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Abstract Based on discrete truncated powers, the beautiful Popoviciu’s for-
mulation for restricted integer partition function is generalized. An explicit
formulation for two dimensional multivariate truncated power functions is
presented. Therefore, a simplified explicit formulation for two dimensional
vector partition functions is given. Moreover, the generalized Frobenius prob-
lem is also discussed.
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1. Introduction

The vector partition function that we are interested in is in the form of
t(b|M) = #{x € Z' |[Mx = b},

where, Z denotes the nonnegative integers, M is a fixed s X n integer ma-
trix with columns mq,--- ,m, € Z° and b is a variable vector in Z*. To
guarantee t(b|M) is finite, we require [{m1,---,m,}] does not contain the
origin, where [A] denotes the convex hull of a given set A. The vector par-
tition function t(b|M), which is also called a discrete truncated power, has
many applications in different mathematical areas including Algebraic Ge-
ometry [25], Representation Theory[28], Number Theory [22] , Statistics[16]
and Randomized Algorithm [31] etc. .
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When s = 1, an explicit formulation for ¢(b|M), which counts the integer
solutions for the linear Diophantine equation, is presented in [1]. In partic-
ular, when M = (a,b) where a and b are relatively prime, Popoviciu gave a
beautiful and surprising formulation for ¢t(n|(a,b)) ([26]).

For the general matrix M, the nature of ¢(b|M) is investigated and the
piecewise structure of ¢(b|M) is given in [15] and [30]. Moreover, one is also
interested in the explicit formulation of ¢(b|M). For the general matrix M, a
powerful method for obtaining ¢(b|M) is described in [8,29]. Another inter-
esting algorithm for computing ¢t(b|M) as a function of b is also introduced
in [3]. When M is unimodular, in which every nonsingular square subma-
trix has determinant 1, two algebraic algorithms for generating the explicit
formulation for ¢(b|M) is presented in [17]. But all these methods depend
on the complex computation. In [33], based on multivariate truncated power
functions T'(x|M), an explicit formulation for ¢(b|M) is presented. But the
formulation involves multivariate truncated power functions T'(x|M), which
is not explicit form, and high-dimensional Fourier-Dedekind sums, so we have
to give an explicit form for 7T'(x|M) and simplify high-dimensional Fourier-
Dedekind sums, in order to predigest the explicit formulation for ¢(b|M).

The rest of the paper is organized as follows. To help make this paper
self-contained we shall first introduce some notations and definitions in Sec-
tion 2. In Section 3, we recall some results about vector partition functions
t(b|M). Section 4 generalize the Popoviciu’s formulation. In Section 5, the
generalized Frobenius problem is investigated. Finally, Section 6 give an ex-
plicit formulation for multivariate truncated powers in the case where s = 2
and show the high-dimensional Fourier-Dedekind sum can be converted to
one-dimensional Fourier-Dedekind sum, which is convenient for computing.
And hence, a simplified explicit formulation for two-dimension vector parti-
tion functions is given.

2.Preliminaries

To describe the nature of ¢(b|M), we introduce several notations and def-
initions in which the common terminology of multiset theory is adopted.
Intuitively, a multiset is a set with possible repeated elements; for instance
{2,2,2,3,4,4}. Let Y be an s X n matrix. Y can be considered as a multiset
of elements of R®. The cone spanned by Y, denoted by cone(Y), is the set

{Z ayy : ay >0 for all y}.
yey

Denote by cone®(Y') the relative interior of cone(Y). Let Y (M) denote the set
consisting of those submultisets Y of M for which M\Y does not span R?.
Let the set ¢(M) be the union of cone(M \ Y) where Y runs over Y(M). A
connected component of cone®(M)\ ¢(M), is called a fundamental M — cone.
For the fundamental M —cone (2, we set v(2|M) := 2—[[M)). Here, [M)) :=
{>0j=1agm; 1 0 <a; < 1,5}, 2—[[M)) is the set of all elements of the form
a —b, where a € 2 and b € [[M)).



We shall use the standard multiindex notation. Specifically, an element
a € N™ is called an m—indez, and |a| is called the length of «. Define
2% =2t z0m for z = (21, ,2m) € C™ and a = (a1, , Q) € N
For y = (y1, -+ ,ys) € R® and a function f defined on R*® |, we denote by
D, f the directional derivative of f in the direction y,.e. D, = Z;Zl y; Dj,
where, D; denote the partial derivative with respect to the jth coordinate.
For v := (vi,--- ,vm) € N™, we let DY = D7*---Dy» and v! = [[, v!
Moreover, we let e := (1,1,--- ,1) € Z*.

