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Y-semisimplicity

Definition ()-eigenspaces)

Since Y = C{y1, - - - ,ya} is @ commutative subalgebra of H, = H(W,y), then we can consider
Y-eigenspaces. Let M be an H, module, for each function ¢ : {1,2,...,n} — C, define the
subspace of M

M¢ = {veMlyv = ¢(i)vforie[l,n]}.

In the quantum case, we have Y;—r instead of y;.

Definition()-semisimple)

Consider the case we have the decomposition
M =DM,
S

in this case we call M Y-semisimple.
Each ¢ such that M # 0 is called a )-weight. M, is the weight space of weight { and v € M is a
weight vector of weight ¢.
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Intertwining operators

Definition
For each i € [0,n — 1], define

& = [si, 3],
and for ~,, define

&n = [Yns yn]-

Let W = S, x (Z/2Z)", for each w € W, it has a reduced expression w = s, s;, - . . 8i,,, (W) = m.
Here s, = ,. Define
Dw = Gi, iy - - - Dy -

This is well-defined since ¢y, . .., ¢, satisfy the same braid relations of type C.

A basic fact about the intertwining operators

¢WMC C MW'C7

where w - ¢ = Cow L.
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Schur-Weyl type duality

Jordan-Ma functor (Quantum case)

FmT  {Uy(gly) — modules} — {AHA — representations of type C}

]-‘Z 1;’:“ : {Dy — modules} — {DAHA — representations of type C}

Etingof-Freund-Ma functor (Degenerate case)

Fup.u : {GLy — modules} —> {dAHA — representations of type C}

F,,*Yp, u * {D — modules} — {dDAHA — representations of type C}
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Invariant spaces of Etingof-Freund-Ma functor

Invariant spaces
For a finite dimensional irreducible module V¢ with highest weight £ € P*, the invariant space
Fﬂ,p,u(vg) = Homto(luxa vé ® V®n),

and
FQP,M(A(GLN)) = Homio‘o(IAX IMX’A(GLN) ® V®n)

where p, A € C and x is a character of t.

Classical symmetric pair

Let N = p + ¢, we have a classical symmetric pair (gly, gl, x gl,). Let t = gl, x gl, and
ty={A€ gl, x g[q|tr(A) = 0}.

Character y
Define a character x on r = gl, x gl, by

X Oof,
x([ 0 Xz]) = qtrX| — ptrXs.
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Invariant spaces of Jordan-Ma functor

Invariant spaces

For a finite dimensional irreducible module V¢ with highest weight £ € P, the invariant space
F™T(VE) = Homg, (1,1, V¢ @ VE),

and

Frbo,(Aa(GLw)) = Homg g, (xy 157, 4¢(GLy) ®2 (IRIV1) @2 -+ @2 (1R V),

n,Y,w,t

where n, 7,0 € C, x7 is a character of B, and A\ is a character of Bip-

Coideal subalgebras

Here Bo < U,(gly) is a left coideal subalgebra defined via l-operators and B;, = U,(gly) is a right
coideal subalgebra.

v

Quantum symmetric pair

Here (U, (gly, Bo)) is a quantum symmetric pair. The quasi classical limit of the quantum
symmetric pair is the classical symmetric pair.
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Tensor product V¢ @ v®”

We have the decomposition as follows,

VE® Ve = o) v

(O (1) . )

the direct sum runs through all the squences (v, (D) ... »(M) such that v = ¢,

v = =D 4 ¢ forsome k; = 1,--- ,N and each v(®) € Pt fori = 0,1,--- ,n.

For any ¢, v € P+, we denote also by v/¢ the subset of Z2 {(i,ji)|i = 1,--+ ,N,& + 1 <j; < vi}.
For a sequence (v(0,v(), ..., v("), define amap T, ,1),.. L)

v /e (1,2, ,n}
(k,‘,V,E:)) — i,

fori=1,---,n. Then T p) .y is a standard tableau of shape v(") /¢. So the tensor

product V¢ @ V®" decomposes to a direct sum of irreducible U, (gly)-modules indexed by
sequences (v, vV, ... v) such that v(¥) = € and T(,0) ,1) ... () IS @ standard tableau.
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Decomposition of V¢ @ v®”

By Pieri rule, V¢ @ V®" decomposes to a sum of irreducible GLy modules which are indexed by
skew tableaux and multiplicity free.

