Springer fibers, rank varieties, and
generalized coinvariant rings

Sean Griffin
University of Washington, Seattle

UC Davis Algebraic Geometry Seminar
May 20, 2020



Geometric representations

This talk is about graded rings with S,,-actions, particularly
ones with connections to geometry.

Primary example:



Geometric representations

This talk is about graded rings with S,,-actions, particularly
ones with connections to geometry.

Primary example:

1) The cohomology of the complete flag variety H*(Fl(n); Q)
2) The coinvariant ring R, = Qlz1,...,z,]/I,

3) Coordinate ring of the scheme of “nilpotent” diagonal
matrices QN N ]

H*(F1(n); Q) = R, = QN N {]
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Fl(n) and coinvariant rings R,



Cohomology of Fl(n)
A complete flag of subspaces of C" is a chain
V.:(Ocﬁcvgc---cvnzccn)
such that dim¢ V; = 1. %7 o

The complete flag variety F1(n) is the space of all complete

flags in C™. 2+ %aX3

0o (K3)= KXk
e X, =1{x1,...,xpn}. /

e c¢,(x,) = sum of degree d square free monomials in x,,.

Theorem (Borel, 1953)

H*(Fl(n); Q) (e1,...,€n)

X == C, (VL/VC-I)
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Coinvariant rings R,

The quotient ring

Q[xy]
<€17 €2,..., 6n>

Is called the coinvariant ring.

R, =

Combinatorial/Rep theoretic properties:

e Dimension: dimg(R,) =n! = 2-3-h

e S5,-module: R,, = QS,, as S,,-modules

r"‘j!t
e Hilbert series: e o
Hilb(R,;q) = (14+¢)(1+qg+¢*) - (1+---+¢* 1)
\/—\«—/ \/_\/\/ o [ }\-]
[Q-)% r_'ﬂcL T



















Scheme of “nilpotent” diagonal matrices
Let NV = {X € gl : X™ =0} the nilpotent cone
Observe: I(\) # (entries of X™) X€N =) (=0

det(tI,, — S‘az X )t

X is nilpotent iff o;(X) = 0 for aII i > 0.

X = ding (X, - %)
o (X\ = €, 1/-7><n\
Theorem (Kostant, 1963)

TPI=LSi(R| o)

Let t ben X n diagona/ matrices. As graded rings,

AN N H].  orseagim
Set —thametie WtorSeckoh: . SWM/
R 1075 ) WY«
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Cohomology of a Springer Fiber R)



Partitions

Let A = (A1, A2, ..., Ap) an integer partition of n,
l.e. Ay > X >---> )My >0 and Zz)\'L = n.

We say £ =: £(]\) is the length of \.

Young diagram: Rows of boxes given by the parts of A

Example:

(]

A= (4,3,1)  <» |

The conjugate of X\, denoted by \’, records the sizes of the
columns of the Young diagram of A.

Example: T

N=10(3,2,2,1) » O










Springer fiber 5,
Given A a partition of n, let

Ox = {X € N Jordan type A}
EZC A= (3::1\ ol
X = [ %\J |
0
o
Given X € O,, the Springerassociated to X is
Bx :={V, € Fl(n) : XV; CVj for all i}.

T*Fl= {(\/./X)e{’-lmx/\/\ xvi Vi Vi
kﬂ» v resobaton ok Y
N fox =/ ()

Let B@:: Bx for any X € O,.

























Sn-module structure of H*(By; Q).

Springer was the first to construct an Sy-action on H*(By; Q).
He proved

Sn
Sa; X Sy, X oo X S)\m;ydm‘} S“LDHP

H®™P(By;Q) =2 S the irreducible S,,-module

i = o

Springer fibers provide a geometric way of constructing the
irreducible S,,-modules.

Graded S,,-module structure characterized by Hotta-Springer,
later Garsia-Procesi.





Explicit presentation of H*(B); Q)
Write )\/:()\’1 2)\’2 > ... 2)\% 20) D_ /'P»»()-\

For 1 <m <mn,let p,,(\) =X 4+ X _;+-- —I—)\n m+L
Sam ok last m oS ot X

The Tanisaki ideal I, is

Iy = (eq(S) + S C Xy, d>|S] —pis|(A)),

R)\ — Q[Xn]/l)\

Theorem (De Concini-Procesi '81, Tanisaki '82)

(B)n Q) = R)\



















Example of the ring R)\ﬂJQfEI\JS on 1S net S
[)\:<€d(S) . ngn, ‘S‘ Zd \S\—p|5|()\)>

Example: n =3, A = (2, 1)/~
- S

Generators of I3 1y:

o [S|=3: pa0=3, 32470 e, ea(x\/XQX3)€3(K,YQ %)

o |S|=2:P(N= ( 224> | ea(x.,xa) ea(x ,X3) 62(@
i (1
X,XQ XX&

o |S|=1: 'p‘(m-:o/

e

Observe: Iy is closed under the S,,-action.




































