On the normality of Rees algebras associated to totally unimodular matrices

Vittoria Bonanzinga University of Reggio Calabria Faculty of Engineering Via E. Cuzzocrea 48 I-89128 Reggio Calabria, Italy

Cesar A. Escobar and Rafael H. Villarreal^1 Departamento de Matemáticas Centro de Investigación y de Estudios Avanzados del IPN Apartado Postal 14–740 07000 México City, D.F. e-mail vila@esfm.ipn.mx

Abstract

Let A be an integral matrix with non negative entries and let K be a field. We give a sufficient condition for the normality of the monomial subring determined by the columns of A over the field K. One of the main results proves that if A is totally unimodular, then the Rees algebra of the monomial ideal over K defined by the columns of A is a normal domain.

1 Introduction

Let A = (a_{ij} ) be an integral matrix of order n × q with entries in N and with non zero distinct columns. If v_k = (a_{1k}, . . . , a_{nk}) is the kth column of A, it is customary to set f_k = x^{vk} = x^{a1k}_1 · · · x^{ank}_n ,

where x_1, . . . , x_n are indeterminates over a field K, that is, f_1, . . . , f_q denote monomials in a polynomial ring R = K[x_1, . . . , x_n].

We are interested in the normality of two types of monomial subrings. The first is the K-subring of R spanned by F = {f_1, . . . , f_q}, which is usually denoted by K[F ]. The second is the Rees algebra of the ideal I = (f_1, . . . , f_q), which is denoted by R(I). Recall that the Rees algebra is also a K-subring given by R(I) = K[f_1t, . . . , f_qt, x_1, . . . , x_n] ⊂ R[t], 02000 Mathematics Subject Classification. Primary 13H10; Secondary 13F20, 13B22, 52B20. 1Corresponding author. Partially supported by CONACyT grant 27931E and SNI, México.

where t is a new variable.

The matrix A is called totally unimodular if each i × i minor of A is 0 or ±1 for all i ≥ 1, in particular each entry of A must be 0 or ±1. Examples of totally unimodular matrices include incidence matrices of hypergraphs without odd cycles [1, Chapter 5], incidence matrices of directed graphs [6, p. 274] and network matrices [6, Chapter 19]. The bipartite simple graphs are characterized as those graphs whose incidence matrix is totally unimodular [6, Chapter 19].

Let us describe the two main results of this paper. First we give a sufficient condition for the normality of K[F ] in terms of the elementary integral vectors of the kernel of the matrix A (see Theorem 2.3). If A is a totally unimodular matrix, using linear programming techniques we are able to prove that R(I) is a normal domain (see Theorem 3.2).

If A is the incidence matrix of a bipartite graph, then an important result of [7] proves that R(I) is normal. As an application we obtain a quite different proof of this result (cf. [4]).

Another application is that K[F ] is normal if A is unimodular, this is a result of [8]. Note that here we do not assume K[F ] to be homogeneous, for another self-contained short proof of this result see [4].

2 A sufficient condition for normality

First let us recall the notion of elementary integral vector and introduce some more terminology and notation. This notion has played a role in convex analysis [5] and in the theory of toric ideals of graphs [8, 9].

If α ∈ R^q , its support is defined as

supp(α) = {i | α_i ≠ 0}.

Note that α = α_+ − α_−, where α_+ and α_− are two non negative vectors with disjoint support called the positive and negative part of α respectively.

Let N be a linear subspace of Q^q . An elementary integral vector or circuit of N is a nonzero vector α in N with integral entries such that: (i) the support of α is minimal with respect to inclusion, i.e. supp(α) does not properly contain the support of any other nonzero vector in N, and (ii) the nonzero entries of α are relatively prime.

Since any two circuits with the same support are equal up to a sign [5], the number of circuits of N is finite. See [8] for an algorithm to compute the circuits of the kernel of a matrix.

The next lemma is well known and easy to prove, but we include it here to emphasize its usefulness in induction arguments.

Lemma 2.1 Let A be an n × q integral matrix and let A^′ be the matrix obtained from A by removing its ith column. Then the inclusion map Z^{q−1 j}−→ Z^q (a_1, . . . , a_{i−1}, a_{i+1}, . . . , a_q) −→ (a_1, . . . , a_{i−1}, 0, a_{i+1}, . . . , a_q) induces a bijection between the elementary integral vectors of ker(A^′) and the elementary integral vectors of ker(A) whose ith entry is equal to zero.