Example: Bj QL P3

112] [1] [1]3] [1]
[ [ 172]3] [ ] [1]2] | [ [ [1]3] [ [ [1]
U L] 3] L 2] ] 57 o =
2] [3]

1B 112 |

I 13 1 M

[2]3] [2] [3]
| — ._3 | —
T] T I

am HEL N =
L] 2 2
v — ¢ = (2,1,0) v = 3,1,0) v = 3,1, v = 3,2,1)
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Nonzero invariant spaces

Degenerate (Okada’s Theorem)

For any two rectangular shapes (a”) and (b7), where a and b are nonnegative integers and p <

then
(@) X S(b) = D)oy
where ¢y = 1 when v satisfies the condition

9

Vi+yp+q—i+1:a+b7 l:17ap (1)
vi = b7 i= p+ 17' s q (2)
and ¢y = 0 otherwise. )
Quantum case
In the case o — 7 is an even number, the invariant space Homg,, (1xﬂ , V") is either 0 or a
one-dimensional vector space. The invariant space is nonzero if and only if » € P and
+o—T
Vi:nfz Z:P+177N—P7 (3)
Vit uvN—it1 =17, i=1,---,p. (4)
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Example

Let M = Vi be a GLy-module, n = 3, p = 1 and p = 0.
Then (a?) = (2') and (b9) = (22).

By Okada'’s theorem, we could compute the shapes v such that the invariant space is nonzero.

2YH (22 ]
17 ~ - [ - +

Homy, (1x, VE @ VE?)
=Homg, xc1, (det* K det”, V& @ V?)

3
= @  Homoy xow, (et Rdet’, vV,
(), (3
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A basis of the invariant space F(VT)

LL] ~

e

23 1]3
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A basis of the invariant space

Degenerate case

The invariant space Homg, (1., V¢ ® V&) has a basis indexed by the collection of standard
tableaux T of shape v/¢ such that v satisfies (1)-(2).

Quantum case

The invariant space Homg,, (1,7, V& ® V®") has a basis indexed by the collection of standard
tableaux T of shape v/¢ such that v satisfies (3)-(4).
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Y-actions

Quantum case

vE i Vier Vi Vg
/
— p—
o= A \
| [
vE Vi Vit Vi Vi

Figure: The action of ¥;

Vn

Vn

Degenerate case: generator y;
The generator y; acts by

P—q—pN

. (E E
21[](E,)0®( j)k+ b} ) 2

1 1 1
Vi + = ViskSk — = Vi<kSke + = DSk VKV
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Y-actions in terms of contents
Let vy be a basis element corresponding to the standard tableau T.

Quantum case
Then the action of ¥; on vy is multiplying by the scalar

2conty (i) —n+N
q k)

where contr (i) is the content of the box filled by i.

Degenerate case

Then the action of y; on vy is multiplying by the scalar

€l+n N plp—q)
N 2 2

—conty (i) +

)

where conrtr (i) is the content of the box filled by .

0 2 3

2.;‘;3_"'

‘1
2
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Intertwining operators and ) weight vectors
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Invariant spaces: DAHA and dDAHA

Invariant spaces F(A,(GLy)) and F(A(GLy))

Fr. (Ag(GLy)) = HomB;pBa(lAgJ L, (D VA RVA) @ (IR VI) @ -~ @2 (1R Vi)
Bept

Fp, J(A(GLy)) = Homygty(Iax B 1ux, (D V2 RVA) @ (1RV) ®2 -+ @2 (1K Va))
BepPt

First, compute 3V € P* such that
Homy, (1xy, V2" # 0.

For each 8 € P such that Homg, (1, VA" 0, we compute

Homg, (1xy, VP @ VO).
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F(A(GLy))

The invariant space F; ', (A(GLy)) has a basis indexed by the collection of sequences
(v©, M ... ™) sych that v(©) satisfying

Vi(0)=—ti=1’+1"“’q’ (5)
Vi(o) + 1/1&10); 1 =—s—ti=1,--,p. (6)

and v satisfying
v =bi=p+1,-- ,q, (7)
v 4 =atbi=1,-,p. (8)

Equivalently, a basis indexed by the collection of standard tableaux T of shape v/3 such that v
satisfying (7)-(8) and 3 satifying (5)-(6).
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Consider the image of the coordinate ring of GL4, withn =4, p = 1, u = —1 and A = 1 under the
Etingof-Freund-Ma functor. The following figure gives some basis elements of the invariant space.
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There is an isomorphism between H and A

o:H—H
si|—>§,,_,-,i=1,~~-,n—l
S()’—>3'n,

Sn'—>3‘0

yi'_’yn—i+17i: L ,n.

L

Figure: A standard tableau 7 and the corresponding standard tableau 7

=} F
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Applying ¢3¢2¢1¢2¢3, then we get
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