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Test sets for integer programs
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Abstract

In this paper I discuss various properties of the simplicial complex of maximal lattice free
bodies associated with a matrix A. If the matrix satisfies some mild conditions, and is generic,
the edges of the complex form the minimal test set for the family of integer programs obtained
by selecting a particular row of A as the objective function, and using the remaining rows to
impose constraints on the integer variables. © 1997 The Mathematical Programming Society, Inc.
Published by Elsevier Science B.V.
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1. Introduction

Let A = [a;] be a matrix with m + 1 rows (i = 0,...,m) and n columns (j =
1,...,n). In this talk I will discuss test sets for the family of integer programs

n
max MU apjhj,  subject to
=l

Saghizb,  i=l...m heZn, M
j=l

obtained by fixing the objective function and the constraints a;, i = 0, ..., m and selecting
arbitrary values of the right-hand side b;.

In order to introduce the basic ideas of test sets it may be useful to step back from the
Jattice structure of integer programming and replace the set of vectors {y = Ah | h € Z"}
with an arbitrary finite set of vectors ¥ = {y/ | j=0,...,k} in R™*! [8]. The members
of Y are assumed to satisfy the following:
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Fig. 3. An example in which K(Y) has no interior vertices.

If Definition 1 is applied to this augmented set, we see that the triples {£2,y",y*} and
{£2,y%,y*} are both simplices in C(¥) and together they cofistitute a face, say F; of the
simplicial complex. More generally, if {i1,... ,i;} is a proper subset of {0,1,...,m},
then the m — t dimensional simplices in the boundary face F; . are those collections
of m—t+ 1 points in ¥ which satisfy Definition 1 in conjunction with the ideal vectors
g, ..., &4 We say that a point y is on the boundary of C(Y) if it is contained in a
simplex sitting in a boundary face. If y is not on the boundary of C(Y) it is said to be
interior to the complex. As Fig. 3 illustrates, there are examples in which every point
in Y is on the boundary of C(Y).

Definition 2. Let y* be in Y. Then N(y*), the set of neighbors of y*, consists of those
y € Y such that y and y* are members of a common simplex in C(Y).

Theorem 3. A feasible solution y* € Y to Problem (2) is optimal if none of its
neighbors is feasible and yields a higher value for the Oth coordinate.

Theorem 3 is quite ancient; I have known about it for more than twenty years. An
equally venerable result is the following topological characterization of the complex
C(y) [9]. -

Theorem 4. The complex C(Y) is a manifold: every interior m — 1 dimensional face
is contained in two m-simplices, and every boundary m — 1 face in a single m-simplex.
Moreover, if C(Y) contains an interior point, it is topologically an m-dimensional
simplex.
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2. Take Y to be a lattice

Let us return to integer programming by taking Y to be the lattice {y | y = Ah, h €
Z"}. The additional structure afforded by the lattice permits a much deeper analysis of
the simplicial complex, which we denote by K(A) to emphasize its dependance on the
matrix A. But I should remark that it is difficult to calculate this simplicial complex,
and the set of neighbors, N(A) - much more difficult than solving a single instance
of the integer program (1). In my opinion, test sets are useful if one intends to solve,
or analyze a large family of integer programs based on the same matrix, with varying
right-hand sides, as in the Frobenius problem [7].

Some conditions have to be imposed on the matrix A in order for the complex to be
well-behaved [2].

The Main Assumption. 37 > 0 with 74 = 0. Moreover, if 7 2 0 (but not = 0) and
7A =0, then 7r; > 0 for at least n + 1 coordinates.

The non-degeneracy assumption asserts that no two vectors y = Ah have the same
ith coordinate for any i. This is a particularly unpleasant assumption which rules out
the possibility that A is a matrix of integers. For expository purposes, however, I shall
retain this assumption for the moment, and postpone until later the question of how it
can be relaxed.

We begin by asking when a collection of m + 1 vectors

yo = AR, ..., y" = Ak

is a simplex in the simplicial complex.