Let Sx(M) ={Y C M : #Y =s+k,span(Y) =R*} and B(Y) = {X C
Y #X = s,span(X) = R} If for any Y € Si(M), ged{|det(X)], X €
B(Y)} =1, then M is called a k— prime matriz. In particular, when M is
an 1—prime matrix, M is also called a pairwise relative prime matriz. When
s = 1, k—prime matrix means that no k of the integers my, mo, - ,m, have
a common factor, where m;,i = 1,---,n are the elements in M. Moreover,
we denote e % by Wi.

The multivariate truncated power T'(-|M) associated with M, which was
introduced by W.Dahmen [10] firstly, is the distribution given by the rule

T(|M):¢— [  ¢(Mu)du,¢ € D(R?), (1)
RY

where D(R?) is the space of test functions on R?i.e. the space of all com-
pactly supported and infinitely differentiable functions on R®. In fact, T'(-| M)
agrees with some homogeneous polynomial of degree n — s on each funda-
mental M —cone. When M is an s x s invertible matrix, T'(|M) agrees with
the function on R® which takes value m on cone(M) and 0 elsewhere.
In [21], an efficient method for computing the multivariate truncated

power is presented.

Theorem 1 (/21]) Let M be an sxn matriz with columns my, -+ ,m, € Z°\

{0} such that the origin does not contain in conv(M). For any A1,--- , Ay, €
R, and x =377, \jmy,

TIM) = —— 3 A TG|M \my) 2

For more detailed information about the function, the reader is referred to
[6],10].

A multivariate Box spline B(-|M) associated with M was introduced in
[5] and [6], which is the distribution given by the rule

B(IM): ¢ . d(Mu)du, ¢ € D(R?). (3)

By taking ¢ = exp(—iy-) in (3), we obtain the Fourier transform of B(-|M)

as

1 — exp(—i¢T'm;)
iCij

B¢Im) =]

Jj=1

(e Cn.

For more detail information about Box splines,the reader is referred to [7] .



Remark 1 The definition of fundamental M-cone is slightly different with the
one presented in [15]. In [15], a fundamental M-cone is defined as a connected
component of cone®(M)\ ¢(M), where ¢(M) is the union of span(M\Y) and
Y runs over Y(M). In fact, the fundamental M —cone defined in this paper
may be larger than the one defined in [15]. But all the conclusions in [15]
hold for the larger fundamental M-cone. In a private communication, Prof.
M. Vergne introduce the new definition about fundamental M-cone.

3. Vector partition functions

To describe the nature of ¢(b|M), we let My := {y € M : ¥ = 1} and let
A(M) := {0 € (C\ {0})® : span(Mpy) = R*}. Recall e = (1,1,---,1) € Z°.
Obviously, e € A(M).

The following qualitative result about ¢(-|M) is presented in [15].

Theorem 2 ([15]) Let M = {mq,--- ,m,} be a multiset of integer vectors
in R® such that M spans R® and the convex hull of M does not contain
the origin. Then for any fundamental M —cone (2, there exists a unique el-

ement fo(a|M)= > 0%p.n(a) such that fo(a|M) agrees with t(a|M)
0cA(M)

on v(2|M), where pg.o(-) is a polynomial with degree less than #My — s.

An explicit formulation for p. o(«), which is the polynomial part of
t(a|M), is presented in the following theorem.

Theorem 3 (/33]) Under the condition of Theorem 2, pe o(z) = > 1o Pk,0(x),
where p o(x) is homogeneous polynomial of degree n — s — k, defined induc-
tively by

po,e(x) = T(x|M), pr,0( Z 3" Dpja(x) (=) DYB0|M)/ul), k > 1,
7=0 |v|=k—j

where, T € 2.

More generally, an explicit formulation for pg ¢ is also given as follows.

Theorem 4 ([33]) Given 6y € A(M)\ e, under the condition of Theorem 2,

Doy, 02 ST Kpio_o x), where K = #(M \ My,), pﬂ ° . (x) is homogeneous

polynomzal ofﬂdegree n—s— kK — pu, defined inductively by
po?n(x) = qO?r(x)’
pn—1

Po(@) =t (@) =D (Y D'pg()(=i) D" B0|M,)/v!), p > 1.

