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Occasionally Dishonest Coin-Tosser
The Deal:
Four coin tosses. If all are equal, you lose.
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Four coin tosses. If all are equal, you lose.

The Scam:
Two coins are involved, one fair and one biased.
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Occasionally Dishonest Coin-Tosser
The Deal:
Four coin tosses. If all are equal, you lose.

The Scam:
Two coins are involved, one fair and one biased.

The Data:

#Heads 0 1 2 3 4
#Occurrences 51 18 73 25 75
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Occasionally Dishonest Coin-Tosser
The Deal:
Four coin tosses. If all are equal, you lose.

The Scam:
Two coins are involved, one fair and one biased.

The Data:

#Heads 0 1 2 3 4
#Occurrences 51 18 73 25 75

The Burning Question:
How many coins did he use?
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Occasionally Dishonest Coin-Tosser
Model One:

Parameters Coin: 0 ≤ θh, θt ≤ 1, θh + θt = 1

Prob(i heads) pi =
(

4

i

)

θi

h
θ4−i

t

Likelihood of data U LU (θ) = zp51
0 p18

1 p73
2 p25

3 p75
4 = z443673θ539

h
θ429

t

where z = 242!/(51! · 18! · 73! · 25! · 75!)
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Parameters Coin: 0 ≤ θh, θt ≤ 1, θh + θt = 1
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4 = z443673θ539
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θ429

t

where z = 242!/(51! · 18! · 73! · 25! · 75!)

Model Two:
Parameters Coin 0: 0 ≤ θh, θt,≤ 1, θh + θt = 1

Coin 1: 0 ≤ ρh, ρt ≤ 1, ρh + ρt = 1

Choice of coin: 0 ≤ σ0, σ1 ≤ 1, σ0 + σ1 = 1

Prob(i heads) pi =
(

4

i

)

(σ0θ
i

h
θ4−i

t + σ1ρ
i

h
ρ4−i

t )

Likelihood of data U LU (θ) = zp51
0 p18

1 p73
2 p25

3 p75
4
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Occasionally Dishonest Coin-Tosser
Question: How do we do model selection?
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Occasionally Dishonest Coin-Tosser
Question: How do we do model selection?

Method 1: Maximum Likelihood
Compare the maximum values of the likelihood functions.

max
θ∈Θ

LU (θ)
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Occasionally Dishonest Coin-Tosser
Question: How do we do model selection?

Method 1: Maximum Likelihood
Compare the maximum values of the likelihood functions.

max
θ∈Θ

LU (θ)

Method 2: Marginal Likelihood
Integrate the likelihood functions over the parameter space.

∫

Θ
LU (θ)dθ
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Marginal Likelihood Integrals
∫

Θ
LU (θ)p(θ)dθ

Prior Beliefs

Probability measures p(θ) on the parameter space
represent prior beliefs.

Can be viewed as probability of model given prior
beliefs about parameters.

Maximum likelihood represents the prior belief that the
parameters are optimal.

Common priors: the uniform prior, the Dirichlet prior.
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Marginal Likelihood Integrals
∫

Θ
LU (θ)p(θ)dθ

Currently

Very difficult to compute exactly.

Tackled using MCMC, importance sampling methods.

Approximation formulas limited to special cases.

Accuracy of above methods and formulas questionable.

Our Goal

Show that they can be computed exactly in many cases
previously thought impractical.
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Marginal Likelihood Integrals
∫

Θ
LU (θ)p(θ)dθ

What exactly is Exact Evaluation?!

When LU (θ) is a polynomial, p(θ) = 1, Θ is a polytope,
the integral is a rational number.

Exact evaluation is computing this rational number, not
its floating point approximation!

e.g. Coin Toss Model Two

z′ ·

∫

∆1×∆1×∆1

4
∏

i=0

(σ0θ
i
hθ4−i

t + σ1ρ
i
hρ4−i

t )Uidσdθdρ =
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Marginal Likelihood Integrals
280574803522231306713539801407536197597886462223522561605447598167473678

179944347671964920094262857814142954778919484575794494634597087353102304

248971276283376084577405257325023105529808465270322581978551567580758925

110257675297117544861385260550659152812547614120802176732047030181879109

493690844304745407842533226543567040606519783806275290934774387083402120

463897269764933451955441347142204399057543578963206568930497371729769606

041563240074105056347734223863639964738475530800977857245483838909692596

88769804869503436965543936

360232407133812587457756267196205462833914725679174649607729866457949943

683688904948668950705146387926432815384516200228517822445366346027908075

890415694594639097772451285931203609676574631396902054177534690776699818

039776960929933980426601020754860387098086112935817383960726045468340208

300550895924890290334034766367060574717661999313960788983299986760335032

007048283774068706760885200472649374242862358839016056687454944072436048

444216340490002439651668585137180542401382177574644469861470630010513996

263775153793334976819060141283354099489865061875.
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Mixtures of Independence Models
Coin Toss Example

Random Variables
X1, X2, . . . , X4 ∈ {0, 1} identically distributed.

