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Definition. The Grassmannian Gr(k,n;C) is
the space of k-dimensional linear subspaces

of C™.

Gr(k,n;C) = {M € Matyxn(C) | rk(M) = k‘}

row operations

Definition (Top open positroid variety).

Hz,n = {V S Gr(k;,n) | AT+17-~,7’+1€(V> 7& 0

for all r € [n]}.

1 0 a b a,b,c,d e C:
0 1 ¢ dJ|ad#0,ad—"bc#0

e Poincaré polynomial of II},  (C)?
> For Gr(k,n), both are given by
n} [n]! Al
= = E g, where
Iln — |
|:k q [k]Q[n k]q )\Qk‘)((n—k‘)

[n]y == 14+q+-- +q" 1, [n]! = [1]g-[2]g - - - [nlg-

Definition (Rational Catalan numbers).

e For a,b > 1 with ged(a,b) =1, let

1 [fa+Db
Cop i= Py b( " ) = # Dyck,;,, where

Dyck,; := {Dyck paths inside an a x b rectangle}

Theorem ([GL20]). Let ged(k,n) = 1.

e Point count of ITy
#Hz:,n<Fq> = (q - 1)n—1 : C]/€7n,k(q>, where

Cunld) = 17 i b, [a : b] S

e Poincaré polynomial of II} -
P( Z,n; Q) = (q + 1)n—1 : Cllg/m_k(Q), where

(,1/71)(Q) _ Z qarea(P).

PeDyck, 4,

Corollary.

(g—1)"

Prob(V € I}, ,(F,)) = .

e Somehow the RHS does not depend on k.
Question. Common generalization?

Left hand side.

e H*(II},) admits a second grading coming
from the Deligne splitting:
H(ITy,) = @ HPP(IT,).
PEZL
e The corresponding mized Hodge polynomial
PI3 5 q,t) € N[q%,t%] specializes to both
#11; (Fg) and P(II} 5 q).
Right hand side.

e Rational q,t-Catalan numbers:

Ca,b(Q,t) = Z qarea(P)tdinv(p)'
PeDyck,, 4,

e Specializes to both C7, ,(q) and Cy ,(q).
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Theorem ([GL20]). Let ged(k,n) = 1. Then

the mized Hodge polynomial of 11y, is given by
R 1 1 n—1
P( k,n; Q7t) = <q2 + t2> Ck,nfk(QJS)'

Corollary. C,;(q,t) are g,t-symmetric and

¢, t-unimodal.

e symmetry is known, unimodality is new.
e Both follow from the curious Lefschetz prop-

erty of cluster varieties:
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Arbitrary positroid varieties.

e Recall:
o {M € Matyy,(C) | rk(M) = k}

row operations

Gr(k,n;C)

e For a k£ X n matrix M with columns
Ml,Mg, c. 7Mn7 let Mj+n = M] for allj €.

e Let fur : [n] — [n] be given by

fau(i) =min{j > 1 |
M, € span (M1, Mi1o, ..., M;)}

modulo n.

e fy; is a permutation which depends only on
the row span of M.

e For a permutation f € .S, the open positroid

variety 115 C Gr(k,n) is defined by

s ={V e Gr(k,n) | fv = f}.
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o Let fi, €5, be defined as

fin(@)=i+k (modn) forallice[n].
e Then II} , = H;ik’n.
Question. P(I1};q,t) =7
Positroid links.

Definition. Permutation f € S,, — link Bf:
e Connect i — f(i) by a strand;
e If two strands cross, whichever one has

smaller target goes above.
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e The torus T' C SL,, of diagonal matrices acts

on I} by rescaling columns.

Lemma. The following are equivalent.
> T-action on I1} is free;
> f is a single cycle (c(f) =1)

> Bf 1 a knot.

e fi.n is a single cycle iff ged(k,n) = 1.
o If T" acts freely, we have
1 \n—1
P(0};q,t) = (q§ +t§) -P(I3/T;q,t).
o Let PKR(Bf; a,q,t) denote the triply-graded

KR homology polynomial of B .
Theorem ([GL20]). Assume c¢(f) =1. Then

P(I13/T;q,t) = Pick(Br; . 1),
where Pfpr(Bf; q,t) is the top a-degree term of

PKR(Bf; a,q,t).

Most general result.

o
v,W)I

e Richardson varieties: H‘} = where v <

1 and

w € S, satisfy f = wv~
R, = (BwBNB_vB)/BCG/B.

e Richardson braid: f,, = B(w) - B(v)™!,
where 5(w) denotes positive braid lift of w €
S

Theorem ([GL20]). For anyv <w e W,
HHH(Fy,,) = Hy (R ).

where F3,, = F*(w) ® F*(v)~" is the Rouquier

complex of By .-

Proof sketch.
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q =t = 1 specialization.
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e Let f € 5, be a single cycle.

o 13 C Gr(k(f),n(f)), where

n(f):=n, k(f) =3 €n]| f(i) <i};
V() = (K(F), n(f) = k().

e Extend f to a map f:Z — Z so that
i< fi)<i+nand f(i+n)=f()+n Vi
e Let £(f) be the number of inversions of f:

() =#{i < | f() > [()i € ]}

o dimII$ = k(n — k) — £(f).

e Let i < j be an inversion. Swapping f(7) and
f(4) splits f into two cycles, fl(i’j) and féi’j).

e Let I'(f) be the multiset of points W(fl(i’j)) for

all inversions of f.

Definition. f is repetition-free if the multiset

I'(f) has no repeated elements.

o Let I'(f) := T(f) LU {(0,0), (k,n — k)}.
e We say that T'(f) is convez if D(f) contains

all lattice points of its convex hull.

Theorem ([GL21]).

o If f is repetition-free then I'(f) is convex and
centrally symmetric.

e Conversely, any convex centrally symmetric
subset of [k — 1] X [n — k — 1] arises this way.
e For f repetition-free, P(II3/T5q = t = 1)

counts the number of Dyck paths avoiding T'(f).

e Conjecturally, P(I13/T; q,t) for f repetition-
free coincides with the generalized Catalan
numbers of [GHSR20].
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