J=0 |v|=p—j
Here, qﬁ?r (z) is a polynomial which is determined by the following conditions:

when @ € Q, ¢fo,(x) = % H s P LD - Dl T (x| M),
Jitetje=pi= !
where so(z) = w@—l,s]( z) =wxsi_4(z ),j €Z,.



In particular, when M is a 1-prime matrix, a simple formulation for ¢(-| M)
is shown in the following theorem.

Theorem 5 [33] Under the condition of Theorem 2,when M is a 1—prime
matriz,

1 1
fQ(a|M) :pe’Q(aMﬁ)—i- E 0 I | —w 1con8(Me)(Q)a
|det(May)] 0
0cA(M)\e weM\ M,

where pe.o(a|M) is given in Theorem 3.

For the convenience of description, throughout the rest of the paper,
we suppose M is a 1-prime matrix without further declaration. According
to Theorem 5, to give a simple explicit formulation for ¢(b|M), we have
to present an explicit formulation for T'(x|M). Moreover, to calculate the
elements in A(M) is a non-trivial problem, hence, we have to predigest the
non-polynomial part in t(b|M).

4. The generalized Popoviciu’s formulation

In this section, we are interested in ¢(n|M), where M = (zl g; ;3> € 7273,
1 Y2 Y3

n = (n1,n2)’ € Z%. Without loss of generality, we suppose Z—i < %2 < z—‘;’

Obviously, for the matrix M, there exit two fundamental M — cones, i.e.

2 = {(2,y)"](z,y)" € cone(M), 2 < £ < 22} and 2 = {(2,y)"|(z,y)" €

cone(M), 22 < £ < £} (See Fig.1).

Q0
M

Fig.1.The fundamental M-cones.

Tj Ty

To describe conveniently, we let M;; = (y Y >, and let Y;; = det(M;;),
i Yj
where ¢ < j. To describe the explicit formulation for ¢(n|M), we need to
define the fractional part function {z} which denotes the fractional part of
z,ie {z} =2 — |z
In this section, our goal is to generalize the following beautiful formula
due to Popoviciu:



Theorem 6 [26] If a and b are relatively prime,

n b~n an

tnl(a,b) = = — (= = {4

a
where b"1b =1 mod a, and a~*a =1 mod b, n € Z, .

In order to generalize Theorem 6, we firstly consider the explicit formu-
lation for T'(x|M).

1 To T3 € 7253 Whenx = (l‘,y)T €
Y1 Y2 Y3

21, T(x|M) = 4Lty - when x = (z,y)T € 29, T(x|M) =

(z1y2—y122)(T1y3—y123)’
LYz —YT3

(z2ys—y223)(T1y3—y1x3) °

Lemma 1 Suppose the matriz M = (

proof: Based on Theorem 1 and T'(x|M;;) = W,x € cone(M;;),i < j,
ij
the Lemma can be proved easily after a brief calculation. [J
Hence, we obtain the conclusion as follows.

Theorem 7 Suppose the 1-prime matrix M = <x1 2 x?’). When n =
o Y1 Y2 Y3
(n1,n9)" € 21N Z2,
t(n|M) =
NaT1 — My {(f12Y13 + g12Y23) ! (n2(fr2a1 + g12w2) — na(frayn + 912?42))}
Yi2Y13 Yio
B {(f13Y12 + 913Y23) "' (n2(f1371 + g1323) — ma (frzyn + 9131/3))} Y
Yis 7
when n = (ny,n2)7 € 25N Z2,
t(n|M) =
niys —na2ys {(f23Y13 + 923Y12) " (1 (f233 + gazwa) — na(fazys + 923?/2))}
Yo3Yi3 Y3
_ {(f13Y12 + 913Ya3) (1 (f1371 + g1323) — na(fizyr + 9133/3))} L1
Y13 ’

where, fi2, 912, fi3, 913, foz and gas € Z satisfy ged(fr2Y13+ g12Y23,Y12) =1
ged(f13Yia + g13Ya3,Y13) = 1 and ged(fa3Y13 + g23Yi2, Yo3) = 1, moreover,
(f12Y13+g12Y23) " (f12Y13+912Y23) =1 mod Yz, (fi3Yia+913Y23) " (f13Yi2+
g13Y23) =1 mod Yis and (f23Y13+923Y12) ' (fo3Y13+g23Y12) = 1 mod Yas.