Model Parameters
θ0, θ1, θ ∈ ∆1.

Independence Model
pv = θav , where av are the columns of a 2 × 16 matrix

A =

(

p0000 p0001 p0010 . . . p1101 p1110 p1111

θ0 4 3 3 . . . 1 1 0

θ1 0 1 1 . . . 3 3 4

)

Two-Mixture pv = σ0θav + σ1ρav , σ ∈ ∆1.

Three-Mixture pv = σ0θav + σ1ρav + σ2τav , σ ∈ ∆2.

Exact Evaluation of Marginal Likelihood Integrals – p. 10/35



Mixtures of Independence Models

Random Variables
X

(1)
1 , X

(1)
2 , . . . , X

(1)
s1

∈ {0, . . . , t1} identically distributed,

. . .

X
(k)
1 , X

(k)
2 , . . . , X

(k)
sk

∈ {0, . . . , tk} identically distributed.
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Mixtures of Independence Models

Random Variables
X

(1)
1 , X

(1)
2 , . . . , X

(1)
s1

∈ {0, . . . , t1} identically distributed,

. . .

X
(k)
1 , X

(k)
2 , . . . , X

(k)
sk

∈ {0, . . . , tk} identically distributed.

Model Parameters
θ
(1)
0 , θ

(1)
1 , . . . , θ

(1)
t1

, θ(1) ∈ ∆t1 .

. . .

θ
(k)
0 , θ

(k)
1 , . . . , θ

(k)
tk

, θ(k) ∈ ∆tk
.
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Mixtures of Independence Models

Random Variables
X

(1)
1 , X

(1)
2 , . . . , X

(1)
s1

∈ {0, . . . , t1} identically distributed,

. . .

X
(k)
1 , X

(k)
2 , . . . , X

(k)
sk

∈ {0, . . . , tk} identically distributed.

Model Parameters
θ
(1)
0 , θ

(1)
1 , . . . , θ

(1)
t1

, θ(1) ∈ ∆t1 .

. . .

θ
(k)
0 , θ

(k)
1 , . . . , θ

(k)
tk

, θ(k) ∈ ∆tk
.

Independence Model

Can be represented by a d × n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + · · · + (tk + 1),

n = #outcomes = (t1 + 1)s1 (t2 + 1)s2 · · · (tk + 1)sk .

The column av corresponds to the probability pv = θav .

Exact Evaluation of Marginal Likelihood Integrals – p. 11/35



Mixtures of Independence Models

Random Variables
X

(1)
1 , X

(1)
2 , . . . , X

(1)
s1

∈ {0, . . . , t1} identically distributed,

. . .

X
(k)
1 , X

(k)
2 , . . . , X

(k)
sk

∈ {0, . . . , tk} identically distributed.

Model Parameters
θ
(1)
0 , θ

(1)
1 , . . . , θ

(1)
t1

, θ(1) ∈ ∆t1 .

. . .

θ
(k)
0 , θ

(k)
1 , . . . , θ

(k)
tk

, θ(k) ∈ ∆tk
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Independence Model

Can be represented by a d × n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + · · · + (tk + 1),

n = #outcomes = (t1 + 1)s1 (t2 + 1)s2 · · · (tk + 1)sk .

The column av corresponds to the probability pv = θav .

Mixtures pv = σ0θav + . . . + σlρ
av , σ ∈ ∆l.
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Mixtures of Independence Models

Random Variables
X

(1)
1 , X

(1)
2 , . . . , X

(1)
s1

∈ {0, . . . , t1} identically distributed,

. . .

X
(k)
1 , X

(k)
2 , . . . , X

(k)
sk

∈ {0, . . . , tk} identically distributed.

Model Parameters
θ
(1)
0 , θ

(1)
1 , . . . , θ

(1)
t1

, θ(1) ∈ ∆t1 .

. . .

θ
(k)
0 , θ

(k)
1 , . . . , θ

(k)
tk

, θ(k) ∈ ∆tk
.

Independence Model

Can be represented by a d × n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + · · · + (tk + 1),

n = #outcomes = (t1 + 1)s1 (t2 + 1)s2 · · · (tk + 1)sk .