As before, we append a negative orthant to each y = Ah, and call the resulting set 7.
We then take the positive orthant P and translate it to b+ P so that it no longer intersects
?. Such a translation can be described in R", the space of variables (see Fig. 4). The
statement that b + P does not intersect ¥ is identical with the statement that

the body Py = {x | Ax > b} contains no lattice points.

When we lower the translated positive orthant, the hyperplanes defining the body Py
are relaxed and the body is enlarged. If we reach a position in which no further relaxation
is possible without introducing a lattice point, then each of the m + 1 hyperplanes
will contain a lattice point. According to the non-degeneracy assumption, the ith such
hyperplane will contain precisely one lattice point, say k. This collection of m+1 lattice
points defines a simplex in the complex K(A). It is useful to introduce the following
notation.

Notation. For A% h',... k¥ in Z" let (%, k', ..., K¥) be the smallest body of the form
{x | Ax = b} containing these lattice points. For this body, b is the coordinatewise
minimum of ARC, Ak, ..., Ak
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Fig. 5. The two simplices for a matrix of size 3 by 2.

consist of 4 lattice points, say {0, h', 2, #*}, such that the body (0, A', A, h*) contains
no additional lattice points. It follows that these 4 lattice points must be the vertices of
a parallelogram of unit area. But in this case, by selecting A properly, the simplicial
complex can contain arbitrarily many parallelograms of unit area which are not lattice
translates of each other, and, therefore, arbitrarily many neighbors.

In spite of its large cardinality, the collection of simplices associated with a matrix of
size 4 by 2 has a simple structure. If we adopt the notation that k! is above the diagonal
[0, 131 and A2 below this diagonal, then the parallelograms representing 3-simplices in
K(A) can be ordered linearly so that the successor of a parallelogram is obtained by
reflecting either the lattice point above the main diagonal through 3 or the lattice point
below the diagonal through /3 (see Fig. 6). The linear set of parallelograms is given
by a sequence of symbols a,a,...,a,b,b,...,b,a... where a stands for reflecting the
lattice point above the diagonal, and b for reflecting the point below. In the case in which
A is an integral matrix, the number of alternations betwéen a and b - and conversely —
in the sequence is bounded by a linear function of the bit-size of A. For a non-integral
matrix, the bound is linear in the logarithm of the condition number. While there are
many simplices in K(A) they have a polynomial description.

The simplicial complex associated with a matrix of size 4 by 3 has been studied in
great detail [ 11]. Each simplex is described by 4 lattice points in 3 space. {0, B, K% RY,
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0.0}
%
0.0y
0.0 b

Fig. 6. The sequence of parallelograms.

such that the body (0, ', h%, h*) contains no additional lattice points. The convex hull
of the 4 points will contain no additional lattice points, but in distinction to the case
of 2 dimensions, such a tetrahedron may have an arbitrarily high volume. Moreover,
the number of tetrahedra that are not lattice translates of each other, and therefore the
number of neighbors, can be made arbitrarily large by a proper selection of the matrix
A. Nevertheless there is a surprising structure to the collection of simplices.

A special structure when A has size 4 by 3. There exists a non-zero, integral, linear
function L(x) such that |L(k)] < 1 for every neighbor 4 of the origin.

A great number of computational examples strongly suggest that, in this case, the
cones C;(A) have either 3 or 4 generators. If there are 3 generators, they have a deter-
minant of £1. If there are 4 generators, they form the vertices of a planar parallelogram
of unit area. A partial proof of this fact appears in the previously cited paper by Béarany
and Scarf.

In order to illustrate the complexity that arises in this case, I include in Fig. 7 the
collection of non-translation equivalent tetrahedra arising from a particular matrix. They
form a 3-Torus.
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for 1 a large positive parameter. It is easy to see that R" is mapped onto the hyperboloid
sheet

n
ES, =1
i=]

Let V be the image of Z" under the mapping, and H, the boundary of the convex
hull of V In order to show that the complex K(A) is homeomorphic to H (itself
homeomorphic to R") one argues that, for large ¢, the set {h®,..., h"} is a simplex in
K(A), if and only if its images are the vertices of an m-dimensional face of H. The
details of the argument may be found in the papers cited above.