proof: We only prove the case where (n1,n2)7 € 2, NZ2. Based on Theorem
3, De,n, (x), which is the polynomial part of ¢(-|M) on {2, is in the form
of po.o, (X) + p1,02, (%), Where/)\ for x € 21, po.o,(x) = T(x|M),p1,0,(x) =
= (2 ju)=1 Do, (x)(—i) DV B(0[M)). By the explicit formulation for T'(x|M),

_ yiz—z1y : ;
we have pg o, (x) = CPTTE=TT g After a brief calculation, we have




]il,g(x) = %(%ﬁ + %) Hence, the polynomial part of t(n[}M) is *2fLm +
2

7(%13 + ﬁ) According to Theorem 5, we only need to consider the sum

1 0"
— ] 0
2 |det(Mp)] 11 == teoncian ()

0cA(M)\e weM\ Mg
- Tt T v. _—
Yo 9&%;)\2 1—60-(=393)  Yiq 96§>\e 1 — g—(w2,92)
Mg=Mio FYPE VAN

27i

Recall e”% is denoted by Wj. As pointed out in [13], the elements in the
set {0|0 € A(M), My = M2} have the form (sz,ng), where (o, 0d) €
Z2a 1 S ] S Y12-

Consider firstly

Yi2—1 ma{+n2a§

n

N E e 1 Wy, (4)

Y; 1 — §—(=3,y3) Y; —(z3al+ysal)
sy S Lo

We set xga{ + ygaé = k mod Yq2. Since M is a 1-prime matrix, (EgOZ{ +
ysad # xzaf +yszal’ mod Yo when j # m. Hence, k runs over [1, Y12 —1]NZ.
For 6 € {00 € A(M), My = M5}, we have §(*1:91) = §(*2:92) — 1. Hence,

xla{ + ylaé =0 mod Yo, (5)
xod] 4+ Y20 =0 mod Y1, (6)
z30d +ysad = k mod Yis. (7)

By 1 on both sides of (7), we have

a:lxga{ + xlygaé =121k mod Yis. (8)
According to (5), we obtain
wla{ = —ylag mod Yia. (9)
Substituting (9) into (8), we have
Oé';Ylg, =x1k mod Yis. (10)
By using similar method,
aéng, = 29k mod Yis. (11)

Since M is a 1-prime matrix, there exits fia, g12 € Z such that ged(f12Y13 +
g12Y23,Y12) = 1. Combining (10) and (11), we have

o (f12Y13 + 912Ya3) = (fro1 + graxa)k mod Yis.

Hence, o = (f12Y13 + g12Y23) " (f1221 + g12w2)k mod Yia.



Similarly, a{ = —(f12Y13+912Y23) "1 (f12y1 +g1292)k mod Yi. Hence,(4)
is reduced to

1 Yi2— IW(nz(fmIlJrngQ) n1(fr2y1491292)) (f12Y13+g12Y23) "'k

Yi2
. 12
Yio kzz:l 1-— W;m (12)

According to discrete Fourier transforms,

1(1
& }_ +521—Vl11/a’“’ (13)

(12) can be reduced to

{(n2(f12I1 + g1222) — n1(fr2y1 + g12y2)) (f12Y13 + g12Yes) ™ 1 1

Y1 by 2Yio
Hence
1 or
Y12 ee;;m 1 — 0~ (zs.ys)
Mg=Y12
_ _{ (n2(fizw1 + g1272) — na(fi2y1 + g1292)) (f12Y13 + 912)/23)_1} 1 _ 1
Yio 2 2Yiy

By using similar method, we have

1 o
Yia Z 1 — 60— (z2,y2)

Y13 6cA(M)\e
Mg=Y13
_ (n2(fi31 + g1373) — n1(fi13y1 + g13y3)) (f13Y12 + g13Ya3) ~* Vot 1
Yis 2 2Yis’
Hence, when (n1,n2)7 € v(£2,|M) N Z2,
t(n|M)
_ MeZi My {(f12Y13 + g12Ya3) " (n2(fr2m1 + gr2w2) — na(freyn + 912y2))}
Yi2Y13 Yio
_ {(f13Y12 + g13Y23) " (n2(f1321 + g1323) — na (f13p1 + g13y3))} 41