The column av corresponds to the probability pv = θav .

Mixtures pv = σ0θav + . . . + σlρ
av , σ ∈ ∆l.

Data U = (Uv), N =
∑

v Uv .
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Exact Formula for the Integral

Main Formula:

Integrating a monomial over a simplex
∫

∆m

θb0

0 θb1

1 · · · θbm
m dθ =

m! · b0! · b1! · · · · · bm!

(b0 + b1 + · · · + bm + m)!

Sanity check: what if the monomial is 1?
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Exact Formula for the Integral
Independence Model:

Let z = N !/
∏

v Uv!, b = AU , P = ∆t1 × · · · × ∆tk . Then,

LU (θ) = z · θb

∫

P
LU (θ) dθ = z ·

∫

∆t1

θb(1)

dθ(1) · · ·

∫

∆tk

θb(k)

dθ(k)

= z ·
k
∏

i=1

ti! b
(i)
0 ! b

(i)
1 ! · · · b

(i)
ti

!

(siN + ti)!

Note that the maximum and marginal likelihood of the
independence model are both easy to compute.
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Exact Formula for the Integral
Mixture of Independence Model:

Let Θ = ∆1 × P × P . Then,

LU (σ, θ, ρ) = z ·
∏

v

(σ0θ
av + σ1ρ

av)Uv

= z ·
∑

b

φ(b) · σ(b,c)/a · θb · ρc

∫

Θ
LU (σ, θ, ρ) dσdθdρ = z ·

∑

b

φ(b)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

where φ(b) is the coefficient of θb in the expansion of
∏

v(θ
av + 1)Uv , c = AU − b, and a = column sum of A.
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Exact Formula for the Integral
Formula:

∫

Θ
LU (σ, θ, ρ) dσdθdρ = z ·

∑

b∈Z

φ(b)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

Computational Considerations:

Naive estimate of number of monomials in the expansion of

LU (σ, θ, ρ) = z ·
∏

v

(σ0θ
av + σ1ρ

av)Uv

is
∏

v
(Uv + 1).

Actual number of monomials is a lot less.

e.g. Coin Toss Model Two: 144,469,312 vs 48,646.

Idea: exploit this reduction in the computation.
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Exact Formula for the Integral
Formula:

∫

Θ
LU (σ, θ, ρ) dσdθdρ = z ·

∑

b∈Z

φ(b)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

Computational Considerations:

Monomials correspond to certain lattice points in a zonotope Z of
dimension rank(A).

In fact, these points are the image of the lattice points of the
hypercuboid

∏

v
[0, Uv] under the linear transformation A.
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Exact Formula for the Integral
Formula:

∫

Θ
LU (σ, θ, ρ) dσdθdρ = z ·

∑

b∈Z

φ(b)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

Computational Considerations:

Bottleneck is in computing φ(·)

Naive method:

φA(b, U) =
∑

Ax=b

n
∏

v=1

(

Uv

xv

)

Instead, use recurrence formula:

φA(b, U) =

Un
∑

xn=0

(

Un

xn

)

φA\an
(b − xnan, U \ Un)

Exploit low rank of A to store φ(·) efficiently.
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Exact Formula for the Integral
Formula:

∫

Θ
LU (σ, θ, ρ) dσdθdρ = z ·

∑

b∈Z

φ(b)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

Computational Considerations:

Only need to sum half the terms because of symmetry.

Precompute and look-up values of factorials.

Computation is highly parallelizable.

Maple library:
http://math.berkeley.edu/~shaowei/integrals.html
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A Maple Demo
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A Maple Demo

Time(seconds) Memory(bytes)
Ignorant Integration 16.331 155,947,120

Naive Expansion 0.007 458,668

Time(minutes) Memory(bytes)
Naive Expansion 43.67 9,173,360

Fast Integral (m=1) 1.76 13,497,944
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Approximations of the Integral
Question:
Suppose U = NY where Y is a fixed vector with

∑

v
Yv = 1.

As N → ∞, how does the log marginal likelihood behave?

log

∫

Θ

LU (θ)dθ
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Approximations of the Integral
Question:
Suppose U = NY where Y is a fixed vector with

∑

v
Yv = 1.

As N → ∞, how does the log marginal likelihood behave?

Answer 1:

log

∫

Θ

LU (θ)dθ → −∞

.
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Approximations of the Integral
Question:
Suppose U = NY where Y is a fixed vector with

∑

v
Yv = 1.

As N → ∞, how does the log marginal likelihood behave?

