


stanbysymmetncfunch.DEfruition Su is the symmetric group generated by the
simple transpositions s, , Sz , . . . , Sn. , with relations

si
'
= I I sign- I

si sit, Si = Sit, so Sit , Is ien- l

si Sj
= Sj si Ii-JI > I

w e Sw : i. . . . ie is a reduced word for w if
so = si, . . - sie and l is shortest with this property .

A word a, are . . - ae is decreasing if a , > act - - - Jae



Moz .
. - Ue is a decreasing factorization ofwE Su if

• w = V
, Ve . - - Ve

• v; is decreasing
a Kw ) = do. ) t - - - t doe)

Examples
w = S

, s, Sz Ss E Sy ⇒ reduced words 1323
,
3123

,
1232

Decreasing factorization :

(1) (32) (s) (l) (3)(2) (3)
(31) (2) (3) (s) ( i) (2) (3)
(i) (2) 132) ( 1) (2) (3) (2)



Definition The Stanley symmetric function is
too (x , , xz, . .

?) = I x. em ) . . . xeecoe)
w=V

, Vz . - Ue

decreasing fact.
€×ampk- Is

, s, s, s,

= Mz" t 3M""

theorem (Edelman -greene) to = F- awe sa
n a

27%0

Schurfmctionss
a
= I xwtc.TT
TESSYTCd)

T= ¢ c c c son or T
horizontal strips



1-ffinestanleysymmetriofm.to#
Definition Denote by In the affine symmetric group
generated by the simple reflections s. . si , .. ., Sir. , :

so
? = I Fi so

, I, . - -ow indices are
Si sit, si = Sit , SiSit , taken

modulo n
siSj

=

Sj si Ii -j 1%2
n
. ,

Note 5ns In with generators s, , sa , . . - , sua .

.
°,

Definition A word a.az . . . ae with letters in
'

Z

21h27 = {air , . . - , n- B is cyclically decreasing if
(c) each letter occurs at most once

(2) if i and itI occur, it ' precedes i



Examples M = 4
, 27/422 = {o, 112,3 }

cyclically decreasing 321
,
032

,
31

,
13

Definition we In
A cyclically decreasing factorization ofw c-ST is a

factorization we v, or . . - Vr , where each Vi is cyclically
decreasing and llw) -- eco. ) x . . . tlcvr) .

~

Definition Affine Stanley symmetric function for we Sw
Ew = I x.

em ) yeah '
. . . + recur)

w= V, . - -Vr

cyd. decreasing factorization



Cages

Definition tu n-core is a partition s. t. no n - ribbon can be
removed

.

O An n - core is a partition s. t. no boeh length is divisible
by n.

Examples T
z - core¥⇒⇒

.

"
hook length

T f
residues

←



Action of SI on n -cores :
Si adds all addable outer corners ofn - core I of

residue i

or removes all removable corners ofm - core th of
residue i

Examples
.

s
.



Lattice ofn - cores n =3
- &

y
2

Tj

"

⑤
21

' '

thy Tbt
ol y Y Y-

Et⇒ Hagi
e V O o O O e O O



Definition A weak horizontal strip of size ran is

a skew shape KIT of m - cores K and T s- t .

T → T
"'
→ Th) → . . . → T

't)
=K

is a saturated chain in the n - core la Hice .

Remarks In particular , F exactly r residues in Kk

Eixample n=3

⇐ thy -0,7%20 weak horizontal 2-strip
← so sa cyclically decreasing
#

Weak horizontal r - strip ← Cyclically decreasing factor of{size



Exampled w = So Sas, so C- Is

cyclically decreasing factorization :
(oz) ( Io)

(c) (2)(Io) Colla ) (o) (02) (1) (e)

(e) (2) (1) (o)

⇒ Fw = Maz t m211 t Milli

Symmetricfmchons
homogeneous symmetric fat ha - ha

,
ha
.
- - - hand,

try = F- Xi, Xia . . . Xir
Isi, size . . -Sir

monomial symmetric fat ma = Em , xin XE' . - - Xec%Y'



Acn
,
and Nn)
-

A ring ofsymmetric fact
Acn, s A subring generated by h . .

ha
, . .

.,
ha ,

basis {hall . - n}

A
"
= New

,
In = idealgenerated by my wither, ⇒ w

basis {malt , an}

ha
, my are

dual under the Hall innerproduct
<ha ,my >

= Say



Affineschwfunctions

Definition ro e Tw is an affine Grassmann.ian permutation
if every

reduced word of w ends in a

Reinard Affine grassmanniau permutations in SI are
in bijection with n - cores

.

Rho) = n -core associated with us .

Definition ta : = Fw for the c- In affine Grassmannion
4 2=11w)

affine Schur fat

theorem { FI I I n-core} forms a basis of A
'"?

PI a bijection b/w n - cores and Cn- i) - bounded partitions
Fa triangular in monomial basis



tf (ten - i)

In basis of Nh
)

k - Schur fat Sam is dual to t under Hall ownerproduct
< a

,
. > : Acn, x N

"
→ ⑥

< sin
, t > = Say

theorem Affine Stanley symmetric functions to
Kam) expand positively in terms of

affine Schur fcb ta .

Theorem
- tho c- In Thy sit . Ew -

- Fyn(Meroe
,
S.)



NieCoxeterAlgebraandTmin-StanGyanstmcti#
Definition nilCoxeter algebra IA. algebra over 27
generated by {Ai losien}

AT = o

Ai Ait , Ai = Ait . Ai Ait ,

AiAj = AjAi

Aw = Ai
, Aia . . - Aie if it . . . ie is a reducedword for W

Aw - Au = { Aww if lcwv) = ecw) too)
or else



Definition Him Aw
- cyclically
decreasingCcw) -- k

theorem 1h
, ,/hz , . . . , Hln. , commute

affine Stanley symmetric fat to = Hae . .
-
tha

. .
Aw > if

composition

where c Aw
,
Ao > = Swv




