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Poincare series and zeta functions

C = U_, G - plane curve singularity at the origin in C2.
vi : (C,0) — (GC;,0) - uniformisations of its components.

vi(f) = Ordo(f(vi(t)))
One can define Z"-indexed filtration
J, ={f € Olvi(f) > v;}.
Consider the Laurent series

Le(ty,. ..t Zt ot dim Jy /s



The Poincare series of the curve C is defined by the formula

LC(t17"'7tI‘)'H:::1(t"_1)
...t —1

Pc(ty, ..., t) =
If r=1, we get

Pc(t)=> t“-dimJ/Jusa.

v=0

Proposition(Campillo, Delgado, Gusein-Zade)

Pc(tl,...,t,):/ tt .t dy
PO



Ac(ty, ..., t,) - multi-variable Alexander polynomial of the
link of C

Theorem (CDG)
If r=1, then

Pc(t)(1 —t) = Ac(1),
and if r > 1, then

Pc(ty, ... t) = Ac(ts, ..., t).



Motivic Poincare series

In analogy to the construction of the motivic measure on the
space of arcs, one can define a motivic measure on the ring O

approximating it by jet spaces.
Motivic Poincare series is the motivic integral

Pg(tl,...,t,):/ Bt du
PO



Let g = L' be a formal variable. Let h(v) = codimJ,, and

q - % v,
Le(ty, ...t q) =) ——"— 1_q SH Lt

VEZL’
Theorem (CDG)
LE(ty, ..o t) - TTi (6 — 1)

t1-...ot,—1

ch(tl,...,t,;q) =

If r =1, we have

qcodimJV _ qcodimJVﬂ

PE(t) =)t
¢ v=0 1_q




Irreducible case
One can prove that
Pc(t) =1+t +t2 +t7 + ...,
where {0, 01,05, ...} form the semigroup of C. Then
PE(tiq) =1+ qt™ + ¢t + @t + ...
Example. C = {x® = y%}.

(1—1t")
-1y

Pe(t) =1+ 4+ 4+t +3+ 2+ ... =

Therefore

PE(tiq)=14aC+ ¢+t +¢* P + "t + . ..



Properties
The reduced motivic Poincare series is the power series

Pe(ti,...,t,) =1 —gqt1)-...- (1 —qt,) - Pe(ts,...,t,).
Theorem (-)

1. Polynomiality. ﬁg(tl, .., ta; q) is a polynomial in
ti,...,t, and q.
2. Reduction to the Alexander polynomial. /f n =1,
then
/_Dg(t? qg=1)=A(1),
where A denote the Alexander polynomial of the link of
the corresponding plane curve singularity. If n > 1, then

n

Poltro o tmq=1) = Altr,....t.) - [J(1 - ).

i=1



3. Forgetting components. Let C be a curve with n
components, and C; be an irreducible curve. Then

—=CUC —=C
P, 't tatepr =1) = (1= q)P(t,. .., tn).

If C has only one component, then
—C
P,(t=1)=1

4. Symmetry. Let p, be the Milnor number of C,,
(Cy o Cp) is the intersection index of C, o Cs, u(C) is the
Milnor number of C. Let

b= ttat 30(Cao Ca), (C) = (u(C) 7 —1)/2
B#a
Then

_ 1 _
Pg(—,... *5(C)Ht’a~ (t1,...,t,).

qt



General case: algorithm
For a proper everywhere set P we define Hp - explicitly given
polynomial divisible by [];cgp)(1 — ui)

Theorem
For a proper everywhere set P define the numbers dp(n) by
the equation

de u dp

[Ticpl(X — qui)s P (1 — ui)P Y] s J
[licep) (1 — i) Felin, - ts).

Pe(ty, ... t;) =Y (=1)Plgltp Xde DL



General case: examples

Consider the singularity x — yko = (.
For 0 < k < ko let the numbers cx(n) be defined by the
equation

- Z u"ce(n) = (1 — ug)o (1 — u)* 1,

and for k = 0 let the numbers ¢y(n) be defined by the equation

— Zunco(n) _ (1 - uq) o - u(u— q) o .

1—u

—_ n(n+1)
Pg(t1, ... ty,) = Z |K‘q‘K|tKZc|K| t)'g 2

KC#KO



For example, if kg = 2,

1— ug— —
Ar(u) = 1, Ao(u) = ——% _“fj” V144

SO

Pg(ti,t2) =1 —qty — gt + qt1ty.
If ko = 3,

Al(u) = 1—qu,A2(U) = 1—U,A0(U) = 1+(1—2q—q2)U+U2,
SO
5g(t1, to, t3) =1- q(t1 + bt + t3) + q2(t1t2 + tit3 + t2t3)—|—

q(1 — 29 — @*)titats + GPtatats(ty + tr + t3)—
Ctitats(tity + tits + tat3) + Gt L3



Heegard-Floer homology

Heegard-Floer homology were introduced by P. Ozsvath and
Z. Szabo. To each link L = U!_; K; they assign the collection
of homology groups ljl?Ld(L,ﬁ), where d is an integer and h
belongs to some r-dimensional lattice.