Answer 2: BIC Score

log

∫

Θ

LU (θ)dθ ≈ log L(θ̂) −
d

2
log N

where d is the dimension of the model and L(θ̂) is the maximum likelihood.
BIC stands for Bayesian Information Criterion.

Assumes that the model is in the exponential family. In particular, the
model has one local maxima. As N → ∞, the “main bulk” of the integral
accumulates near the maximum likelihood.
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Approximations of Integral
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Approximations of the Integral
Question:
Suppose U = NY where Y is a fixed vector with

∑

v
Yv = 1.

As N → ∞, how does the log marginal likelihood behave?

Answer 3: Laplace Approximation

log

∫

Θ

LU (θ)dθ ≈ log L(θ̂) −
1

2
log | detH(θ̂)| +

d

2
log 2π

where H is the Hessian of the log-likelihood function log L.

Only assumes that L is twice differentiable, convex and achieves
maximum on internal point.
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Back to the Coin Tosser
Maximum Likelihood

Model One: 0.1443566234 × 10−54

Model Two: 0.1395471101 × 10−18
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Back to the Coin Tosser
Maximum Likelihood

Model One: 0.1443566234 × 10−54

Model Two: 0.1395471101 × 10−18

Marginal Likelihood

Model One: 0.5773010423 × 10−56

Model Two: 0.7788716339 × 10−22 (Actual)
0.3706788423 × 10−22 (BIC)
0.4011780794 × 10−22 (Laplace)
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BIC can be wrong!

Consider the two hidden binary tree models above.

M1: pv = (σ0θ
(1)
v1 θ

(2)
v2 θ

(3)
v3 + σ1ρ

(1)
v1 ρ

(2)
v2 ρ

(3)
v3 )θ

(4)
v4 θ

(5)
v5 θ

(6)
v6

M2: pv = θ
(1)
v1 θ

(2)
v2 (σ0θ

(3)
v3 θ

(4)
v4 θ

(5)
v5 θ

(6)
v6 + σ1ρ

(3)
v3 ρ

(4)
v4 ρ

(5)
v5 ρ

(6)
v6 )
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BIC can be wrong!

Suppose the data for sample size N = 36 is

X4X5X6

X1X2X3





























000 001 010 011 100 101 110 111

000 2 3 0 1 3 5 1 1

001 0 0 0 0 0 0 0 0

010 0 0 0 0 0 1 0 0

011 0 0 0 0 0 0 0 0

100 3 4 1 1 2 3 1 1

101 0 1 0 0 0 0 0 0

110 1 1 0 0 0 0 0 0

111 0 0 0 0 0 0 0 0
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BIC can be wrong!

Model Selection:
BIC Score: M1’s score is better than M2’s.

Actual Marginal Likelihood:

M1 2673620257358279100801924830063571461298286189
595389791326672092336165244431090566358136576942917805560000000

≈ 0.449 × 10−17

M2 48293401975547884279365197096430603703508201757248809211637315169
8732484029714998183282865631784595248815965898643112874434441522952944832000000000

≈ 0.553 × 10−17

Thus, the BIC score will lead a Bayesian to choose the wrong model!
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Summary
The Occasionally Dishonest Coin-Tosser

Marginal Likelihood Integrals
Mixtures of Independence Model

Exact Formula for the Integral
Approximations of the Integral

Comparing approximations for coin toss example.
Some approximations can lead to wrong model selection!
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Future work
Develop faster algorithms for exact evaluation of
integral.

Develop more accurate approximations using algebraic
geometric tools.
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Schizophrenic Patients
Evans, Gilula and Guttman:
studied association between length of hospital stay (Y) and
frequency of visits by relatives.

2≤Y <10 10≤Y <20 20≤Y Totals

Visited regularly 43 16 3 62

Visited rarely 6 11 10 27

Visited never 9 18 16 43

Totals 58 45 29 132

Equivalent to our models, for k = 2, s1 = s2 = 1, t1 = t2 = 2
and N = 132.
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Schizophrenic Patients
“each estimate requires a 9-dimensional integration”

“the dimensionality of the integral does present a
problem”

“all posterior moments can be calculated in closed form
.... however, even for modest N these expressions are
far to complicated to be useful”
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Schizophrenic Patients
The integral evaluates to

278019488531063389120643600324989329103876140805

285242839582092569357265886675322845874097528033

99493069713103633199906939405711180837568853737

12288402873591935400678094796599848745442833177572204

50448819979286456995185542195946815073112429169997801

33503900169921912167352239204153786645029153951176422

43298328046163472261962028461650432024356339706541132

34375318471880274818667657423749120000000000000000.

Time taken: 13 days on a modest laptop.
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