
Bijecting hidden symmetries

Goal : bijective proofs for
lar×i"Z103.0955#

(Stembridge)① Schur functions S8n1µ= Son / µ ' v04

② Schur & Schur P -functions

Son / phm = Pen
- Team [DeWitt]

2012

③ K- theoretic extensions



✗
T

Schur Functions s×=
I

TESSYT IN

SSYTLX) = semi standard Young tableaux of shape a

SY -1° IN = standard Young tableau of shape ✗

E-g.
123É" : superstandard tableau

gs
Descent set for 1- c- SIT (D) ✗ tn

Des (T ) : = { a- c- End] : i is strictly above it }

E-g. T=
13 4

25

Best)= } 2,43

Reading word of T = head rows left to right , bottom

to top

Eg .

RCT)= 25134



Schur P- functions µ=cµ , > µ, > . . . > Me> o) a strict

portion

Ppr = I xt

TESHSSYT ' Lp)

Marked shifted semi standard Young tableaux SHSSYT ' ( µ)

• Mi boxes at row i , starting at column i

• tow weakly increasing , column strictly increasing

• I
'

< I < z ' < 2 < - - - C N
'
em

•
no prime along diagonal

• at most one i each column

• at most one i
' each row

E-g. y=
I 1 2 31 4
4 55

c- SHSSYT
'

l 1513,21)
69



Marked shifted standard Young tableaux SHSYT'lµ)
• are SHSSYT '

11h )
•

Mtn , either i or i
'

show up V-k-is.in

Descent set for T C- SHSYT'lµ) Mtn .

Desk) : = { a- c- Ent] : i. Lien ' C- T
,

OR i is strictly above 0+1
,

OR it is strictly to the left
of Lini }

E-G.
y ,

I 2 4
' 61

3 51 8 Desk )={ 213, 5,3
7

SHSYT '

(a) -0s SHSYT ' (d) mark unmarked ,
unmark marked

E-G. -10,
I 2 ' 4 6

3 5 81
Pesto)= { 1,4 , 6,7 }

7

Lemma Ntn ,
T C- SHSYT ' ( X)

,

then

Des to) = In-131 Best)



Semistandard c- standard ✗ Ides

Det S E En-13
, Is = =/ Li , size - - - in)= KES ⇒ incite }

.

T c- SYT (A) or SHSYT ' Ii)
,
I = hi , , - - - ,

in)

⇒ TLI) c- SSTTCX) or SHSSYT '
(X) by

• replace K w/ ik ( k
' WI %)

Thin Ahn , µ strict partition of n .

Then LT
,
IIHTLI) is a bijection from

(A) U { T } ✗ Ipesct,
→ SSY-14)

TESYTIX)

(b) U {T } ✗ Ipesle) → SHSSYT 'Lµ)
TESHSYT 'cµ)



for Ahn , µ strict partition of n .

I ✗
To) I ✗TLI)

s×= I
TESHSYT 'lµ) IEIDESCT)TEST-167) I c- Ipe,,,

1
PM=
I

zg .

Scan, =xixz-xixs-rxixi-ZXixzxz-xixi-xtxi.tn/ixjEHEHL#EFEHEHL.FI#
① ② ③ ④ ⑤ ⑥ ⑦ ⑧

541-1121)) = { L¥ , 1¥37 }
Des -_ { 23 Des 513

① 1<-1 < 2 ③ 1<22-2

② 14-1<3 ⑤ 1<2--3

④ 1<-2 <3 ⑥ 1<35-3

⑦ 212<3 ⑧ 243<-3



Worley - Sagan insertion

words - Up SHSSYT Ca) x ShsYT'm
w 1- ( Psw

,
Qsw )

Weak insertion x → (ri , - -
-

, rn ) ,
i is minimal sit . ri > X

or Ntl if the X . If it net , X replace ri , bump ri .

strict insertion x → Lr , , -
- -

, rn ) ,
i is minimal sit . ri 7,X

or Ntl if the X . If it net , X replace ri , bump ri .

Worley - Sagan bumping Xi → T
,

start at it

• weak insert to row i

• if Xi bumps exit'

la) Xi" is first in its row
, switch to column strict insertion

lb) XM is nor first in its row
,
weak insert to row it,



E.g .

9=(1.7-1519,8136/7,214,3) ⑦
- -

o -

Psu 1 17 15 159 158 13/78 1368
7 7 79 51719 57

i q

Qsw 1 12 12 1234 124 12461
35

1246'

3 35 35

7

Psw 13167 125167 124167 12367

☒178 3718 351,8 3478
1.9 91 7,9 59

QSW 12461 1246191 1246191 124619
'

358 358 358 35811
'

7 7 710
'

710
'



Plastic relations

Knuth moves acb~ Cab
,
if a ← b - o Knuth classes

bac~b.ca , if a < bec
a- I b-

shifted Knuth moves Knuth moves
, And shifted

a- b- exchange the first the
entries Knuth classes

Note a- = b- ⇒ a- ± b-

Descent of a word Des (g) == { i c- Enis : Ai > Aia }
A- = ( Ai , Az , - - -

, Ap )

THM (2) Worley - Sagan insertion
is a bijection from words to

( Psu
, Qsw) c- SHSSYT (D) ✗ SHSYT ' (X)

,
✗ some shifted shape.

(2) A b- iff Psu 19-1 = Pswlk)
. [Sagan

1987

]Worley 1984D) Des (E) = Des (Qswtal)

-1hm 1- a- 1=1- a , , - - -

,
- Ap) .

Qswl - 9) = Qsw (e)
°


