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Realizations of Three-Dimensional Polytopes

1. We are given a bar framework in the plane with vertices V = {p;} and
scalars w;; = wj; for the edges ij such that equlhbrlum holds for a subset S
of vertices: e

> wi (P — ) -0 Lforie S

jovi

Show that the forces which the vertices S exert on the remaining vertices
k € V — S sum to zero and are torque-free:

keV-S, i€S K€V -8, i€S

S wi(@ _ﬁk)y Y wi - Pr X (B — D) = 0.

Here, for a point p' = (;) and a force f: (3) we denote by

. x a 0
px fi=ly|x|b]|= 0
0 0 bz — ay

the turning moment (torque) of a force f applied to a point p.
Hint: Use the equation p; x (§; — p;) + Pj % (9; — p;) = 0.

2. Show, by several different methods if possible, that the following two pictures
are not lower projections of convex polytopes. (The vertices in the right ‘
picture have integral coordinates between —4 and 4.) For the left picture,
try to generalize your answer to obtain a statement about all diagrams which
contain a cyclic “windmill-like” structure.

3. If a reciprocal diagram exists, is it always unique, up to natural transforma-
tions like translations and scalings?

4. Which graphs can be the graphs of lower projections of 3-polytopes? Is the

plane embedding in which such a graph can appear as the lower projection
of a 3-polytope always unique?



5. How does the proof that the stress criterion implies the criterion of the re-
ciprocal diagram fail if the given graph is not planar?

6. We are given a finite number of bounded or unbounded convex polygonal
regions, with rules for matching edges and identifying vertices of different
polygons. If these regions fit together locally, they can be arranged to cover
the whole plane without overlap. (They form a tiling of the plane.) Find
an appropriate definition of “fitting together locally” and prove the above
statement.

7. Try to extend (i) the criterion of the reciprocal diagram, and (ii) the criterion
of the stress

(a) to lower projections of polytopes with only one “invisible” face which
would project onto the projection of the whole polytope (Schlegel dia-
grams)

{b) to combined upper and lower projections of polytopes.

Hint: The reciprocal diagram will either involve crossing edges, or infinite
rays and unbounded faces.

(a]

8. A plane bar framework with vertices p; can support a given system of external
forces f;, if there are scalars w;; = wj; for the edges ij such that, for all

vertices 1, .
Z wl] 1. fz =0.

gt

Show the following statements.

(a) A necessary condition for a bar framework to support the forces f; is that

the total force 3, f; and the total turning moment (torque) ¥3; 7 x fi
are both zero.

(b) For a triangle, this condition is also sufficient.
(¢) For a quadrilateral, it is not sufficient.

9. (a) Show, using Euler’s formula, that a 3-polytope without triangular faces
‘ contains at least 8 vertices of degree 3.

(b) Show that a 3-polytope without vertices of degree 3 contains at least 8
triangular faces.

(c) What is the minimum number of vertices of degree 3 that a 3-polytope
with T triangular faces can have?
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