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Notation and Conventions

I Base field is C;

I gn = sl(n + 1), sp(2n), so(2n), or so(2n + 1), Vn = Cn;

I g = sl(∞), sp(∞), or o(∞) (g = lim−→ gi );

I hn, Un = U(gn): Cartan subalgebra and univ. env. alg. of gn;

I U = U(g), h = lim−→ hi ;

I Qgn , Qg: the corresponding root lattices;

I For µ ∈ CZ>0 , Int(µ), Int+(µ) are the subsets of Z>0

consisting of all i : µi ∈ Z, µi ∈ Z≥0, respectively;

I Dn: the algebra of polynomial diff. operators of C[x1, ..., xn];

I D(∞): the subalgebra of End(C[xi ]i∈Z≥0
) generated by xi , ∂i .



Bounded and weight modules of g and gn

Definition

1. A module M of g (or gn) is a weight module with finite
weight multiplicities if

I M =
⊕

λ∈h∗ Mλ, where

Mλ := {m ∈ M | h ·m = λ(h)m, for every h ∈ h}.
I dimMλ <∞

2. M is bounded if it is a weight module and there is C such
that dimMλ < C for every λ

I Infinite-dimensional bounded modules exist for Lie algebras gn
of type A and C only (Fernando).

I The simple bounded modules of gn were classified by O.
Mathieu in 2000.

I The work of Mathieu combined with works of G. Benkart, D.
Britten, S. Fernando, V. Futorny, F. Lemire, A. Joseph, and
others, lead to the classification of all simple weight
gn-modules with finite weight multiplicities.

Problem: Classify all simple bounded modules of g.



Examples of bounded modules of gn = sl(n + 1)

I The map eij 7→ xi∂j defines a homomorphism Un → Dn+1;
I The Dn+1-module F(µ) = xµC[x±1

1 , ..., x±1
n+1], µ ∈ Cn+1, has

a gn-submodule:

Fsl(µ) := {xµp | p ∈ C[x±1
1 , ..., x±1

n+1], deg p = 0}

I Fsl(µ) = Fsl(µ
′) if and only if µ− µ′ ∈ Qgl(n+1).

I The following is a submodule of Fsl(µ):

Vsl(µ) := Span{xλ | λ− µ ∈ Qgl(n+1), Int
+(µ) ⊂ Int+(λ)}.

I Vsl(µ
′) ⊂ Vsl(µ) if and only if µ− µ′ ∈ Qgl(n+1) and

Int+(µ) ⊂ Int+(µ′).
I For µ with Int+(µ) ( Int(µ), let

Vsl(µ)+ :=
∑

Vsl(µ′)(Vsl(µ)

Vsl(µ
′).

I Finally, set Xsl(µ) := Vsl(µ)/Vsl(µ)+.



Classification of simple multiplicity-free sl(n + 1)-modules

Theorem (Benkart-Britten-Lemire, 1997)

Every simple multiplicity-free (pointed) weight sl(n + 1)-module is
isomorphic either to Xsl(µ) for some µ ∈ Cn+1, or to Λi (Vn+1) for
some i, 2 ≤ i ≤ n − 1. Furthermore,

SuppXsl(µ) = {µ′ ∈ Cn+1 | µ′ ∼sl µ},

where µ′ ∼sl µ if µ− µ′ ∈ Qgl(n+1) and Int+(µ) = Int+(µ′).

Lemma
If dimXsl(µ) <∞, then Xsl(µ) ' Sm(Vn+1) for m ≥ 0 or
Xsl(µ) ' Sm(V ∗n+1) for m ≥ 0.

Lemma
Let n > 1. Xsl(µ) and Xsl(µ

′) are isomorphic as sl(n + 1)-modules
if and only if either µ′ ∼sl µ or {µ, µ′} = {0(n+1), (−1)(n+1)}.



Results for gn = sp(2n)

I We define a homomorphism Un → Dn by eεi+εj 7→ xixj if

i 6= j , e2εi 7→ 1
2x

2
i , e−εi−εj 7→ −∂i∂j if i 6= j , e−2εi 7→ −1

2∂
2
i ,

where eα ∈ gαn are appropriate nonzero vectors.

I For any µ ∈ Cn, we consider F(µ) as a gn-module through
the homomorphism Un → Dn. Then

Fsp(µ) := {xµp | p ∈ C[x±1
1 , ..., x±1

n ], deg p ∈ 2Z}

is a multiplicity-free gn-submodule of F(µ).

I Fsp(µ) = Fsp(µ′) if and only if µ− µ′ ∈ Qgn .

I Similarly to the definition of Xsl(µ), we define the gn-module
Xsp(µ).



Results for gn = sp(2n)

Theorem
Let n > 3 and let be a simple multiplicity-free weight
sp(2n)-module. If M is infinite dimensional, then M is isomorphic
to Xsp(µ) for some µ ∈ Cn. If dimM <∞, then M ' V2n or
M ' C. Furthermore:

I

SuppXsp(µ) = {µ′ +
(

1

2
,

1

2
, . . . ,

1

2

)
| µ′ ∼sp µ},

where µ′ ∼sp µ if µ− µ′ ∈ Qsp(2n) and Int+(µ) = Int+(µ′).

