MAT 145, Spring 2020
Solutions to homework 4
1. (20 points) Prove the identity for all n > k > m:
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Solution: We have
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2. (20 points) Use the result of Problem 1 above to prove the identity
for all n > m:
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Solution: Using Problem 1 we can rewrite
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3. (20 points) Prove that the Fibonacci number Fj, is even for all n.

Solution 1: Let us prove by induction that F3, is even, Fj,.q is
odd and Fj,, 5 is odd.

Base: We have Fy =0, F; = Fy, = 1.

Step: Suppose that Fj, is even, Fj,.; is odd and Fj3, 9 is odd. Then
F3,03 = F3,01 + F3,40 is a sum of two odd numbers, so it is even.
Similarly, F3,.4 = F3,43 + F3,42 is a sum of even and odd number, so
it is odd, and Fj,15 = F5,13+ F3,14 is a sum of even and odd number,
so it is odd.

Solution 2: Let us prove by induction that Fj, is even.
Base: F3 = 2 is even
Step: Assume that F3, is even. Then

Fsnis = Finio+ Fani1 = (Fsn + Fspi1) + Fan1r = Fan + 2F5,41.
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Since Fj, is even, and 2F3, ;1 is even, Fj,. 3 is even.
4. (20 points) Prove the identity for Fibonacci numbers:
F1+F3+...—|—F2n_1:F2n
Solution: We prove it by induction in n.

Base: Forn =1 we get F} = Fy, =1
Step: Assume that

Fi+F3+...+ Fy1 = Iy,

Then
Fi+ 3+ ...+ Fopy + Foppg = Fop + Foppr = Fopypo.

5. (20 points) In how many ways can you cover a 2 X n chessboard
with dominoes (2 x 1 rectangles)?

Solution 1: Let A, be the number of ways to tile the board with
dominoes. We prove by induction in n that A, =,,1.

MAlz].:FQ,A2:2:F3.

Step: Suppose that we need to tile 2 x (n + 1) board. Then either
there is a vertical domino on the right end, and there are A, ways
to tile the remaining 2 x n rectangle, or there is a pair of horizontal
dominoes on the right, and there are A,,_; ways to tile the remaining
2 x (n — 1) rectangle. Therefore

An+1 :An+An—1 - Fn+1+Fn = I'pn42-

Solution 2: Given a tiling, let us group its columns as following.
A vertical domino is an ”ordinary” column while a pair of horizontal
dominoes is a "double column”. If there are k£ "double” columns then
there are n — 2k "ordinary” ones and n — k columns in total. We need
to choose k "double ”columns out of these n — k, so the number of

tilings with k& ”double” columns equals (";k) The total number of

tilings equals >, (";k) = F,.1, as we proved in class.