Yis
Note that 2; C v(£2;|M). Hence, when n € 2, N Z2, the theorem holds. [J

Remark 2 If fi2, 912, f13, 913, f23 and go3 satisfy f12Y23+912Y13 = ged(Yas, Yi3),
f13Y124+913Y23 = ged(Yia, Ya3), f23Yi3+g23Y12 = ged(Yis, Yia), then ged(fi2Y13+
912Y23,Y12) = 1, ged( f13Y12+913Y23, Yi3) = 1 and ged(f23Y13+923Y12, Ya3) =

1. Hence,one can determine fi2,g12, f13, 913, fo3 and go3 by Euclidean algo-
rithm. But in some special cases, such as Y12, Y13 and Yo3 are pairwise relative
prime, there exits the simpler method for obtaining them.



Corollary 1 Suppose Y12,Y13 and Ya3 are pairwise relative prime. When
n= (nl,ng)T efn ZQ,

Ny — M1y {Ylgl(nle - nlyl)} B {Yﬁl(nﬂl —niy1)

tin|M) =
(ni2) Yi2Y13 Yio Yi3

P+ 1

where Y1§1Y13 =1 mod Y5 and Y1§1Y12 =1 mod Yi3. Whenn = (ny,n2)? €
ﬁg n Z2,

niys — NaTs {Yﬁl(nlwz’) - n2y3)} _ {ngl(nlws — nay3)

t(n|M) =
(nf2) Yo3Y13 Y3 Yis3

P+ 1

where Y3'Y13 =1 mod Yaz and Yy3' Yoz =1 mod Yi3.

proof: We firstly consider the case where n € £2;NZ?. Since ged(Yi2, Y13) = 1,
M is a 1-prime matrix. In Theorem 7, we may set f12 =1,012=0, fis =1,
and ¢g13 = 0. Hence, When n = (nl,nQ) €2, N7Z?,

N2T1 —N1y1 {Y1§1(7”L2$1 - nlyl)} B {Yﬁl(nzfﬂl — Y1)

t(n|M) =
(nlM) Y12Y13 Yo Y3

F+ 1

Using similar method, when n = (nq,n2)% € 25N Z2,

niys — Naks {Ylgl(m:cs - nzy:s)} _ {ngl(mxs — noy3)

t(n|M) =
(nf2) Yo3Yi3 Yo3 Y3

41

O

Remark 8 An interesting observation is that the formulation presented in
Corollary 2 is remarkably similar with Popoviciu’s formulation.

We now turn to consider the special case where gi = y2 . Without loss of
k(El l(El X3
kyr ly1 ys
fundamental M-cone, which is denoted as {2. Moreover, since M is a 1-prime
matrix, we have ged(k,l) = 1,z1y3 — y123 = 1. Then we have

generality, we suppose M = ) In this case, there exits only one

Theorem 8 Suppose & yl < ”3 . When M = (Zzi Zi ;2) , t(n|M) = Zane_iam

{%(nlyg —nox3)} — {T(nlyg —ngw3)}+ 1, where n = (n1,n2)7 € 2NZ2

proof: By using the recurrence formulation for T'(x|M), we have T'(x|M) =
LY Hence, the polynomial part of ¢(+|M) is Z22-¥32 4 1 (21 4 1) We now
only need to consider the sums

1 o
k Z — - (lxl,zyl)’j Z 1 — g—(ka1,kyr)

0:Mo=Y}, 0:Mp=Y];
By using the similar method with the one presented in the proof of Theorem
o _ 1n1Yys—naxs 1 o
Tywehave 3 sptermy = (TR —on T Y e
0EA(M)\e e A(M)

Mg=Y} Mg=Y;
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= —{ktmmeomerey 4 L L Note that 2 C v(£2|M). By Theorem 5, when
n = (n1,n2)7 € 0,

t(n|M)

Cawsy—ysz 1.1 10 1 0" 1 o
== 3GtV E X TTrmmntT 2 1o
0:My=Y}, 0:My=Y;
T3Ng — Y3ng ! -

== {%(nlyfs = na3)} = {=—(nys — naas)} + 1.

O

X1 ]ﬂZL'Q ZZL'Q
Y1 kya lys
can be obtained using the same method with the one presented in Theorem
8.

Remark 4 When the matrix M is of the form ) , a similar result

5.Linear Diophantine problem of Frobenius

Consider the linear Diophantine equation
T101 + - Tpap = N, (14)

where, a; € Zy, gcd(ar, - ,a,) = 1.