“Diagonal” nilpotents for R

Oy ={X € N Jordan type A}
={X egl : rk(Xi)gz)pn_i()\) for all 4}

Ox\={X € gl,, : tk(X")SQpn—i(A) for all i}.
























Ring | S5,,-mod structure Cohomology Coord. ring
R, Regular rep QS,, | H*(Fl(n); Q) QN Nt
Ry | QS,/Young subgrp | H*(Bx; Q) QO Nt
- Rk OSPs H* (X, 1;Q) | Q[O, () Nt
Ry A (n, A)-OSPs 7 Q[On A N4








Generalized coinvariant rings R,



he rings R, k
Generalized coinvariant rings of Haglund-Rhoades-Shimozono:

Given k£ < n,

In,k — <€£(X7’L)7 en—l(Xn), S en_k+L(Xn)> _|_ <xlf7 o ’xﬁ>
5P td«e:]r@e Q/g
Ry i = Q[xn]/I) k.
_E‘:_}f k=N
Tan= LEen, 60+ <Xy p ‘)X:7 =< &n,,¢7 =Ln

HRS were motivated by the Delta Conjecture from Algebraic
Combinatorics. They proved R, i, gives a rep-theoretic
interpretation of the ¢ = 0 case of this conjecture.




















Sp-mod structure of IR,

OP,.. = Ordered set partitions of {1,...,n} into kK nonempty
blocks

Sy acts on OP,, , by permuting 1,2,... n.

Example: T =(373)

VN a
OP3.2 = {(12]3), (13[2), (23]1), (1]23), (2[13), (3]12)}

—
amp—

Theorem (HRS, 2018)
Rpix =2 QOP, k as Sp-modules















Geometry of R,

Pawlowski and Rhoades found a connection to spanning line
(n
arrangements. =K e GLy/T r= Fl

‘7("\)7\
Let X, .. be /7
______L.

{(Ll,LQ,...,Ln) : Lz - Pk_l, L1 —|—L2 -+ .. —|—Ln — Ck}
Sn& =
X,k is a Zariski open subset of (P*~1)". It is a smooth
noncompact manifold.

Theorem (Pawlowski-Rhoades, 2019)

R, = H* (X, ; Q) as graded rings.













Summary

Ring | S5,,-mod structure Cohomology Coord. ring
- R, Regular rep QS,, | H*(Fl(n); Q) QN N

Ry | QS,/Young subgrp | H*(Bx;Q) | Q[Ox N
- R i OSPs H* (X, 1;Q) Q[@n,(;@ N
2y (n, \)-OSPs ? Q[On v N








New family of rings R, x



he rings R, »

Let < n and(\ F 1)
Write ' = (A} > A5 >---> A >0

- "= ),\m(‘:b

Let pr(A) = Ay + -+ AL

n column S

Inx = (ea(S) : S Cxu, d>[S| = p5(D),

R, ) = @[Xn]/ln,)\ l’m
G inbionie aiml Q-vis ler

>

[E














he rings R, »

Let £ <n and )\ I k.
Write X' = (AN > A5 >--- > )X >0)

Let P (A) = Ny -+ Ny
In,)\ = <6d(S) : S C Xn; d > ‘S‘ _pTlS|()‘)>7
Rn,)\ = Q[Xn]/ln,)\

For s > ¢(\), also define

S

In,A,s = In ) =+ <$i7 IO 7$n>7
Rn)\,s = @[Xn]/ln,)\,s

Eﬁ_‘ \A}\\Qh\ V\‘:.‘.K} R\f';\ls = fR> &v\fo»\mj S

Ex 2 Wan A= (\K\ ““XSZK/ Rm(l“),\tz RY\)K









Rank varieties
(Eisenbud-Saltman) Given k£ < n and A F k,\let

Onx={Xegl, : tk(X")<(n—k)+p"_.(A\) for all i}.

X — [f e fal €6_>,
© J% '\36 ?“QY\_K
Eisenbud-Saltman conjectured an explicit generating set for
I(Oy.x), which Weyman (1989) proved.

Corollary (G., 2020)

As graded rings and graded S,,-modules,

Rn,)\ = [On,x M f]










Main results

e (Ungraded) S,-module structure of R,, x and R, x s

e Hilbert series formulas for R, » and R, s

e Graded S,,-module structure of R, » and R, x s
— Monomial expansion (HHL-type formula)
— Hall-Littlewood expansion

Theme: Formula for R,, » is the “limit" of formula for R, s

)





(Ungraded) S,,-module structure

Let OP,, A5 be the seta length s ordered set partitions of n],
(Bl [B.) o (B 2 A0) " (kb B =g i€ 2400

Example: n =4, A =(2,1), s =2

(12314), (124]3), (134]2), (234]1)

22 2\

(12|34), (13]24), (14]23), (23]14), (24|13), (34]12)

Theorem (G., 2020)

Ryas 2 QOP, A s as Sp-modules.

