Contact Structures and Foliations
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M a 3-dim manifold

xe M. S, <\ /N
¢ a 2-dim plane field (sub-bundle of T'M)

a 1-form, locally § = Kera o f\é@( | Q{ /\ é\% } U\-) X.

=0 Foliation
If a A da { positive - volume form: ¢ is { Positive Contact Structure

negative - volume form Negative Contact Structure 40'\) 2 /O C-D ( ,( i Q‘HQV\

Thm. £ is a foliation iff & is closed under Lle bracket.
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Lem. ﬁ change gor(dz — a(x,y, z)dx).
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Thm. &, is 1-parameter family of contact structures on M, then
there exists isotopy Y: M X I — M, such that (¥,).&, = ¢&;.
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Reebless and Tight
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Reeb Foliation: Foliation as the level sets of V1 — r2e?.
T ={r0,zlr<1}/(z~z2+1)

Foliation (M, {) is Reebless if the foliation has no reeb components.
Overtwisted Disk: T ={r,0,z|rsn}/~,D' = {z =€r’} €T

a = cosr dz + rsinr d@ induces a foliation on D’
(The foliation given by £ n TD' € TD'):
0 = 8,-2¢ log sinr away from r = 0 (singular points)

Contact Structure (M, &) is Tig
embedded overtwisted disks.

Thm. For a closed, oriented 3-mfd
Homotopy classes of plane fields<
Isotopy classes of overtwisted contact structures ( \g \v) M) -

\osed

Thm. Reebless folia§£n or Tight positive contact structure & \ .)UL%‘\\ Q‘E‘{‘ S ‘f /\/\ \) f\j
embedded surface ‘2"; M which is not a sphere. Then /\[\ ? \{)
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Cor. Only finite many elements in H? (M, Z) can be the

Euler class of some plain fields. \’ AAAM f} L Z} - t<€( (‘3), (_i: ]>

Taut and Weak symplectically semi-fillable:
Foliation £ is taut if 3 a closed curve intersects with all leaves transversally.

Contact structure ¢ is WSSF if (M, ) is a component of (M, ") which is dominated
by symplectic manifold (X, w) (w(v,w) > 0, (v,w) : oriented basis of £')



Contact structure & is WSSF if (M, &) is a component of (M’, ¢") which is dominated
by symplectic manifold (X, w) (w(v,w) > 0, (v,w) : oriented basis of ¢')

WSSF=Tight, Taut=>Reebless. )X === /\/\,I é"& = U\)\BX‘



Foliations approximated by Contact Structures
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Space of plane fields < Space of P? valued functions on M.
(The normal vector of &, € T, M) CD —t V\\ol'\ :
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Special Foliation: §? x S, ¢ =}/\e/r(d6) given by §2 x {pt.} 4
Thm. Oriented C? foliation & on oriented 3-mfd M, other than (52 x S1, ),
can be/gpproximated by a positive/negative contact structure. LQ"> o .

See 8

Example: T3, dz + t(cos 2nnz dx + sin 2nnz dy)

Why is (52 x S1, ) special?
Thm. If (M, ) contains 2-sphere S € M and T,.S = &, for any xeS. Then (M, §) = (5% x §1,0)
Any confoliation of 2 x Stis diffeomorphic @n a C%-nbh.
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Proof of the theorem.
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Holonomy along a closed curve y, which is tangent to &: the following map
@:1 > I,x — y (I X ST embeds into M, St into y, I transverse to &)

Holonomy ¢ is:

Nontrivial, if L‘Q * \O ﬁ\ 3
Linearly nontrivial, if U?V‘Q < \X\

Attracting/Repelling, if \\{)Oﬂ)\ > -

Sometimes Attracting/Repelling, if L
%X\M} ,qu i g‘O\p‘ .
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(a) We can C° perturb it into a foliation which has only flnlte many
closed leaves.

Def. A minimal set: closed union of leaves which contains no closed union of leaves as a proper
subset.



For a foliation after (a), M consists of:
Finite many closed leaves and some exceptional minimal sets (Minimal set which is neither
closed leaf nor the entire mfd)

Or, M itself is a minimal set (£ is minimal). \/Q> L\\\/\w\/\ﬁ V\OV\)(V WA
o Aoy

If M is not minimal: it has linearly nontrivial holonomy (Sachsteder, 1965)
If M is minimal:

(a') Approximate & by a fiberation over S* (Tischler)
(@") The fiber is not S%! Approximate it by foliation with 2 closed leaves. @
aNox = 9

(b) Thm. (M, &) is C*- foliation, y tangent to &, has linearly nontrivial holonomy. Then 3N € N’ c M,

& can be C*-deformed into a confoliation ich- iti ctin N, unchanged in N'¢,
diffeomorphic to € in N€.
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(c) If confoliation & has contact region H(¢), and any x connect to H(¢) by some path tangent to €.
Then ¢ can be deformed into a contact structure.
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Thm. Reebless (Taut) foliation ¢ approximated by a contact structure &, then &' is tight (WSSF).
The inverse is not always true!
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Build Symplectic Manifolds by Handle Attachments
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(M, §) weakly filled by (X, w): M = 0X, w(@,w) > 0. N onS\erse
(M, &) strongly filled by (X, w): M\= 0X, - Dlalatlng Vector field v near dX: T/\l\ ‘

Lo =, (Thena : -—i,_,w da —-wdnda/\da ——tp(w/\(p) is volume form.)
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Strongly filled =>We,aﬁlﬁued )W )
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Thm. (X, w) we .kly fills (M £), then 3(X, w") strongly fills it.
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Thm. (X;, w;) (convex) strongly fills (M, §), (X, w,) strongly fills (M, §) with vector field points into
X (Concave strongly). Then
X = X; Uy X, has symplectic form w, w|y, = w4, and away from a nbh of 0X;, w|x, =

o
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Attaching handles! (07\ v

le-handle attached to n-mfd: A copy of D¥ x D"~ attached to dX along dD* x D"k, 5 ‘_\/\Ow)\\o\-
‘ .
\

\u}x)_ :

b_,-—'—'_‘—'—""‘

Handle decomposition of a (closed, connected 4-mfd:
- AO-handle. Du( ‘ 20 t= g A~ \RUTTR \j
- Some 1-handles: Connect a pair of balls (In $*) to each other.
- Some 2-handles: Attach along some thickened knots in dX;,
with framing.
- 3-handles and 4-handles are uniquely determined.
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Thm (Elishaberg, Weinstein) (X, w) with strong or weak convex boundary.
X' is derived by:
- Attaching 1-handles to X, or
- Attaching 2-handles: A knot K, T,. K < &,.. Normal bundle of ¢ in TM is a cagnonical

framina ICAantart framinal K- | Stxanaian bnat



- ATTacnIng L-nanaies 10 X, or
- Attaching 2-handles: A knot K, T, K c &,.. Normal bundle of £ in TM is a cagnonical
framing (Contact framing). K:Wn knot.
Attaching the 2-handle with framing 1’less than the contact framing.
Then the symplectic form extended to X', and the new boundary is still strong/weak convex!
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Thm (Elishaberg, Etnyre) Compact symplectic mfd (X, w) with weak boundary can embed
into a closed symplectic mfd (X', w").
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