It is well known that for all sufficiently large N the equation has solutions.
The Frobenius problems asks us to find the largest integer for which no
solution exists. We call the largest integer the Frobenius number and denote
it by f(a1, - ,a,). For n = 2 the largest N for which no solution exists can
be explicitly written as ajas — a; — ag, i.e. f(a1,a2) = ajas — ay — az. But
no such formula exists for n > 3.

As pointed out in [33], when ged{|Y| : Y € B(M)} = 1, for all suf-
ficiently large N the linear Diophantine equations Mz = Nn has solu-
tion, where n € cone(M). Naturally, we hope to find the largest integer
N for which no solution exits, which is denoted as f(M,n). In particular,
we are interested in the linear Diophantine equations Myx = Nn, where
My = zl ;2 ;3) ,n € cone(Mp). In fact, the generalized Frobenius number

1Y2 Y3
f(My,n) is a generalization of f(ay,as).
Recall M;; = (xz Z] and Y;; = det(M;;). In the following theorem, we
i Yj
shall present an upper boundary for f(Mjy,n).

Theorem 9 Suppose Yi3,Y13 and Ya3 are pairwise relative prime. For n €
21 NZ% f(My,n) < Yi2YieYoViatl gy n c Q)N Z% f(My,n) <

n2r1—ni1y1
Y53Y13—Yo3—Yi5+1
n1Ys—n2T3 ’

proof: We only prove the case where n € 2;NZ2. Note t(Nn|M) = N(”%;lzlyl)f

{(Yls)_l(N(nﬂrmw))}_{(Ym)_l(N(nﬂrnlyl))}_'_l = t(N(

Y12 Yi3

nox1—n1y1)|(Yaz, Yis)).
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Since when N (noz1—n1y1) > Y19Y13—Y12—Y13+1, t(N(nox1—n1y1)| Y12, Yi3) =
t(Nn|M) > 0. Hence, when N > %, t(Nn|M) > 0. So,
f(M 1’1) < Y12Y13*Y12*Y13+1' 0

n2Ti1—ni1yi

Remark 5 Theorem 9 only gives an upper boundary for f(Mj,n). According
to the proof of Theorem 9, giving the exact value of (M, n) is equivalent for
any given by € Z determining the largest integer N for which the Diophantine
equation xia; + x2a2 = Nbg no solution exits.

6 Two-dimension vector partition functions

XT1 Ty -+ Ty

We now turn to the general case. We let M =
Y1 Y2 - YUn

)bea2><n

integer matrix. and zz—: < %,z =2 n.

For the matrix M, there exist n — 1 fundamental M — cones. Denote
them as 2; := {(z,y)T|(z,y)T € cone(M),Z—fi < i< z—i},z =1,---,n—
1 respectively. In this section, we shall discuss the explicit formulation for
t(b|M). First, we present an explicit formulation for T'(x|M).

Theorem 10 For x = (z,y)” € R?,
(yix — wiy)’} >
[z (yizs — yjoi)’

1 n
T(x|M) = R ;

L _ )i — iy, yix—xiy >0,
where, (yiv = ziy)y = 0 otherwise

proof: According to the definition of (y;x — z;3)+ we only need to prove that
i T—X; n—2
when x € O, T(x|M) = ﬁ E;L:kﬂ H(yz y)

i (MiTi—y;Ti) "

We argue by induction on n. Initially, when n = 2, 3 the theorem certainly
holds. In the inductive step, we assume that when n = ng the theorem holds
and we consider the case when n = ng + 1.

According to the definition of (y;x — z;y)+ we only need to prove that for

no+1
X € 0, T(x|M) = —L OiL (iz—way)"0 " p e Mois a 2 x (no+1)

= (no—1)! =1 Il (wimj—y;zi)?

matrix.