Proof. Since the inclusion map j takes ker(A^′) into ker(A), the result follows readily. □

Definition 2.2 Let S be an integral domain and let K_S be its field of fractions. The integral closure of S, denoted S, is the set of all a ∈ K_S satisfying an equation of the form f(a) = 0, where 0 ≠ f(x) is a monic polynomial with coefficients in S. The ring S is called normal or integrally closed if S = S.

If S = K[F ] is a subring generated by a finite set F of monomials over a field K, then S can be described as the set of all a ∈ K_S satisfying a binomial equation:

a^n + s_0 = 0 (s_0 ∈ S and n ≥ 1),

see [2, Chapter 6]. There is an implemented algorithm [3] that effectively compute the integral closure of K[F ].

Let A = {v_1, . . . , v_q} be a set of points in R^n , the cone generated by A, denoted by R_+ A, is given by

R_+ A = {_q ∑ i=1 a_iv_i | | | ai ∈ R+ for all i } , where R_+ is the set of non negative real numbers. The additive subgroup of Z^n generated A is denoted by ZA.

Theorem 2.3 Let A = (a_{ij} ) be an n×q integral matrix with non negative entries and with distinct non zero column vectors v_1, . . . , v_q. If each elementary integral vectors of ker(A) has a positive or negative part with entries consisting of 0’s and 1’s, then the monomial subring K[{x^{v1} , . . . , x^{vq} }] ⊂ R is normal, where R = K[x_1, . . . , x_n] is a polynomial ring over a field K.

Proof. The proof is by induction on q, the number of generators of K[F ]. The case q = 1 is clear. Assume q ≥ 2 and that the result holds for monomial subrings with less than q generators. To simplify the notation set A = {v_1, . . . , v_q} and F = {f_1, . . . , f_q}, where f_i = x^{vi} . Using [10, Theorem 7.2.28] one has: K[F ] = K[{x^a| a ∈ ZA ∩ R_+ A}]. Let z = x^a ∈ K[F ] be a minimal generator of the integral closure of K[F ]. One can write z = x^a = f^{λ1}_1 · · · f^{λq}_q , for some λ_1, . . . , λ_q ∈ Z. There is a positive integer m such that z^m = f^{mλ1}_1 · · · f^{mλq}_q (1) = f^{b1}_1 · · · f^{bq}_q , for some b_1, . . . , b_q ∈ N. First we assume b_i = λ_i = 0 for some i. Consider the matrix A^′ obtained form A by removing its ith column, then Lemma 2.1 and the induction hypothesis yield z ∈ K[F \ {f_i}]. Hence we may assume that for each i either λ_i ≠ 0 or b_i > 0.

If ker(A) = (0), the columns of A are linearly independent and K[F ] is normal because it is a polynomial ring. Assume ker(A) ≠ (0) and take an elementary integral vector 0 ≠ α ∈ ker(A), one can write α = (e_{i1} + · · · + e_{ik} )

α_+

− (ϵ_1e_{j1} + · · · + ϵ_te_{jt} ) α_− ,

where e_i is the ith unit vector, ϵ_i ∈ N for all i, and i_1, . . . , i_k, j_1, . . . , j_t distinct. Thus one has the equality k∑ ℓ=1 v_{iℓ} = t∑ ℓ=1 ϵ_ℓv_{jℓ} . (2)

If b_{ir} = 0 for some 1 ≤ r ≤ k, then using Eq. (2) one may rewrite Eq. (1) as z^m = f^{mμ1}_1 · · · f^{mμq}_q = f^{b1}_1 · · · f^{bq}_q , where μ_i ∈ Z for all i and μ_{ir} = b_{ir} = 0, which by induction yields z ∈ K[F \{f_{ir} }]. It remains to consider the case b_{ir} > 0 for all 1 ≤ r ≤ k. One may assume b_{i1} ≤ · · · ≤ b_{ik} . Using Eq. (1) and Eq. (2) we obtain

ma^{(1)}= q∑ i=1 b_iv_i = b_{i1} k∑ ℓ=1 v_{iℓ} + ∑ i≠i_1 c_iv_i^{(2)}= b_{i1} t∑ ℓ=1 ϵ_ℓv_{jℓ} + ∑ i≠i_1 c_iv_i, (3) where the c_i’s are non negative integers. Therefore using Eq. (2) and Eq. (3) we can rewrite Eq. (1) as z^m = f^{mδ1}_1 · · · f^{mδq}_q = f^{d1}_1 · · · f^{dq}_q ,

where δ_i ∈ Z, d_i ∈ N for all i, and d_{i1} = δ_{i1} = 0. Hence by the induction hypothesis one obtains z ∈ K[F \ {f_{i1} }]. □

We say that an integral matrix A is t-unimodular if all the nonzero r × r minors of A have absolute value equal to t, where r ≠ 0 is the rank of A, if t = 1 we say that A is unimodular.