6. The relationship to Groebner Bases

One of the most exciting recent developments in the theory of test sets is the recog-
nition, by Thomas and others {4,15,14], of a close relationship between test sets and
Groebner Bases for certain polynomial ideals. I am far from expert in this area, but I
would like to take this opportunity to provide a brief summary of the basic theme.

We are required to restrict ourselves to integral matrices in the discussion of Groebner
Bases. The problem of degeneracy will arise and be treated by introducing a complete
ordering on the lattice points y = Ah, for h € Z". It will also be useful if, in this section,
we take our inequalities in the form Ak < b. Then (0, ), the smallest body of the form
{x | Ax < b} containing 0 and the lattice point h, will have b; = max [0, a;h}.

For each y = Ah, with h € Z", let y* = max[0,y] and y~ = —min[0,y]. We
associate with & the binomial in the variables xg, X1,...,Xnm

i + m —_
Yi Yi
FCR X0, X100y Xm) uHT_,. |HT.. .
=0

=0

Let I[xg,X1,...,%Xn]} be the ideal of polynomials with rational coefficients in the
variables xg, xi,...,Xxn generated by all of these binomials, as & ranges over Z". We
then take a specific complete ordering on the integers in R™*!, say the lexicographic
ordering, and say that the lattice point 4 is lex positive if y = Ah is lexicographically

vt

positive. The leading term LT( f(h,x)) is given by the monomial [y x}* if h is lex
positive, and []7, xwﬂ

The monomial my(x) = []i,x¥ is divisible by the monomial m;(x) = 115 x..s if
a; > b; for all i. If h is lex positive, then the leading tefm of f(h;xo,X1,...,Xm)
has the exponent max[0,a;h]. If k is also lex positive, then the leading term of
f(h;xg,x1,...,x,) will be divisible by the leading term of f(k;xp,x1,...,Xxm) if
and only if

if h is lex negative.

max [0, a;7] = max[0,a;k] for all i, or (0, h) D (0, k).
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Division of the leading terms of the binomials in [ is identical with inclusion of the
corresponding bodies {0, /).

Definition 7. A Groebner Basis for the binomial ideal I is a finite set of binomials
FU 2 ..., f%, associated with the lex positive lattice points ', h2,..., k¥, such that
the leading term of every binomial in the ideal is divisible by the leading term of one
of the f. The Groebner Basis is minimal if no proper subset is also a Groebner Basis.

Consider the partial ordering, say =4, on lex positive lattice points & given by
h =4k ifandonlyif (0,h) 2(0,k).

h is a least element under this partial ordering if there is no lex positive k with k <4 h.
The set of least elements may be partitioned into disjoint sets Ly, ..., Ly such that lattice
points in the same L; are equivalent under >4 (i.e., they have the same bodies (0, /))
and lattice points in different L; are incomparable. A minimal Groebner Basis is given
by a selection of one lattice point from each of these sets. The unique reduced Groebner
Basis selects from each L; the lexicographically largest lattice point. (It is this point
where degeneracy is resolved.)

There is a slight difference between neighbors and members of a minimal Groebner
Basis. The set (0, /) for an element 4 of a minimal basis contains no lex positive lattice
points in its interior. But it may contain lex negative lattice points and not qualify as a
neighbor. This difference is relatively minor in the discussion of test sets, but it offers a
substantial problem for the construction of the simplicial complex K(A) whose edges
are the neighbors N(A). I see no way to construct a useful simplicial complex all of
whose edges are the elements in a reduced Groebner Basis.

The elements of the reduced Groebner Basis may be calculated by the Buchberger
algorithm (see, for example, [5]). The algorithm can be translated directly into the
language of our polyhedra {x | Ax < b}. It is an interesting question whether some
variant of the Buchberger algorithm can be adapted to calculate neighbors for non-
integral, generic matrices.

The Graver test was introduced in 1975 [6]. (Also see [13].) In our formulation the
Graver test set consists of the set of lattice points £ € Z" which cannot be written as
the sum of two lattice points &' and A2 such that sign(a;h/) = sign(a;h) for all i and
both j. It is easy to see that the Graver test contains all least elements under the partial
ordering >4, for any term order.
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