Ry A =2 QOP, A 00 as Sp-modules.

l__) <( _ Mmawn C,p\C_S
" a,{:}Sow\-e ;WeA“













Hilbert series of R, »

To each 0 € OP,, » s, associate a standard extended
column-increasing labeling (SECI) of \': y )\

o
Example: n :l/7, A=(3,2),s=3

Q2| 0

o=(1,3,5,7,8]2,9,10|4,6) <>

o
o L













Hilbert series of R, »

To each 0 € OP,, » s, associate a standard extended
column-increasing labeling (SECI) of \':

Example: n =7, A= (3,2), s =3

1
3
3

2
9

02(173757778‘279710‘476) - Y=
basement
8] 6] cells



Hilbert series of R, »

To each 0 € OP,, » s, associate a standard extended
column-increasing labeling (SECI) of \':

C o _ _ 1
Example: n =7, A= (3,2), s =3 i3] +!
519
710] 4| basement

02(173757778‘279710‘476) - Y=

cells
An inversion is a pair of labels[b]> [@ of the form: T2
] Ty | Tuwpe &
o= [5G
]

Let inv(p) = # inversions nv(f)= 3+ °

+ > .(¢ — 1) #(basement cells in col. 7).





















Hilbert series of R, \ s

The statistic inv is a variation on the coinv statistic of
Rhoades-Yu-Zhao.

Theorem (Rhoades-Yu-Zhao, 2020)

Hilb(Ropsia)= >, ¢™%.
QOESECIn,A,S

There is also another statistic dinv which gives a formula for
the Hilbert series.

Theorem (G., 2020)

Hib(Ropsi) = ), ¢,
QOESECIn,A,S



Hilbert series of R, »

To get a formula for R, , we let s — 0o, meaning we allow a
basement cells in any column 7 > 0. Let SECI,, ) o be the
resulting set of standard extended column-increasing labelings.

Example: n =10, A = (3, 2)










Graded S,,-module structure of R, )



Graded Frobenius characteristic

A symmetric function is a formal power series in
x = {x1,x2,...} which is symmetric in the variables.

The Frobenius characteristic is the map from S,,-modules to
symmetric functions such that

Frob(S?) = s, (x)
and extended “linearly”. G Cchur unction

To each graded S,,-module V = @iZO V., we associate its
graded Frobenius characteristic,





Graded Frobenius of R

Let Sym(Q(q)) be the algebra of symmetric functions, with
coefficients in Q(q).

It has a basis given by Hall-Littlewood symmetric functions
Q’)\(X; q). = HA(ES;'CU
Frob(Ry; q) = reve|Q) (@; q)]

Garsia and Procesi reproved this result of Hotta-Springer using
elementary methods starting from Tanisaki's ideals.





Graded Frobenius of R,

For i = n, let m;() = number of parts of u of size .

e ¢-multinomial coefficient:

Ll, . k ,a,n] . [al]qz[?] C-]![an]q!

Theorem (HRS, 2018)

Frob(R,, 1; q) has the following formula

5 (—1) (i =1) [
rev q
’ ; - ma (), - ma(p)]

| l(p)=k - |










Graded Frobenius of R, » s

e ¢-binomial coefficient:

a al,!
{b} g [b]g![a— 0],

/

r_\
n(p, A) = Zz’Zl (Mz2 @)

Frob(R, x.s;q) has the following expansion

rev, Z qn(,u A) H LJ@ )\;,—Fl] / ZB; q)

pEn i>0 /LH_
E(p)=L(X)
L U4 Z)\zV’L / -











Graded Frobenius of R?,, )

Let ECIL,, oo be the set of extended column-increasing fillings
of )\ .

Define the same inversion statistic on these non-standard
fillings.

Example: n =10, A = (3,2) P x 1 rs X )(%inxq
1
11
Sp ~ 5 8 o o o
id 154 e [
Frob(R, x;q) = Z g™ (P)x?.

















Further Directions

1) Is there a “generalized Springer fiber” B, x s whose rational
cohomology ring is R, » s? Or for R, \7

2) Haglund-Rhoades-Shimozono related Frob(R,, ;¢q) to the
operators A’ coming from Haiman's work on the n!-conjecture.

Is Frob, (R, ) also related to A" operators?



Thanks for listening!



xSt Partial connection to Springer fibers





Rank varieties
(Eisenbud-Saltman) Given £ <n and A F k, let

Onx={Xegl, : tk(X")<(n—k)+p"_.(A\) for all i}.

Weyman proved an explicit generating set for 1(O,, ), which
was conjectured by Eisenbud-Saltman.

A" (tI, — X) = [m x m minors of tI, — X|

JM = (tm~4_coefficients of entries of A" (tI,, — X))

Theorem (Weyman, 1989)




Monomial basis

Example
k=17 0101010
n =9 A= 11
2

An (n, A, 0o)-staircase is a shuffle of the compositions
(0,1,2), (0,1), (0), (0), (o0)"~*

Let An))\,oo —
it xf o (aq,...,a,) < some (n, \, 00)-staircase}.
1 T

Theorem (G., 2020)

Ap.x oo is a basis of R, ».