: : R e — _PYk+1—Te41Y T
After a brief calculation, it is easy for obtaining x = P e—— (T, yr)" +

%(mk+l, yr+1)?. Based on the recurrence formulation of T'(-| M)
, we have
1 _
T(x|M) = ST (x| M (k)" +

no — 1 Yk+1Tk — YkTrt1
TYk — TrY
Ye+1Tk — YrTr+1

Tx|M\ (i1, y541)7))-
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. . . not1 )02
By the inductive hypothesis, T'(x| M\ (zx, yi)T) = m > %,
i=k+1 jrigree
no+1

i L—Tq no—2 :

T(X|M\ (xk+1,yk+1)T) = ﬁ Z % Then we obtain
1=k+2 i '
n0+1 n072
_ 1 TYk+1 — Th41Y (yiz — 2;y) (TRYi — YuTs)

TOeM) = o > pra——

(no — D! Yrs1Zr — Yrlr1 Parait l;l(yz% — YjTi)
VE)

—+1 _
TYp — Ty noz (yiz — 2iy)" " (wpq1yi — yk+133i))

Yrt1Th = YkTht1 S I (viz; — yjz:)

J#i
_ 41
1 Ykt1T — Tpp1y) ™0 1 £ _
— ' ( + + ) + Z (yix—xiy)”o 2
(no =D TT (Yks17j — ¥jThe1)  Yr1Th — YuTro1 S

J#k+1
((wykﬂ — T 1Y) TRy — ki) — (XYe — py) (Th1Yi — Yry12) )
[ (viz; — y;xi)

Jj#i
_ 1 nil (yix — zy)™o~!
(no — 1! i=k+1 jl;li(yixj —yiri)

Thus, when n = ng+1 the theorem holds also, which completes the inductive
step and the proof. (I
The following statements follow from Theorem 10.

Corollary 2

1 U (ygiw —wy) T
V1,V _ V1 (. \U
DVvv2 (x| M) = e ;71 M, — g0 Yt (=)
B J#i

We now turn to non-polynomial part in ¢(-|M). We firstly recall the def-
inition of Fourier-Dedekind sum(c.f. [1]), which is defined as o:(C;n) =

t . . . . .
L 2 where C is an integer multiset and n is an integer.

n A =1#X l_lr,e(i(/\cfl)7
To simplify the non-polynomial part in ¢(-|M), we naturally arrived at the

sums
1 . 1
v, > 1l = (15)

g =1,0#e WEM\M;;

which is considered as a generalized Fourier-Dedekind sum. Here, 6 = 1
means 6" = 1 for any m € M,;. In fact, it is a non-trivial problem for
computing all complex vectors satisfying 6™ = 1. In the following Lemma,
we shows the generalized Fourier-Dedekind sums (15) can be converted into
the 1-dimensional Fourier-Dedekind sums.
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Lemma 2 When M is a 1-prime matriz, for any given integer m, 1 < m <
n,m# i, j,

1 o 1
DA | B =t (T )
ezv;;j=1 weM\ M;;

where Ci; = U1ghgn,h¢i,h¢j{5fﬁm + gYim) "N (=(fyi + gyj)on + (fzi +
gx])yh)}v tzj = (fyvzm +9Y3m)_ (_<fy1 +gyj)n1 + (fﬂfz —l—ng)ng) —i—zcecij c,
where f,g € Z satisfy ged(fYim+gYim, Yig) = 1, moreover, (fYim+gYjm) " (F¥im-+
gYim) = 1,mod Y;;.

proof: As pointed out in [13], the elements in the set {60 € A(M), My = M;;}
1 1
have the form (Wy!, Wy?), where (af,a}) € Z*,1 <1 < Yj;.

Hence,
1 1 1 Yi;—1 nl(xl1+n2(xl2
YA.
= > 0 ] —=v> : l (16)
. _H— > —(znal +ynab)
)/,Lj é'luijzl wGM\Mij 1 9 “ }/ZJ =1 H (1 - W}Q(-Thal yha2))
O#e h#i,h#j

Noting m # i,m # j, we set z,,a! + ymab = k mod Y;;. Since M is a
1-prime matrix, k runs over [1,Y;; — 1] N Z. Using the similar method with
the one in the proof of Theorem 7, we have

af = —(fiYim + 9i5Yim) " (fijyi + 9i595)k mod Yy,
b = (fiYim + 9i;Yjm) " (fijxi + gijz i)k mod Y.

Hence, (16) is converted into

Yi;—1 W(nz(fz‘jﬂfﬁgiﬂj)*m(fz‘_;’yi+g12yj))(fz‘jnm+9injm)71k

1 3 is
Yi; P’ 1 a _W}g;fijyivyl+gij}/j'rzz)_1(*wh(fijyi+gijyj)+yh(fijaii“rgijxj))k)
h#i,h#j
= o, (Cij3 Yij)-
O

Remark 6 When |Y;;| = 1, since {0 : 64} = {e}, the terms in oy, (Cy; : Y;;)
disappear.

