MAT 21B, Spring 2019
Solutions to homework 6

Section 7.2: Solve the differential equations:
12. (10 points) % = 3z%ev.

Solution: This is a separable equation, and we can write

/eydy: /3x2dm,

eV =2+ C, y=In(z>+0).

SO

18. (10 points) ¥ = <

dx erty *

Solution: Let us simplify the right hand side first:

eQxfy

— €Qxfy e TTY — e:peny
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Now dy/dx = e®e™Y, so

/erdy: /e“dx,

1
56231 =e" 4+ C, eV = 2(e" 4+ C), 2y = In(2(e” + ()

and 1
y(x) = 3 In(2(e® + C)).

32.(10 points) The concentration of the antibiotic in blood is modeled by
the differential equation y' = r — ky.

(a) If y(0) = yo, find y(t) at any time t.

(b) Assume that yy < r/k and find limit lim;_,, y(t). Sketch the solution
curve for y(t).

Solution: We have % = r — ky, so

dt
dy
= [ dt
/r—ky /
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?ln|r—ky| =t+C, In|r —ky| = -kt — kC
r—ky=4e M0 = Ae™M (A = £eMO).
Therefore ky = r — Ae™* and

y(t) = %(7’ e M),

Now we need to find the constant A from the initial condition. We have

ky(0) =r — A, A =r — kyo,

SO
1
y(t) = £ = (= kyo)e ™) = £ = ze Mty ™.
(b) Since lim;_, e 7% = 0, we have lim;_,, y(t) = T
Y
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36.(10 points) The price p(x)for x units satisfies the differential equation

d_ —p
dz 100
(a) Find the formula for p(z).
(b) Find p(10) and p(90).
(c) Show that the revenue r(x) = zp(z) has maximum at x = 100.
(d) Graph the revenue r(z).

Solution: (a) We have p(z) = Ae~"/10 50 p(100) = Ae~100/100 = Ae—1,
We have

, p(100) = 20.09

Ae 1 =20.09, A =20.09e,
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100—a

p(.ﬁE) = 20.09e¢ - 6_:0/100 = Q0,0gel_ﬁ = 20.09¢ 100 .
(b) If z = 10 we have p(z) = 20.09¢*? ~ 49.41. If z = 90 then p(z) =
20.09¢%! ~ 22.20.
(c) We have r(x) = Aze"/1% 5o

—x/100
—1/100 — A i>€_x/100.

) = Ae—/100 4 A _ B
() € + Ax . 00

The derivative is positive if 1 — 355 > 0, so 100 — 2z > 0, z < 100. Therefore
the function r(x) increases for x < 100 and decreases for = > 100, so it has
a maximum at x = 100.

(d)
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