They give a "categorification” of the Alexander polynomial of
L: if r=1, then

S OX(HFL(L, i)t = a%(2),

where AS(t) = t~98A/2A(t) is the symmetrized Alexander
polynomial of L. If r > 1, then

r

S TON(HFL(L M)t =T (57 - 7% - A%(n, ... 1),
h

i=1



Theorem (Ozsvath,Szabo)

Let g(K) be the genus of a knot K, i.e. the minimal genus of
a Seifert surface for K. Then

g(K) = max{n| dim HFL,(K, n) # 0}

Theorem (Ni)
A knot K is fibered if and only if

dim HFL,(L, g(K)) = 1.



Consider the ring R = Z[Uy, ..., U,]. For every r-component
link L there exists a Z'-filtered chain complex CFL™(S3, L) of
R-modules, whose filtered homotopy type is an invariant of
the link L. The operators U; lowers the homological grading by
2 and the filtration level by 1.

CFL(S% L) = CFL~(S3, L) /(s = ... = U, = 0)

H*(CFL=(S3,L)) = H*(CFL=(S?)) = Z[U]

H*(CFL™(S3, L, k)/CFL™(S%, L, k — 1)) = HFL™(S%, L, k)

H*(CFL(S3, L, k)/CFL(S®, L, k — 1)) = HFL(S?, L, k)



Let K be the link of an irreducible curve singularity C.
Consider the Poincare polynomial for the Heegard-Floer
homologies:

HFLc(t,u) = > ut* dim HFLy o(K).

It categorifies the Alexander polynomial in the sense that

HFLc(t, —1) = t~ 9822 A (t).

Theorem (-)

—C . .
Take P (t,q) and let us make a following change in it: t*q°
is transformed to t®*u=2%, and - t*q” is transformed to
t*u'~2%. We get a polynomial AS(t, u). Then

AS(t7Y u) = t 4822 HFLc(t, u). (1)



Key lemma

Suppose that a cochain complex C has a filtration C,, k>0
and an injective operator U of homological degree 2 acting on
it such that

l)U(Ck) C Ck+1 and Ufl(ck) C Cy_1

2)H*(Ck/U(Ck)) has rank 1 for all k,

Then for all k the rank of H*(Cy/Cky1) is at most 1. Let
{0,01,0%,...} is the set of k such that this rank is 1. Then
3) H*(Cy,/Cs,+1) belongs to degree 2k.



Key lemma cont'd
Let

Zq t7, Q(t,q) = Q(t.q)(1 — qt).

Let us make a following change in Q: t*g” is transformed to
t®u?®, and —t*q” is transformed to t*u?*~1.
4) The result is equal to

Z t“u" dim Hn(Ck/(Ck+1 + UCk_l)).

k,n

The last result can be reformulated as follows. Consider the
complex Cy = Cy/UCk_1, then the last homology are the

homology of the quotient CAk/Ck_l. The multiplication by
1 — gt corresponds to the exact sequence

0 — Ci1/Ci = Ci/Chs1 — Ci/Crsr — O.



Conjectures

N. Dunfield, S. Gukov and J. Rasmussen conjectured that all
knot homology theories (Khovanov, Heegard-Floer,
Khovanov-Rozansky) are parts, or specializations of a unified
picture. They conjectured the existence of a triply-graded knot
homology theory H; ; «(K) with the following properties:

» Euler characteristic. Consider the Poincare polynomial
73(}<)(a7 q, t) = Z aiq’jtk dim H,"J',k.

Its value at t = —1 equals to the value of the reduced
HOMFLY polynomial of the knot K:

P(K)(a,q,—1) = P(K)(a, q).



» Differentials. There exist a set of anti-commuting
differentials d; for j € Z acting in H,(K). For N > 0, dy
has triple degree (—2,2N, —1), dy has degree (—2,0, —3)
and for N < 0 dy has degree (—2,2N, —1 + 2N)

» Symmetry. There exists a natural involution ¢ such that
¢dy = d_no

for all N € Z.

Let
HY (K) = ®inejmpHijn(K).

Conjecture. There exists a homology theory with above
properties such that for all N > 1 the homology of

(HY(K), dy) is isomorphic to the s/(N) Khovanov-Rozansky
homology. For N =0, (H%(K), dy) is isomorphic to the
Heegard-Floer knot homology. The homology of d; are
one-dimensional.



Consider "stable limit" of torus knots T, ,, at m — oo.

P(T,) = lim Py(T, 1:[ L= 2%

oo (1 — g2k+2)’

Conjecture The limit homology H(T,) = limpm_oc H(Tym) is
a free polynomial algebra with n — 1 even generators with
gradings (0,2k + 2,2k) and n — 1 odd generators with
gradings (2, 2k, 2k + 1), therefore

n—1 (1 + a?g2ke2k+1)
H (1 — g2kr2g2k)

k=1



We denote the odd generators by &1, ...,&,_1, and even
generators by ey, ..., e, 1.

The differentials send &, to some polynomials in e, and they
are extended to the whole algebra by the Leibnitz rule. Taking
into account the gradings, one can uniquely guess the
equations

d—n(fk) = 5k,n, do(fk) = €k-1, d1(£k) = €-

The construction of the higher differentials is less restricted by
the grading, however for small degrees one has no choice but
to define

(&) = €], da(&3) = erer, d5(&3) = .



Example. Knot T34 (link of Eg):

// %\

Vertical lines correspond to the differential dy, its homology
has dimension 5, as expected for Heegard-Floer homology.
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