MAT 150C, Spring 2021
Solutions to homework 4

1. Consider the permutation representation S3 — GL(V), V = C3.
(a) Compute the dimension of the space of Ss-invariant transformations from V to V.
(b) Find an explicit basis in this space.

Solution: (a) The character of the permutation representation is given by the following
table:
1‘(12)‘(13)‘(23)\(123)\(132)‘
st 1 1[0 | 0 |
The dimension of the space of Ss-invariant linear transformations equals:

1
() =53 3+1 141 1+1-1) =2

(b) The permutation representation splits into irreducibles as C* = U @ U+ where U is
the copy of the trivial representation spanned by the vector (1,1,1). By Schur’s lemma,
the space of Ss-invariant linear transformations is spanned by the projections to U and
U~. The projection to U is given by averaging

(33 v $)'_>(£L’1+.TQ+SL’3 X1+ To+ T3 .T1—|—SL’2+373)
1,42,4L3

3 ’ 3 ’ 3
and the corresponding matrix is

11 1

T f 3

T,= (111

ol

3 3 3

The projection to U~ is given by the matrix
2 _1 _1
3 373
_ _ 12

T2 =] — Tl = —§ 51 -3
3 3 3

To sum up, the space of Ss-invariant linear transformations is spanned by T} and T5.

2. Prove that complex numbers with absolute value 1 have the form {e?,§ € R} and
form a group.

Solution: A complex number with absolute value r and argument 6 can be written as
z = r(cos(f) +isin(f)) = re®.
For r = 1 we get z = €. Let us prove that these form a group. Indeed,
1 = 0, ¢t . gifs = (iOr+02) (1)1 — 4il=0),
This set contains 1 and is closed under multiplication and taking inverses, so it is a group.
3. Find all continuous one-dimensional representations of the group from problem 2.
Solution: Since ¢ - ez = 01 +%2) it i5 easy to see that p : e — e’ is a group
homomorphism. Since p(e?™) = p(1) = 1, we get e*™* =1, so k must be an integer.
4. The character of a representation of SU(2) has the form
X (((); aql) —a?+3a'+243a+ o’

Decompose this representation into irreducibles.
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Solution: Recall that the characters of the irreducible representations V) have the
form:
x(Vo) =1, x(Vi) =a+a™, x(Va) =a® +1+a7>
Therefore
x = (@243 4243a+0?) = (@*+1+a ) +3(a+a ) +1 = x (Vo) +3x(V1) +x(Vo),

so our representation is isomorphic to Vo @ 3V; @ V4.



