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Y-semisimplicity

Definition (Y-eigenspaces)
Since Y “ Cty1, ¨ ¨ ¨ , ynu is a commutative subalgebra of Hn “ HpW, yq, then we can consider
Y-eigenspaces. Let M be an Hn module, for each function ζ : t1, 2, . . . , nu Ñ C, define the
subspace of M

Mζ “ tv P M|yiv “ ζpiqv for i P r1, nsu.

In the quantum case, we have Y˘i instead of yi.

Definition(Y-semisimple)
Consider the case we have the decomposition

M “
à

ζ

Mζ ,

in this case we call M Y-semisimple.
Each ζ such that Mζ ‰ 0 is called a Y-weight. Mζ is the weight space of weight ζ and v P Mζ is a
weight vector of weight ζ.
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Intertwining operators

Definition
For each i P r0, n´ 1s, define

φi “ rsi, yis,

and for γn, define
φn “ rγn, yns.

Let W – Sn ˙ pZ{2Zqn, for each w P W, it has a reduced expression w “ si1 si2 . . . sim , lpwq “ m.
Here sn “ γn. Define

φw “ φi1φi2 . . . φim .

This is well-defined since φ1, . . . , φn satisfy the same braid relations of type C.

A basic fact about the intertwining operators

φwMζ Ă Mw¨ζ ,

where w ¨ ζ “ ζ ˝ w´1.
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Schur-Weyl type duality

Jordan-Ma functor (Quantum case)

Fσ,η,τn : tUqpglNq ´modulesu ÝÑ tAHA´ representations of type Cu

Fσ,η,τn,ψ,ω,ι : tDU ´modulesu ÝÑ tDAHA´ representations of type Cu

Etingof-Freund-Ma functor (Degenerate case)

Fn,p,µ : tGLN ´ modulesu ÝÑ tdAHA´ representations of type Cu

Fλn,p,µ : tD ´ modulesu ÝÑ tdDAHA´ representations of type Cu
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Invariant spaces of Etingof-Freund-Ma functor

Invariant spaces

For a finite dimensional irreducible module Vξ with highest weight ξ P P`, the invariant space

Fn,p,µpVξq “ Homt0 p1µχ,V
ξ b Vbnq,

and
Fλn,p,µpApGLNqq “ Homt0bt0 p1λχ b 1µχ,ApGLNq b Vbnq

where µ, λ P C and χ is a character of t.

Classical symmetric pair
Let N “ p` q, we have a classical symmetric pair pglN , glp ˆ glqq. Let t “ glp ˆ glq and
t0 “ tA P glp ˆ glq|trpAq “ 0u.

Character χ
Define a character χ on t “ glp ˆ glq by

χp

„

X1 0
0 X2



q “ qtrX1 ´ ptrX2.
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Invariant spaces of Jordan-Ma functor

Invariant spaces

For a finite dimensional irreducible module Vξ with highest weight ξ P P`, the invariant space

Fσ,η,τn pVξq “ HomBσ p1χητ ,V
ξ b Vbnq,

and

Fσ,η,τn,ψ,ω,ιpAqpGLNqq “ HomB1
ψ

bBσ p1λωι b 1χητ ,AqpGLNq b2 p1 b V1q b2 ¨ ¨ ¨ b2 p1 b Vnqq,

where η, τ, σ P C, χητ is a character of Bσ and λωι is a character of B1ψ .

Coideal subalgebras
Here Bσ Ă UqpglNq is a left coideal subalgebra defined via l-operators and B1ψ Ă UqpglNq is a right
coideal subalgebra.

Quantum symmetric pair
Here pUqpglN ,Bσqq is a quantum symmetric pair. The quasi classical limit of the quantum
symmetric pair is the classical symmetric pair.
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Tensor product Vξ b Vbn

We have the decomposition as follows,

Vξ b Vbn “
à

pνp0q,νp1q,¨¨¨ ,νpnqq

Vν
pnq
,

the direct sum runs through all the squences pνp0q, νp1q, ¨ ¨ ¨ , νpnqq such that νp0q “ ξ,
νpiq “ νpi´1q ` εki for some ki “ 1, ¨ ¨ ¨ ,N and each νpiq P P` for i “ 0, 1, ¨ ¨ ¨ , n.
For any ξ, ν P P`, we denote also by ν{ξ the subset of Z2 tpi, jiq|i “ 1, ¨ ¨ ¨ ,N, ξi ` 1 ď ji ď νiu.
For a sequence pνp0q, νp1q, ¨ ¨ ¨ , νpnqq, define a map T

pνp0q,νp1q,¨¨¨ ,νpnqq

νpnq{ξ Ñ t1, 2, ¨ ¨ ¨ , nu

pki, ν
piq
ki
q ÞÑ i,

for i “ 1, ¨ ¨ ¨ , n. Then T
pνp0q,νp1q,¨¨¨ ,νpnqq is a standard tableau of shape νpnq{ξ. So the tensor

product Vξ b Vbn decomposes to a direct sum of irreducible UqpglNq-modules indexed by
sequences pνp0q, νp1q, ¨ ¨ ¨ , νpnqq such that νp0q “ ξ and T

pνp0q,νp1q,¨¨¨ ,νpnqq is a standard tableau.
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Decomposition of Vξ b Vbn

By Pieri rule, Vξ b Vbn decomposes to a sum of irreducible GLN modules which are indexed by
skew tableaux and multiplicity free.

