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1 Introduction

Hilbert Nullstellensatz is a central result that tells us a necessary and sufficient
condition for when a system of equations has a no solution. This theorem was
first proven by David Hilbert in 1900. Here we present a self-contained proof.

Theorem 1.1 (Hilbert’s Nullstellensatz (HNS)) Let f1 =0, fo =0, ..., fs =
0 be a system of polynomials in Clxy, ..., 2], then the system has no root, or
solution, if and only if there exist polynomials a1, &, ..., a5 € Cl1, ..., Ty] such
that 1 = Z:»l:l Oéi(il, ) ;Em)fi(:tl, ceey l‘m)

The idea of the proof is by induction on the number of variables. One settles
it first for one variable and in the case one has more than one variable one needs
to have a way to eliminate variables one at a time (this is done using resultants).
The proof of the Hilbert Nullstellensatz in in one variable uses a familiar notion:

Definition 1.2 Let fi,..., fs be univariate polynomials in Clx] (e.g. fi(x) =
2790 — 7223 +3) We say a polynomial h is a Greatest Common Divisor (GCD)
0ff17"'7f8 Zf

1) hlf1, h|fa, ..., hlfs 2) plfi fori=1,...8 = p|h

The centuries old Euclidean division algorithm allow us to compute the
GCD. Recall

Algorithm: (GCD computation)
Input: f,g € Clx]
Output: ged(f, g)

Seti=1
Set ho =f, hi =g
while h; # 0 do
divide hi,1 by hz
hi—1 = q;h; +r; where r; equals remainder(h;_1, h;)
Set h,’ =T
t=1+1

Lemma 1.3 Suppose f, g are univariable polynomials with complex coeffi-
cients.

1) If we know q,r, f satisfy f = qg + r, then GCD(f,g9) = GCD(g, f — qg)
= GCD(g,r)

2) GCD(flvaa ey f&) = GCD(f17GCD(f27 7fs))
3) If g1, g2 are both GCD(f1, ..., fs), then g1 = cgs where ¢ is a constant.



Proof: : For part (1) GCD(f,g)|lg, and GCD(f,g)|f — qg = r this implies
GCD(f,9)|GCD(g,r) by definition: GCD(g,r)|g, and GCD(g,r)|r = f — qg,
which implies GC'D(g,r) must divides f. Also implies GCD(g,7)|GCD(f,g)

For the proof of part (3) GCD(f1, fa... fs)|fi; for i = 1,...,s. This im-
plies GCD(f1, f2y-.., [s)|GCD(fa,...,fs) and it also divides f;. Therefore
GCD(f1,GCD(fa, f3,---, fs))isdivided by GCD(f1, fa, f3,- .., fs). Given these
two quantities, if h|f; and h|GCD(fa, f3,..., fs) then h|f; for i = 1 to s.
Thus GCD(f1, fa, f3, ..., fs) must divide GCD(f1, GCD(fa, f5,..., fs)). This
proves they are equal.

Theorem 1.4 Euclidean Algorithm works: It returns the GCD(f, g).

Proof: : We know hiy; = remainder(hi_1, h;) Which can means hj11 = h; —
qhi(hi—1) By the lemma above GCD(h;_1,h;) = GCD(h;+1,h;), Since the de-
grees decrease and eventually h,= 0, for some n,

h1 = GCD(hp_2,hp_3) = GCD(hp_3,hn_s) = ... = GCD(hg, hy).

Now, we clearly obtain then an algorithm to compute GCD (f1 fa ...f)
using Lemma part (3). But remember our main goal, to find solutions of the
system of polynomial equations. How can we determine whether system g; (x) =
0,...,9-(x) = 0 has a common root? The key point is that if a is a common
root, (x — a) is a common factor. Then when GCD(¢1(z), ..., g-(x)) # 1, then
you have a common solution, any of the roots of this GCD will be a common
root.