Corollary 2.4 ([8]) Let R = K[x_1, . . . , x_n] be a polynomial ring over a field K and let F = {x^{v1} , . . . , x^{vq} } be a set of monomial in R. If the matrix A whose columns are the vectors v_1, . . . , v_q is t-unimodular, then K[F ] is normal.

Proof. It follows from the results of [8, Chapter 4] that each elementary integral vector α of ker(A) has the form

α = ϵ_1e_1 + · · · + ϵ_ne_n,

where ϵ_i ∈ {0, ±1}. Hence by Theorem 2.3 the subring K[F ] is normal. □

Example 2.5 Let F = {x_5x_6x_7t, x_3x_4x_8t, x_1x_2x_9t, x_7x_8x_9t, x_1, . . . , x_9} and let K be a field, here t is just another variable. In this case the matrix A is:

A =

0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0

.

The circuits of ker(A) are up to a sign given by the rows of the matrix.

E =

1 −1 −1 1 1 1 1 1 −1 −1 −2 0 0 −1 1 −1 1 1 1 −1 −1 1 1 0 −2 0 −1 −1 1 1 −1 −1 1 1 1 1 0 0 −2 0 0 1 −1 −1 −1 0 0 0 0 1 1 0 0 1 0 −1 0 0 −1 −1 0 0 1 0 1 0 −1 1 0 −1 −1 1 1 0 0 0 1 −1 −1 0 1 0 −1 −1 0 0 1 1 1 0 −1 1 0 0 −1 0 0 0 0 −1 −1 0 1 1 −1 1 0 0 0 0 −1 −1 1 1 1 −1 0

Thus by Theorem 2.3 the monomial subring K[F ] is a normal domain. Note that removing tha last row of A gives a totally unimodular matrix and that A itself in not unimodular.

3 Normality of the Rees algebra

The main references for linear programming are [6, 11]. In the proof below we use standard notation and terminology as described in those references, in particular note that if a = (a_i) and b = (b_i) are two vectors in R^m then a ≥ b means that a_i ≥ b_i for all i.

Lemma 3.1 If η_1, . . . , η_q, b are non-negative integers such that η_1 + · · · + η_q ≥ b, then there are integers ϵ_1, . . . , ϵ_q such that 0 ≤ ϵ_i ≤ η_i ∀ i and ϵ_1 + · · · + ϵ_q = b.

Proof. By induction on q. Set ϵ = b − q−1∑ i=1 η_i. If ϵ ≥ 0, it suffices to take ϵ_1 = η_1, . . . , ϵ_{q−1} = η_{q−1}, ϵ_q = ϵ.

If ϵ < 0, by induction there are ϵ_1, . . . , ϵ_{q−1} such that 0 ≤ ϵ_i ≤ η_i for i = 1, . . . , q − 1 and ϵ_1 + · · · + ϵ_{q−1} = b, thus setting ϵ_q = 0 one obtains the required sequence. □ Our main result is Theorem 3.2 Let A = (a_{ij} ) be a {0, 1} totally unimodular matrix of order n × q with non zero column vectors v_1, . . . , v_q. If R = K[x_1, . . . , x_n] is a polynomial ring over a field K and I is the ideal of R generated by the monomials x^{v1} , . . . , x^{vq} , then the Rees algebra R(I) of I is a normal domain.

Proof. We define A^′ = {(v_1, 1), . . . , (v_q, 1), (e_1, 0), . . . , (e_n, 0)}, where e_i is the ith unit vector in R^n . According to [10, Theorem 7.2.28] one has R(I) = K[{x^αt^b| (α, b) ∈ ZA^′ ∩ R_+ A^′}] ⊂ R[t].

Note ZA^′ = Z^{n+1}. Let x^αt^b ∈ R(I). One can write

(α, b) = λ_1(v_1, 1) + · · · + λ_q(v_q, 1) + μ_1(e_1, 0) + · · · + μ_n(e_n, 0) where λ_i and μ_j are non negative rational numbers for all i, j. Hence one obtains the equalities α = λ_1v_1 + · · · + λ_qv_q + μ_1e_1 + · · · + μ_ne_n, b = λ_1 + · · · + λ_q.