Combining Theorem 3, Theorem 5, Theorem 10 and Lemma 2, we can
present a simplified formulation for ¢(-|M).

Y1 Y2 - Yn
triz and Z— < % When n = (ny,n2)T € 2, N Z2,

Theorem 11 Suppose M = ( > 18 a 2 X n integer 1-prime ma-

t(n[M) = pe,o, (n) + > o1, (Cijs Yij),
(i) €{(i4)i<k<4}
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—2 _ n—2
where, DPe, 24, (X) = Z?:o D3, 0 (X)ap(),()k (X) = ﬁzrzk—&-l %,
pio(x) = — iM% D¥py g, (x) (=)W1 22 BOIMYY 4 g
82 1=0 \2ujv|=j—1 ¥ Pl (X)(—1 ol , tij and Cy; are

defined in Lemma 2.
proof: Based on Theorem 5, when n € (2;, N Z2,
1 1
t(n|M) = pe,o, (n) + Z 0 [det(My)] H mlcone(ﬂh)(gk)a
9eA(M)\e 01 weM\ M,

where, the p. o, can be determined easily. Since M is a 1-prime matrix,

1 1
E e | 0
\det(M9)| H 1—0—w COnE(Me)( k)

O€A(M)\e wEM\ My

1 n 1

:an > 0 I o teonen,) ().
t<J oMij=1  weM\M;
O#e

Based on Lemma 2, the above sum becomes as follows:

Zatij (Czj : }/ij)lcone(Mij)(Qk)- (17)

i<j

Since when k > j or k < 4, cone(M;;) N2, = 0. Hence, (17) is converted into

> o1, (Cij : Yij). (18)

(4,5)€{(4,5):i<k<j}

The theorem holds. O ~
The explicit formulation presented in Theorem 11 contains DV B(0|M).
Note
1 — exp(—i¢T'm;)
iCij

B =]

Jj=1

,(eC’.

The following assertion is obvious.

~ | |
Dvl,sz(0|M) — (—i)v1+v2 Z Z V1 Va:

l... [P B A . . )
P R SR LRy RSN YR A

n ki L
LY

Using Theorem 11, we shall present an explicit formulation for an actual
vector partition function, which is the same with the one presented in [3]. By
using Theorem 11, it is indeed easier for obtaining the explicit formulation
for the actual vector partition function.

1210
0111
taining the ith and the jth columns in A.

For the matrix A, there exit three fundamental cones, which are denoted
as (21,25 and (23 respectively. We shall discuss the explicit formulation for
t(n|A). After a brief calculation, we have

Example 1 Let A = . We denote by A;; the square matrix con-
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2

%a X € 'Qla
T(x|A) = i2(—x2 +day — 2y?), X € (2,
%, X € 93.

Hence, po,0, = % According to Theorem 10, p1,0, = 3/2y and ps o, =1
respectively. Since for any 1 < j < 3,|det(Y1;)| = 1, the terms in Fourier-
Dedekind sum shall not appear when n € 2; N Z2. Based on Theorem 10,

2
we have when n € £y NZ2,¢(n|A) = 22 + 322 4+ 1.

Similarly, po,o, = 3(—2? + 42y — 22),p1.0, = ¥, p2.o, = L. Based

on Lemma 2, the non-polynomial part is s >ooo0m ] =
% gz =1 0%e weA\Ay

1 {1 h 2.N7Z2 . t(nlA) = ni_n3  nidn, 7, (=D™
(=1)™. Hence, when n € 2,NZ?,t(n|A) = niny— 3} — 5+ +§+ L

Using the same method with the above, we obtain po o, = %,p1,0, =

_ T
T,P2,0, = g-

2 P
T2 4 302 4 nec 2 NZ>
2 2 n
Hence, t(n|A) = ¢ nyny — 58 — 52 + Mfn2 4 Ty (718) L, nefynZ2
2 n
L ne 2;N7Z2%

Remark 7 In Theorem 11, when the case of £ = z—J happens, the explicit
i J

formulation for T'(x|M) can be obtained by taking the limit. Using similar
method with the one in the proof of Theorem 8, an explicit formulation for
t(n|M) can be given also.

Remark 8 To simplify any-dimensional vector partition functions, we have
to give an explicit formulation for multivariate truncated power functions
T(x|M) and compute the chamber complex consisting of the fundamental
M —cones, which are indeed challenging problems.
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