Lemma 1.5 if h = GCD(f1 fa,... fs), there exists polynomials a1 ag,.. as such
that

h=a fi+...+ asf;

Proof: This is proved by induction on the number of polynomials. Say for
n = 2, apply Euclidean algorithm to f, f, while keeping track of divisors in
each iteration hjy1 = h; — giy1h1—1. We can start by observing GCD = h,_ =
hn—2 — gn—1hn—3(%) In each iteration: hy_o = hy—3 — gn—2hn_4(*%) Substitute
(**) into (*) and we obtain: GCD(f; ) = (1 = gu—1)hn—3 — Gn-2hn—4

Repeat such back substitution using the identities hit1 = h; — git1h1-1.
Eventually, a1 f; + a2 fo = GCD(f; f,). Assume lemma is true for S — 1 polyno-
mials or less. We know GCD(f1 fs, ... fs) = GCD(f1,GCD(fa,...fs)). Thus
by induction:

GCD(fa, ... fs) can be written as h = GCD(f2, ... fs) = ba fo+...+ bs f..
Which, by the case of 2 polynomials, gives, as desired: GCD(f1, fa,...fs) =
GCD(fih)=mr fitsh=m fi+slbs fo+...+b f)= 1 fi+sba fo+...+
sbs fi;thenry = a1, sby = ao, .. ., sbs = as.



Corollary 1.6 In the case of one wvariable, a system of equations fi(x) =
0,..., fs(x) =0 has no common root if and only if

l=a fi +...+ asfy; for some polynomialsa; as,. .. as.

Now that we have the Nullstellensatz for systems of polynomials in one single
variable we will use Resultants to reduce any other system to this simpler case.
The resultant will be a special determinant obtained from f, g polynomials in
R[z], where R is any integral domain (Think R = K[y1,...,yn], or R = Z).
The Sylvester matrix syl(f, g) will have the following crucial property:

Theorem 1.7 Let R be an integral domain. The polynomials f,g have a com-
mon root factor in R[X] if and only if det(syl(f,g)) = 0.

Lemma 1.8 Let f and g be polynomials in R[x] such that f, g are nonzero,
where R is an integral domain, and deg(f) = n,deg(g) = m, then f, g have a
common factor if and only if A, B polynomials exist in R[x] such that

1. Af+ Bg=0= Bg= —Af.
2. deg (A) <m, deg (B) < n.

3. A and B are nonzeros.

Proof: (=)
Suppose f = fih, g = g1h, for some common h. Let A = ¢g; and B = —f1,
then g1f +—fig = g1/ih — g1.f1h = 0.

(<) By contradiction.

Suppose f, ¢ have no common factor, that implies 3 A, B polynomials in k[x]
such that Af + Bg=1. Then B = BAf + BBg = BAf — BAf = (BA— BA)f
implies deg(B) > n, thus this contradicts our assumption that deg(B) < n.

Example:
f=223+42 -2
g=222+3x+9

Solution:
A=a1x+ ag
B = by + bz + by
0=Af+ Bg = (a12 +ag)(22® + 42 — 2) + (b + by + by ) (222 + 32 +9)
0 = (2a1 + 2bg)z* + (2ag + 3bay + 3b1)x> + (4ay + 9ba + 3by + 2bg)z? +
(—=2ay + 4ag + 9b1 + 3bg)x + (—2ap + 9bp)



setting the coefficients equal to zero:

2(11 + 2b2 = 0 (1)
2a0 +3by +2b; = 0 (2)
4a1 +9bs +3b1 +2bp = O (3)
—2&1 + 4(1() + 9b1 + 3b() = 0 (4)
720,() + 9b0 = 0 (5)
form the Sylvester matrix (S(f,g)):
2 0 2 0 0]
0 2 320]||" 0
ap 0
4 0 9 3 2 b | =10
by 0
-2 4 0 9 3 bo 0
| 0 =2 0 0 9 |
det(S(f,g)) =1163 #0
S(f.9)

Therefore, there is no common factor.

