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1 Introduction

Project Goal: We are exploring how to microscopically define chiral central charge. The exploration follows
a proposal described by Kitaev.

The work below builds background and foundations to approach this goal. The main physical setup is
studying and getting familiar with the Integer Quantum Hall Effect (IQHE), all of the below calculations
and readings is related to this topic.

2 Progress

e Read up on background information about Quantum Hall Effect, particularly Integer Quantum Hall
Effect (IQHE) using David Tong’s lecture notes [I} [2], alongside foundational papers on thermal trans-
port [3].

e Followed the setup of lecture notes and recreate calculations in the lecture notes.

e (Calculated the spectrum of the Landau Hamiltonian with implemented edge at y=0, obtaining energy
spectrum with k dependence (Edge Modes.)

e Calculated and found an expression for the spectrum of the fancy edge.

Target Hamiltonian (Fancy Edge):
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Hrp = %{Y’ [(F— A)? — Er]}
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2.1 Power Series Expansion

Working with Landau Gauge A= (By,0,0), and looking at fibered form p, = k gives:
1
Hrpp(k) = §{Y’ [(k — By)? — 92 — Epl}

Insert plane wave ansatz ¥(x,y) = e*@yy (y):
Hpp(k)¥(z,y) = E(k)¥(z,y)
1
= 5 (2k%y +2B%° — 4kBy® — 2yEr — 9y — y0,) i (y)

Group terms and expanding the chain rule gives
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This is the differential equation I will attempt to solve to obtain the spectrum (eigenvalues) of this Hamil-
tonian.
Extracting asymptote behavior of the differential equation, at large y, the y? term dominates

= By (y) ~ ;i (y)
Yr(y) ~ Ae=BY'/2 | BeBY'/2
We drop the exponentially growing term (B eBv’/ 2) to satisfy normalization requirements as y — oc.

851/%(3/) = B(By? — 1)6—By2/2 ~ Bzy2€—3y2/2

Ui(y) = fy)e BY7? at large y

Taking ¥y (y) to be of this form
2
bi(y) = fly)e PV /2
df b, d
00nls) = e P () Bye P2 = (L~ gy} e
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Plug back into equation
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Let f(y) = 3niony"

df G n—1
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Which gives

[k* — Ep + 2B] i eyt — 2kB i cy™t? — i ne,y™

n=0
—Zn—l— Y(n + 2)cpoy™ +232ncny (k;)zcny"_
n=1
Re-indexing and grouping terms then gives
[k* — Ep + 2B] Z cn_1y" — 2kB Z Cn_2y" — Z(n +1)2%cp1y”
n=1 n=2 n=0

+2BY (0 Deary” — E(R) Y ey =
n=2 n=0

Which yields recursion relation:
[k? — Ep +2BJc,—1 — 2kBey o — (n+1)%cpy1 + 2B(n — )¢,y — E(k)c, =0 (4)

Unfortunately a simple proof can show that this recursion relation does not terminate, I have also double
checked with Hermite polynomial expansion, which also does not terminate, validating the result.

2.2 Hermite Polynomial Expansion
The Biconfluent Heun Equation (BHE) has the following form [6]:
2"+ (y+ 02+ 22y + (az —qy =0
where 7,9, €, a,q € C, and y is a function of z

Which can be matched with expression by matching y with z, and f(y) with y.

yf"(y) — zy”
(1=2By*)f'(y) = (v + 0z + e2*)y/
2kBy® — (k* — Ef 4+ 2B)y + E(k)| f(y) » (az — q)y

The issue lies in the 2kBy?f(y) term, but for now let’s assume it is small enough to account for it using
perturbation theory.
Taking this step leaves us with:

yf"(y) + (1 = 2By*) f'(y) + [ (K — By + 2B)y + E(k)| f(y) = 0

Solution of BHE v 4 (1 + 0 4 ez)u' + ““~4u = 0 is [3]:

u:ZCnun

Up = Ha0+n(So(Z+Zo))

v=1,6 =0,e = —2B,a = —(k* — E; + 2B),q = —E(k)
2832—6—)233:2B—>80=\/§
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With recursion relation[5]:

Rncn + Qn—lCn—l + P, —QCn—2 =0

R, = \/_76(&0 +n)(a+ (g +n —7v)e)

~ad+ (g + (ap +n)d)e

Qn =
€
P - a+ (g +ne
—2e
Termination condition [5] requires v = —N (where N € Z>(), but since v = 1 this condition is not satisfied,

leaving us with the infinite sum still. This suggests to tackle the problem numerically.