Let A^′ be the n × (q + n) matrix A^′ = (A e_1 · · · e_n) obtained from A by adjoining the column vectors e_1, . . . , e_n. As total unimodularity is preserved under the operation of adding columns of unit vectors, the matrix A^′ is totally unimodular. Consider the linear program Maximize x_1 + · · · + x_q (∗) Subject to A^′x = α and x ≥ 0, where x is the column vector x = (x_1, . . . x_q, x_{q+1}, . . . , x_{q+n}). Since the column vector c = (c_1, . . . , c_{n+q}) = (λ_1, . . . , λ_q, μ_1, . . . , μ_n) satisfies A^′c = α, c ≥ 0 and c_1 + · · · + c_q = b, one concludes that the linear program (∗) has an optimal value greater or equal than b, which is attained at a vertex x_0 of the rational polytope P = {x ∈ R^{n+q} | A^′x = α and x ≥ 0}, see [11, Theorem 4.1.6]). Observe that by [6, Theorem 19.2] all the vertices of P have integral entries because A^′ is totally unimodular. Thus x_0 is a vector with non negative integral entries: x_0 = (η_1, . . . , η_q, δ_1, . . . , δ_n) such that η_1 + · · · + η_q ≥ b. By Lemma 3.1 there are integers ϵ_1, . . . , ϵ_q such that

0 ≤ ϵ_i ≤ η_i ∀i and q∑ i=1 ϵ_i = b.

Therefore

x^αt^b = (x^{v1} )^{η1} · · · (x^{vq} )^{ηq} x^{δ1}_1 · · · x^{δn}_n t^b

= [(tx^{v1} )^{ϵ1} · · · (tx^{vq} )^{ϵq} ] [ (x^{v1} )^{η1 −ϵ1} · · · (x^{vq} )^{ηq −ϵq} x^{δ1}_1 · · · x^{δn}_n ] , and x^αt^b ∈ R(I), as required. □

Example 3.3 Let I = (x^{v1} , . . . , x^{v4} ), where v_1, . . . , v_4 denote the column vectors of the matrix: A = 2 1 2 1 9 6 8 4 0 0 1 1 1 6 1 2 .

Using [3] one derives that R(I) is not normal. Indeed the monomial x^2_1x^8_2x^3_4 is in I and is not in the integral closure of I. Since det(A) = −1, this proves that Theorem 3.2 does not extend to unimodular matrices.

Corollary 3.4 ([7]) Let G be a bipartite graph with vertices x_1, . . . , x_n and let K be a field. If I = I(G) is the edge ideal of R generated by the set of monomials x_ix_j such that x_i is adjacent to x_j, then R(I) is a normal domain.

Proof. Let A be the incidence matrix of G. Since G is bipartite, the matrix A is totally unimodular. Therefore R(I) is normal by Theorem 3.2. □

Remark 3.5 Note that Corollary 3.4 was shown in [7] using that I(G) is a normally torsion free ideal if G is bipartite; see [4] for an alternative proof of this fact that gives new information on the toric ideal of R(I).

ACKNOWLEDGMENT

We thank Adrián Alcántar for writing a C-program for computing the circuits of the kernel of an integral matrix.

References

[1] C. Berge, Hypergraphs Combinatorics of Finite Sets, Mathematical Library 45, North-Holland, 1989.

[2] W. Bruns and J. Herzog, Cohen-Macaulay Rings, Cambridge University Press, Cambridge, Revised Edition, 1997.

[3] W. Bruns and R. Koch, Normaliz – a program for computing normalizations of affine semigroups, 1998. Available via anonymous ftp from

ftp.mathematik.Uni-Osnabrueck.DE/pub/osm/kommalg/software.

[4] C. Escobar, I. Gitler and R. Villarreal, A note on unimodular matrices and the normality of certain Rees semigroups, preprint.

[5] R. T. Rockafellar, Convex Analysis, Princeton University Press, 1970. [6] A. Schrijver, Theory of Linear and Integer Programming, John Wiley & Sons, New York, 1986.

[7] A. Simis, W. V. Vasconcelos and R. Villarreal, On the ideal theory of graphs, J. Algebra, 167 (1994), 389–416.

[8] B. Sturmfels, Gröbner Bases and Convex Polytopes, University Lecture Series 8, American Mathematical Society, Rhode Island, 1996.

[9] R. Villarreal, Rees algebras of edge ideals, Comm. Algebra 23 (1995), 3513– 3524.

[10] R. Villarreal, Monomial Algebras, Monographs and Textbooks in Pure and Applied Mathematics 238, Marcel Dekker, Inc., New York, 2000.

[11] R. Webster, Convexity, Oxford University Press, Oxford, 1994.