ALGORITHM:
Input: f,g € Rx]
Output: Yes/No depending on whether they have a common factor.

Step 1: Compute the Sylvester matrix S(f,g).
Step 2: Compute its determinant (= Resultant).
If Resultant = 0,
Return Yes there’s a common factor.
Else Resultant # 0
Return No, there’s no common factor.

Properties of Resultants :

1. Resultant #0< GCD(f,g) = 1.

2. Resultant(f,g) is a polynomial whose variables are the coefficients
of f&g and it has integer coefficients.

3. There exists polynomials C, D € k[z], such that C' f+Dg = Resultant(f, g)
Proof:

1. By lemma, resultant # 0 < there is no common factor & GCD(f,g) = 1.



[ ap 0 0 bm 0 0 7
Ap—1 an 0 bm_1 bm 0
an-1 - 0 i bpg o0
2. Resultant(f,g) = det
ap Ry anp bo . bim
0 ag 0 bo
L0 0 aw 0 0 bo

3. Resultant(f,g) = 0. Take C = 0, D = 0, then we are Done.
Resultant(f, g) # 0 = det[S(f, g)] # 0 Because Resultant(f,g) # 0
= GCD(f,g) = 1. Then there exist Cf + Dg =1

Cn, 0

[ 1 Cn—1 0

Sylvester dCO = :

dmyil 0

0

i | : 0
L do 1 L1

By Cramer’s Rules:
Cy’s and D;’s can be written in the form:

0

0
1
Resultant(f,g)

Cf+Dg=1
multiply by Resultant(f,g). The denominators cancel, hence Cf+Dg=
Resultant(f, g).

Lemma 1.9 B(x1, s, ....x,)eClz1, 2, ...x,] polynomial that is not identically
zero, then 321, Zs, ...Zn,eC such that B(Z1, Za, ..., Z,) # 0

Proof: By induction on n the number of variables. If n = 1 we are done,
because univariate polynomials have finitely many roots, thus B(z1) # 0 in
infinitely values. Suppose the Lemma is true for n — 1 variables and take



B(z1, 23, .....x,) not identically zero. Expand it in terms of z,,, B(z1, 22, ....2,) =
Pd(l‘]_,xg,....l‘n,l).’liz—I—Pd,]_(x]_“'l,‘g, ..... ,xn,l)zﬁ_l—i— ..... +P1(.Z‘1,.’132,.....'I}n,1).
= by hypothesis, P;(x1, za, ....x,) is not identically zero for some 7. Thus by
induction 3z, 23, ....2,—1€C where P;(z1, 22, ....2n—1) # 0. Substitute xx = 2
fork=1,2,...,n—1. In B, B(z1, 22, ..., Zn—1, 2n ), compute its root G1, Ba, ..., Bn,

let z, be any complex number # ;.

Lemma 1.10 (Make me monic!) Let b(xq, 22, ...,2,) be a polynomial all of
whose monomials have total degree < d

There exist a change of coordinates
L1 = MY1+ Yn, T2 = XY + Yno - - Ti = Ailli + Un

LTn = Yn

such that B(y1+MYns s Yn—1F+An—1Yn, Yn) = P(y1, ...yn) is a monic polynomial
with respect to the variable y,. This means

P(y1,--yn) = Ca(y1, ~-~yn71)y;il + e + ColY1, s Yn—1)
with, Cd =1.

Proof: Do substitution with parameter Ai, As,..., A\n_1; say d is the highest
degree for y,. The leading coefficient, will be the polynomial in A1, Ao, .. Ap_1
call leading coefficient C';. From previous lemma we can find A1, Ao, .. A1
values in C that make Cy # 0. Divide by constant Cg(A1, A2, .. An—1) # 0,
Pl(y17 yn) =1x yz—i_ junk'

Theorem 1.11 (Hilbert’s Nullstellensatz) Let f1 = 0,fa = 0,..f¢ = 0 be a
system of polynomial equation, fi,..fs€Clx1,....x,] then there is no common
solution over C™ <= Jay, ag, ..aseClay, .., 2] such that oy fotas fo+..+asfs =
1

Proof: By induction on the number of variables. We already proved it for
n = 1 using the GCD properties. Suppose true for n — 1 variables, you are now
given a system with n variables. (1) By Lemma about changes of variables you
can assume fj is monic with respect to x,. (2) Let y be an auxiliary variable.
Let Q(x1, %2, ..y Tn,y) = fo+ yfs +y2 fa+ . +y° 2 fs.

