MAT 145, Spring 2020

Solutions to homework 5
Problems 1-3 are about Lucas numbers defined by

L1 = 1, LQ =3 and Ln+1 = Ln + Ln—l

1. (20 points) Prove that L, = 2F,.; — F,.

Solution: We prove it by induction in n.

Base: Forn=1we get 2F, — F1 =2-1—1=1= L, and for n =2
WegetQFg—F2:22—1:3:L2

Step: Suppose that L, =2F, 1 — F, and L, = 2F,, — F},_;. Then

Ln+1 =L+ Ly :2Fn+1_Fn+2Fn_Fn—l =
2<Fn+1+Fn)_(Fn+Fn71) :2Fn+2_Fn+1'

2. (20 points) Prove that

1+v5\  [1-v5)
)

Solution 1: We use the result of previous problem and the formula
for Fibonacci numbers
Fom Lo, p=t2Y0 512V
" VE ’ 2 2
Then by Problem 1 we have

1
L,=2F, ,—F,=—(2 ntl _ gmn ) =
+1 \/5(90 " — "+ ")
1 1
L@ - 1" — 25— 1)7) = (VB +VEP) = "+ B
\/3((s0 )" — (28 — 1)g") \/5( © o) =¢"+ 7P

Here we used that 2p — 1 = V5 and 20—1= —/5.

Solution 2: We prove it by induction in n.
Base: For n =1 we get ¢ +® =1 = Ly, and for n = 2 we get

s o 142545 1-2V5+5 1+5+145
L A R 1

Step: Suppose that L, = ¢" +@" and L,_; = ¢" ! + " 1. Then

:3:L2

Loji=Ly+ Ly =¢ "+ +¢" ' +7" =
((P - 1)80’”(71 + (G + 1)@”71 = ¢n+1 +¢Tl+1'
Here we used that ¢ +1 = p? and p + 1 = %

3. (20 points) A round flower bed has n > 2 slots numbered from 1 to

n. Prove that there are L,, ways to plant tulips and lilies in such a way
1



2

that there are no two lilies planted next to each other (but two tulips
can be planted next to each other).

Solution: Let us label the slots from 1 to n such that 1 is next to
n. We abbreviate tulips by T and lilies by L.

If we place T at slot 1 then we can fill the slots 2,...,n by an
arbitrary sequence of L’s and T’s without LL. The number of such
sequences equals Fi,_1)12 = Fq1.

If we place L at slot 1 then both slots 2 and n should contain T, and
we can fill the slots 3,...,n—1 by an arbitrary sequence of L’s and T’s
without LL. The number of such sequences equals Fi,,_3)12 = F,_1.

In total, we get

Fn+1+Fn—1 :Fn+1+Fn+1_FnZQFn+1_Fn:Ln
options.
4. (20 points) Prove the identity F, p11 = Foy1Fpi1 + Fo .

Solution 1: We fix a and prove it by induction in b.

Base: For b = 0 we get F, F1+ F,Fy = F,,1-14+F,-0=F, ;. For
b=1 we get Fa+1F2 + FaFl = Fa+1 -1+ Fa -1 = Fa+2.

Step: Assume that the identity holds for b and (b — 1, that is,

Foioir = ForFopr + FoFy, Fopp = Fop1 Fy + FoFy g

Then
Foivro = Foyppr + Fovp = Fop1 Fopn + Foby + Fop Py + FoFyy =
Foi1(Fopr + Fy) + Fo(Fy+ Fyq) = Fypn Fyo + FoFyi.

Solution 2: We know that Fj, ;.1 is the number of binary sequences
oflengtha+b+1—-2=(a—1)+ 1+ (b—1) without 11. Given such
a sequence, we can look at its ath position.

If we have 0 at a-th position, then to the left and right of it there
are two sequences of length (a — 1) and (b — 1) without 11, and the
number of such sequences equals Fiq_1)42F(p-1)4+2 = Far1Fpi1.

If we have 1 at ath position, then it must be surrounded by 0 at either
side, and we are left with two sequences of length (a — 2) and (b — 2)
without 11, the number of such sequences equals F(,_9)12F(p—2)12 =
F,F,.

In total, we get Fyipi1 = For1Fpi1 + FouFp.

5. (20 points) Draw all graphs with 2, 3 and 4 vertices.
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