I The sp(2n)-modules Xsp(µ) and Xsp(µ′) are isomorphic if and
only if µ ∼sp µ

′.



The case of g = sl(∞)

From now on all results are from [G.-Penkov, 2019].

Lemma
Every simple bounded nonintegrable g-module is multiplicity free.

Lemma
Let M be a simple integrable bounded g-module. Then
M ' lim−→ Lgn(λ(n)), where Lgn(λ(n)) is the simple highest weight

module of weight λ(n), and λ(n) is one of the following:

(i) (1, 1, ..., 1, 0, 0, ..., 0), where the number of 0’s and 1’s are
both growing when n→∞;

(ii) (an, 0, 0, ..., 0),

(iii) (0, 0, ..., 0,−an),

(iv) (µ1, ..., µk , 0, 0, ..., 0),

(v) (0, 0, ..., 0,−µk , ...,−µ1),

where k and µ1, ..., µk ∈ Z>0 are fixed and such that
µi −µi+1 ∈ Z≥0, and an ∈ Z≥0 is monotonic with limn→∞ an =∞.



Theorem
(i) Every simple bounded nonintegrable sl(∞)-module M is

isomorphic to Xsl(µ) for some µ ∈ CZ>0 .

(ii) Xsl(µ) ' Xsl(µ
′) if and only if µ ∼sl µ

′ or
{µ, µ′} = {0(∞), (−1)(∞)}.

(iii) SuppXsl(µ) = {λ | λ ∼sl µ}.

Theorem
Every simple bounded integrable weight module of sl(∞) is
isomorphic to one of the following:

(i) Λ
∞
2
J V = lim−→Λjn(Vn+1) for semi-inf. set J, jn = #(J ∩ [1, n]).

(ii) S∞A V = lim−→ San(Vn+1) for an inf. sequence A = (a1, a2, ...).

(iii) S∞A V∗ for an infinite sequence A,

(iv) SµV for a partition µ,

(v) SµV∗ for a partition µ.

All isomorphisms between the above modules are: Λ
∞
2
A1
V ' Λ

∞
2
A2
V

for A1 ≈ A2, S∞A1
V ' S∞A2

V and S∞A1
V∗ ' S∞A2

V∗ for A1 ∼ A2,

S∅V = S∅V∗ = C.



The case of g = sp(∞)

Theorem

(i) Every simple bounded nonintegrable sp(∞)-module M is
isomorphic to Xsp(µ) for some µ ∈ CZ>0 .

(ii) Xsp(µ) ' Xsp(µ′) if and only if µ ∼sp µ
′.

(iii) SuppXsp(µ) = {λ+
(

1
2

)(∞) | λ ∼sp µ}. In particular,
SuppXsp(µ) determines Xsp(µ) up to isomorphism.

Theorem
Let M be a nontrivial simple bounded integrable weight
sp(∞)-module. Then M is isomorphic to the natural
sp(∞)-module V .



Annihilators in the case g = sl(∞)

For x , y ∈ Z≥0 and partitions λ, µ, denote by I (x , y , λ, µ) the
annihilator of the U(sl(∞))-module
(S ·(V ))⊗x ⊗ (Λ·(V ))⊗y ⊗ SλV ⊗ SµV∗. By a result of
Penkov-Petukhov, I (x , y , λ, µ) is a primitive ideal and all primitive
ideals of U(sl(∞)) are of the form I (x , y , λ, µ).

Theorem
Let M be a simple bounded nonintegrable module of g = sl(∞).
Then AnnM = I (1, 0, ∅, ∅).

Theorem
Let g = sl(∞) and M be a nontrivial simple bounded integrable
g-module.

(a) AnnM ' I (0, 1, ∅, ∅) for M = Λ
∞
2
A V ;

(b) AnnM ' I (1, 0, ∅, ∅) for M = S∞A V or M = S∞A V∗;

(c) AnnM ' I (0, 0, λ, ∅) for M = SλV ;

(d) AnnM ' I (0, 0, ∅, µ) for M = SµV∗.



Future work: Lie superalgebras

For A ⊂ Z>0 we may define two spinor type modules: SBA (weight
module of type B), and SDA (weight module of type B).

Theorem
Let M be a simple weight module which is a direct limit of spinor
modules of o(2n + 1) or o(2n) for n→∞. Then M ' SBA or
M ' SDA for some A ⊂ Z>0. Furthermore, SBA1

' SBA2
if and only if

A1 ∼ A2.

Future directions:
I We expect that the modules Fsp(µ) will be injective, and we

will have equivalence of categories sp(∞)-bounded modules
and D(∞)-weight modules.

I The simple bounded modules over sp(∞) and o(∞)
“combine” nicely over g = osp(∞|∞). Namely, if h is of type
D, then every simple nontrivial bounded g-module is
isomorphic to XD(µ,A) for some µ ∈ CZ>0 and A ⊂ Z>0, or
to the natural g-module. Note XD(µ,A)0̄ ' SDA � Xsp(µ).
(joint with I. Penkov and V. Serganova).



Thank you!