2.3 Numerical Approach

Starting with the usual normalized Harmonic Oscillator Eigenstate [4]:

. @ i 1 _72/
\Iln(x)—<7rh) T (e € /2

Landau Eigenstate (up to normalization factor):
Wy (2, ) ~ € oy (a4 bl e (HHB /20

We can quickly normalize this by comparing with the Harmonic Oscillator Eigenstate with the physical

constants of the system.
I | h eB
= e w = —
B eB 57 m

(mwB)i_ meB i_ § %_ li i
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Normalized Landau Eigenstate:

1

v =
n,k($7y) W

Goal: Aim to use the completeness relation (>, [n)(n| = I) of the Landau eigenstates to solve for spectrum
of Hrg. Note: Landau eigenstates span a complete orthonormal basis in Hilbert Space.
Landau Hamiltonian with the units convention I work with is

e““yHn(a? + kl%)e‘<x+kl%)2/2l23 (5)

-,

Hy, = (p— A)?
Hj, is equipped with its eigenstates |n) , and discrete eigenvalues F,,:
Hp|n) = E,|n)
If we substitute Hy, into Hpp, and promote y to the Y operator in the Landau Basis, we obtain:
Hrp = %{Y, H; — Er}
Using the completeness relation of the landau eigenstates
Hpp|V(k)) = E|V(k))
(DH([¥ (k) = E[¥(k))
> [m)(m|Hn)(n|¥(k)) = E|¥(k))

m,n

Y Hunlm)(n|¥(k)) = E|¥(k))

m,n



Where
Hyn = (m|Hppln) = S(m|{Y, Hy — Ep}in)
(m|Y(HL — Ep) + (HL — Er)Y|n)
((m[Y Hp|n) = 2Ep(m|Y|n) + (m[HLY|n))

(mY|n)ELn — 2Ep(m|Y[n) + ELm(m[Y[n))

[ =N =N =N =N =

= S(Epn+ Epm — 2Ep)(m|Yn)

We can find Y in basis of landau eigenvalues in terms of creation & annihilation operators (details of this
is in David Tong’s lecture notes [I} 2]).

T =ps+By 7w, =p,+Ay A= (-By,0,0)

Inserting p, = —ih0, yields :

Y = \lf%(a +a") + il%0,

l
L (a+al) +il}%0.|n)

= B (mlaln) + (mlal [n)) + i3 m| @y n)
= Z—B(\/ﬁ(m\n 1) +Vn+ Umn+ 1)) — 3kSm.n

l
= %(\/’E(sm,n—l +vn+ 15m,n+1) - l2Bk5m,n

1 l
— (m|Hpg|n) = E(EL,,L + Epm — 2EF) [B(\/ﬁam,nl VI Lmng1) — 3k

V2

Which gives rise to Tridiagonal matrix:

1 l
— <Z i(EL,n + EL,m - 2EF) [%(ﬁam,7z—l +vn+ 15m,n+1)

m,n

- l%kém,n] m><n|> [W(k)) = E[W(k))

1 Ip
— < En i(EL,n_FEL,n—l_QEF)E\/E|TZ_1><”‘
1 l
+ E i(EL’n-i-EL’nJrl—QEF)%\/H+1|TL+1><TL|

n

BRI 2EF>12Bk|n><n> (k)

= E[¥(k))



<Z Hm,n|m><nl> (W(k)) = B[P (k) (6)

We know components of the matrix (H,, ), so we can set it up and find its eigenvalue & eigenvector
numerically. Doing so and computing the energy spectrum for a range of k values between -5 and +5 yields
the following plot:
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Figure 1: Numerical energy spectrum of the Fancy Edge Hamiltonian (Hpg) plotted against the wavevector
k, computed using a basis size of N = 150.
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3 Future Plans

e Verify and analyze the numerical approach output
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