(3) Compute the resultant of fi,Q) with respect to x, namely Res(f1,Q) =
Ra(x1, . 2y 1)y + Ra_1(x1, ., 2p1)y?t + .. + Ro(x1, .., 2,_1) We saw there
exist A, B € Clz1,...,zpn,y] Af + BQ = Res(f1,Q, z,) Because of induction, if
I can prove Ry =0, R; =0, .., R; = 0 has no common root then done. Thus we
know now how, given a system of polynomials without a common root, we can
construct a new polynomial whose resultant must also have no solution. Here
is all as a lemma.

Lemma 1.12 Given the system of polynomials f1 = fo = -+ = fs = 0 without
a common root, we let Q(x1,T2,...,Tn,y) = fo+yfs +y°fs+ - +y*2fs.



Next, we compute the resultant:
Res(f1,Q,x1) = Ra(z1, ..., @n-1)y +Ra—1(x1,. .., 2n1)y? + -+ Ro(z1,...,25)
And find the system Rg = Ry_1 = -+ = Rg = 0, which also has no solution.

Proof: By contradiction, suppose not true, therefore, there must exist a solution
to the system constructed. Specifically, Ja, as, ..., a,—1 (let these be denoted
by a) such that Rq(a) = Rq—1(a) =--- = Rp(a) = 0.

ThuSa Res(fh Q7 xn)(a) =0.

Remember, since the resultant equals zero, the polynomials f;(a,z,) and
Q(a, x,,y) must have a common factor. This means that they share a root. Let
this root be denoted as 8. So, fi(a,3) = Q(a,y,[) = 0, for any value of y.
Since y is unconstrained, the only way @ can be distinctly zero is if fa(a, 5) =
f3(@, ) = --- = 0. Therefore, we have found a solution.

We will now use Hilbert’s Nullstellensatz to prove the fundamental theorem
that characterises which polynomials vanish in a variety!

Theorem 1.13 (The Strong Hilbert Nullstellensatz) Leth;,g € C[x1, ..., Zpm].
We define the hypothesis variety as follows V. = {Z|h1(Z) = ho(Z) = ... =
hn(Z) = 0}. Here V can be interpreted as the set of all "positions” or "con-
figurations” where the hypotheses are satisfied, then g(Z) = 0 VZ € V <—

G (@15 ey T) = Dot Q@1 ey T )R (21,4 oy ) where o € Clzy, .oy Ty

Proof: (=) Suppose ¢g(Z) =0Vz € V. Let f; be defined as follows:
fO =1 + g(l.)t € (C[xlvx% “wxmat]

fi=hi
Jo=ho
fi=h;.

There is no solution of this system (1 # 0) thus the Hilbert’s Nullstellensatz
implies 1 = ag(14+tg(x))+aihi+asha+...4+anh, where a; € Clzy, 22, ..., Ty, t].
If we set t = —1/g, then we get 1 = ay(z1, ..., Tm, —1/g)h1 (21, ooy Tm) + ... +
n(T1, ooy Ty, —1/9)hp (1, .., T, ) where the denominators look like g(x1, ..., T, )¥.
Then pick the highest power of g that appears in the denominator, and multiply
the expression by it. we get the desired statement.

Now let us prove the converse, which is easy. Given

9 (21, ey X)) = Zai(xl, ces Zm)hi(T1, . Ty,
i=1
when Z is a root of the system of equations means = h;(Z) = 0 =
9"(7) =0 = g(z) = 0.
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