MAT 146, Spring 2019
Solutions to homework 1

Section 1.7: 1. (40 points) Find the generating functions for each of
the following sequences in closed form. In each case the sequence is defined
forn > 0: (a) a, = n (b) a, = an+ B (¢) a, = n* (f) a, = 3" (g)
ap =5-7T"—=3-4™

Solution: (a) (5 points)
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(¢) (10 points)
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3. (30 points) If f(x) is the generating function of the sequence {ay, }n>o0,
then express simply, in terms of f(x), the generating functions of the follow-
ing sequences: (a) {a, + ¢} (b) {aa, + ¢} (¢) {na,} (e) 0,a1,a2,as,... (g)
aop, 0, a9,0,a4,0,a6,0,as, ... (h) ar,as,as, ...

Solution: (a) (5 points)

S+ = 3 s 0> = )+
n=0 n=0 n=0
(b) (5 points)
Z(aan +c)z" = aZanx” + CZ:I:" =af(r) + | i —
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(c) (5 points)
g% na,r" = (:E%) g% az" =z f'(x)
(©) (5 points) £(z) — ag
(2) (5 points) f(—x) = ag — a1z + asa® — ..., s0

L)+ f(-2)) = a0+ asa® 4 asr 4

(h) (5 points) (f(x) — ag)/x.

6. (30 points) In each part, a sequence {a, },>¢ satisfies the given recurrence
relation. Find the generating function for this sequence:

(a) apy1 = 3a, + 2 (n>0,a0 =0),
(b) Ap42 = 2an—f—l — Qp (TL Z O, ag = O, ap = ].),

(c) U1 = Gp/3+ 1 (n>0,a0=0).

Solution: (a) (10 points) Let A(z) = Y 07 jan@™ = ag+ Y ey 12",
then zA(z) = > 7 a,a™ "t Therefore
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and since ag = 0, we get
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(b)(10 points) Let
Az) = Z anx”™ = ag + Z 12" = ag + a1x + Z Upyot™ 2,
n=0 n=0 n=0
then . N
rA(x) = apr + Z an1x" P 2?A(r) = Z a,z" 2.
n=0 n=0
Therefore
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aop + (a1 — 2ap)x + Z(amg —2ap41 + ay)z™ = ag + (a1 — 2a0)x.
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Since ag = 0,a; = 1, we get
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Remark: This generating function agrees with the one for a, = n above.
Indeed, (n+2) = 2(n+ 1) —n and the initial conditions are satisfied.

(¢) (10 points) Let A(z) = Y 07 anz™ = ag + Y oo ani1z™t, then
zA(z) =Y 07y apz" . Therefore
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Since ag = 0, we get




