ty=a+bt+ct? Since f&, f* and F* are linearly independent,

there exist unique real ¢, such that f*=c, f§ +c¢, f;* + ¢, F*. Solving for c, in
terms of (g, b, c), the inequalities ¢, 20 amount to

_a+nb+@n-2)c_(n—1)f*Q@)-(n—-2) f*(1)

0= "m-Dn—2) @—Din=2) ="
_a+nbtnic _ f*(n)

e 1Y IS I [T e
a~"n+v+nu\::Nc

n—1 n—1="
Thus (ii) <> (iii) and we are done. [J

Of course, we could have also proved (ii)=>(iii) more easily by directly
verifying the inequalities in (iii) for the three forms fg, f; and F.

The following corollary follows from a straightforward application of Theo-
rem (5.6) (iii); the proof is omitted.

(5.11) Corollary. For 1 Sk<n—1, the n-ary form f,+B Mg is sbs if and only if
B2k—-1)@2n—(k+2).
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By putting n=3 and k=2 in Corollary (5.11), we see that S(x,y,z)+
a(x®+y®+2%) =(f, +2a M,)/2 is sbs if and only if x> 1.
Capping the results in this section, we have:

(5.12) Theorem. (i) The extremal forms among n-ary sbs even symmetric sextics
are precisely the forms f, f, and F.

(ii) The sos form g, defined in (2.5) is sbs if and only if A¢(n -Yn-1)(n-2),

n+y{n—1)(n-2)). In particular, none of the extremal sos forms g,, 21 <n, is
sbs.

Proof. (i) follows easily from Theorem (5.6). To test whether g, is sbs, we need
only evaluate (n—1)g}(2)~(n~2)g3(1) as gf(t)=(t—4)*20 for all ¢. By a
straightforward computation, we obtain

(5.13) (n—1)gi)~(m-2gt()=(A-n? —(n-1)(n-2).

Thus, by (5.6), g, is sbs if and only if the distance from 1 to n is no less than

(n—1)(n—2). It follows that none of the extremal sos forms g;, 2<15n, is
sbs. (On the other hand, g, =Y x?x} +6 Y x?x}x} is indeed sbs) [J

Note that by (5.12)(i) the cone B, of sbs even symmetric sextics is not only
a polyhedron - it is, in fact, a closed orthant in 3-space. The sos cone Z, is not
a polyhedron, but is “squeezed between™ the two polyhedra B, and P, for n23.

6. Interpretations in Real Semialgebraic Geometry and Illustrations

Recall that B, (resp. Z,) is the set of (a,b,¢) such that aM¢+bM, M, +cM] is
psd (resp. sos). The sets P, and Z, are both semialgebraic by an application of
the Tarski Principle. By the Finiteness Theorem (cf. [L: Thm. (8.11)]), any
closed semialgebraic subset W<R? is a finite union of the form

6.1 W={xeR*: g(x)20, i=1,...,m},

where each g, is a polynomial. A set such as (6.1) is called a basic closed
semialgebraic set. Theorem (3.7) presents P, as a single basic closed semialge-
braic set:

6.2) P={(a,b,c): a+kb+k?c20, k=1,2,...,n}.

The explicit description of Z, as a closed semialgebraic set is given by the
following result.

(6.3) Proposition.

6.4) Z=WmuW,uwPh,

where

6.5)(8) W"={cs0)n{a+b+c20}n{a+nb+n®c20},
(6.5)(b) W,={c20}n{dac2b?}n{az0},
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Even Symmetric Sextics 519
7. Open Questions

Our results for even symmetric sextics suggest several possible generalizations,
which we put in the form of questions.

(7.1) Question. For which cones of (even) symmetric forms can we conclude
that f is psd if and only if f(y,)20 for a “small” set of points {y,}?

(7.2) Question. More generally, for which of these cones is the corresponding
set of psd coefficients a single closed basic semialgebraic set?

Regarding Question (7.2), Delzell has shown [D] that the full psd cone P,
is not a single closed basic semialgebraic set for m>4,

(7.3) Question. For which cones of (even) symmetric forms is there an easily
expressed set of pseudo-points {z} (see Introduction) so that f is sos if and only
if “f(z)20™?

This question is deliberately vague. Let C<R* be a closed cone, then there
exists a dual set of functionals {v,: teT}<R* so that weC if and only if
u-v,20 for teT. Suppose the elements of C are the coefficients of a set of

d

forms: f(x)= M a(a)x*, u=(a(a,), ..., a(s,). Then the dot product can be writ-

ten as f=1
4

.M_a?v v, () 20.
We are interested in those cases in which v
for points or pseudopoints {z,}.

We now turn to a different sort of question. Suppose f is a strictly definite
even form, then for a suitable r, (x?+... +x?) f(x,,...,x,) is a form with
positive coefficients [HLP, p.57] and hence a sum of squares of monomials.
The sextics f,, 2<k<n-1, are not sos and not strictly definite; perhaps M} f,
is sos for r sufliciently large. Deline r,(n) to be the smallest r (if it exists) such
that

(i) bears some natural relation to z*

My fi=(x1+...+x3) fix,, ..., X))

is sos, and let r(n)=max{r,(n): 2<k<n—1}. If this number is indeed defined,
then M5™f is sos for every psd n-ary even symmetric sextic f. By Corollary
(4.27), n(my21 for n23 and 25k <n~1. In [Ro], Robinson showed that r;(3)
=1 (and hence r(3)=1) by exhibiting the equation

(74) M- f5(x,, %5, x3)=2 Y xIx}(xF —x}+ ¥ (x? —x})2(x? +x} —x).
i<} i<j
k*i,J

This equation seems to be peculiar to the ternary case. On the other hand, for
n24, the form f, _, satisfies a more elaborate equation:

(7.5 M,y-f_(x;,...,x)
2 2n-5

=(n—1)(n~2)Y xFx}(x? —x})?*+
i< n-3
2

+='Icm T+ xp —xZ2x?) = (xf +xp —xZx).

Y xt —xr(xd —xP?
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