Example: b b3
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1

νp1q “ p3, 1, 0q

1

2

νp2q “ p3, 1, 1q

1
3

2

νp3q “ p3, 2, 1qνp0q “ ξ “ p2, 1, 0q
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Nonzero invariant spaces

Degenerate (Okada’s Theorem)
For any two rectangular shapes papq and pbqq, where a and b are nonnegative integers and p ď q,
then

spapq ˆ spbqq “
ÿ

cνpapqpbqqsν ,

where cνητ “ 1 when ν satisfies the condition

νi ` νp`q´i`1 “ a` b, i “ 1, ¨ ¨ ¨ , p (1)

νi “ b, i “ p` 1, ¨ ¨ ¨ , q (2)

and cνητ “ 0 otherwise.

Quantum case
In the case σ ´ τ is an even number, the invariant space HomBσ p1χητ ,V

νq is either 0 or a
one-dimensional vector space. The invariant space is nonzero if and only if ν P P` and

νi “
η ` σ ´ τ

2
, i “ p` 1, ¨ ¨ ¨ ,N ´ p, (3)

νi ` νN´i`1 “ η, i “ 1, ¨ ¨ ¨ , p. (4)
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Example

Let M “ V be a GL3-module, n “ 3, p “ 1 and µ “ 0.
Then papq “ p21q and pbqq “ p22q.

By Okada’s theorem, we could compute the shapes ν such that the invariant space is nonzero.

p21q

ˆ

p22q

“ ` `

Homt0 p1µχ,V
ξ b Vb3q

“HomGL1ˆGL2 pdeta b detb,Vξ b Vb3q

“
à

pνp0q,¨¨¨ ,νp3qq

HomGL1ˆGL2 pdeta b detb,Vν
p3q
q.
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A basis of the invariant space FpV q

ˆ “ ` `
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A basis of the invariant space

Degenerate case

The invariant space Homt0 p1µχ,V
ξ b Vbnq has a basis indexed by the collection of standard

tableaux T of shape ν{ξ such that ν satisfies (1)-(2).

Quantum case
The invariant space HomBσ p1χητ ,V

ξ b Vbnq has a basis indexed by the collection of standard
tableaux T of shape ν{ξ such that ν satisfies (3)-(4).
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Y-actions

Quantum case

Yi “ qN´η ¨ ¨ ¨ ¨ ¨ ¨

Vξ

Vξ

V1

V1

Vi´1

Vi´1

Vi

Vi

Vi`1

Vi`1

Vn

Vn

Figure: The action of Yi

Degenerate case: generator yi

The generator yi acts by

´Σi|jpE
j
iq0 b pE

i
jqk `

p´ q´ µN
2

γk `
1
2

Σtąkskt ´
1
2

Σtăkskt `
1
2

Σt‰ksktγkγt.
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Y-actions in terms of contents
Let vT be a basis element corresponding to the standard tableau T.

Quantum case
Then the action of Yi on vT is multiplying by the scalar

q2contT piq´η`N ,

where contTpiq is the content of the box filled by i.

Degenerate case
Then the action of yi on vT is multiplying by the scalar

´contTpiq `
|ξ| ` n

N
´

N
2
´
µpp´ qq

2
,

where contTpiq is the content of the box filled by i.

1
2 3

0 2 3

1
2 ´ 3

2 ´
5
2
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Intertwining operators and Y weight vectors
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Invariant spaces: DAHA and dDAHA

Invariant spaces FpAqpGLNqq and FpApGLNqq

Fσ,η,τn,ψ,ω,ιpAqpGLNqq “ HomB1
ψ

bBσ p1λωι b 1χητ , p
à

βPP`
Vβ
_

b Vβq b2 p1 b V1q b2 ¨ ¨ ¨ b2 p1 b Vnqq

Fλn,p,µpApGLNqq “ Homt0bt0 p1λχ b 1µχ, p
à

βPP`
Vβ
_

b Vβq b2 p1 b V1q b2 ¨ ¨ ¨ b2 p1 b Vnqq

First, compute β_ P P` such that

Homt0 p1λχ,V
β_ q ‰ 0.

For each β_ P P` such that Homt0 p1λχ,V
β_ q ‰ 0, we compute

Homt0 p1λχ,V
β b Vbnq.
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FpApGLNqq

The invariant space Fλn,p,µpApGLNqq has a basis indexed by the collection of sequences
pνp0q, νp1q, ¨ ¨ ¨ , νpnqq such that νp0q satisfying

ν
p0q
i “ ´t, i “ p` 1, ¨ ¨ ¨ , q, (5)

ν
p0q
i ` ν

p0q
N´i`1 “ ´s´ t, i “ 1, ¨ ¨ ¨ , p. (6)

and νpnq satisfying

ν
pnq
i “ b, i “ p` 1, ¨ ¨ ¨ , q, (7)

ν
pnq
i ` ν

pnq
N´i`1 “ a` b, i “ 1, ¨ ¨ ¨ , p. (8)

Equivalently, a basis indexed by the collection of standard tableaux T of shape ν{β such that ν
satisfying (7)-(8) and β satifying (5)-(6).
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Consider the image of the coordinate ring of GL4, with n “ 4, p “ 1, µ “ ´1 and λ “ 1 under the
Etingof-Freund-Ma functor. The following figure gives some basis elements of the invariant space.
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There is an isomorphism between H and Ĥ

σ :H Ñ Ĥ

si ÞÑ ŝn´i, i “ 1, ¨ ¨ ¨ , n´ 1

s0 ÞÑ ŝn,

sn ÞÑ ŝ0

yi ÞÑ ŷn´i`1, i “ 1, ¨ ¨ ¨ , n.

T T̂
1
2
3

4
4

´1

´2

´3
2
3
4

1
4

´3

´2

´1

Figure: A standard tableau T and the corresponding standard tableau T̂
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Applying φ3φ2φ1φ2φ3, then we get
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