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Abstract

The numerical simulation of incompressible
fluids possessing multiple distinct, immiscible
fluids - are of great interest to the engineer-
ing community. These flows contain interfaces
which can merge and tear as a result of in-
terface physics such as phase change and sur-
face tension. The arbitrarily complex interface
topologies inevitably requires an underlying Eu- -
lerian formulation. Volume tracking methods
are in wide use today, having proven them-
selves to be topologically robust and relatively
easy to implement. The basis in volume frac-
tions also allows the straightforward incorpora-
tion of interfacial physics. The formulation of
kernel-based continuum surface tension models
for these methods has demonstrated acceptable
results for orthogonal grids. Attaining accu-
rate, high order results however, on unstruc-
tured meshes is necessary if surface tension- -
driven flows are to_be reliably modeled within
the confined, complex geometries of most indus-
trial processes. In the following, we investigate
the accuracy and convergence of our interface
topology estimates and surface tension model
on 3-D tetrahedral meshes. We use various ellip-
soids to scrutinize our algorithm, which is based -
on a convolution (hybrid) method to determine
the interface unit normal and mean curvature.
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Intr:o'duction

- The use of convolutions with smooth ker-
nels to model surface tension forces in vol-
ume tracking methods has been investigated
over the past few years ( [AP95] - [WKP99)).
Here we use the sixth degree kernel intro-

~ duced in [WKP99], denoted K (r,¢), where
- r is the distance from the center of the con-

volution and € is a representative size of the
support of the kernel. The gradient of a
scalar function (typically volume fractions)
is approximated by the convolution of the

 scalar function with the derivative of the ker-
~nel. For instance, given a scalar function

f, a smooth approximation to the derivative

along the z axis at the point @ is given by

af(X) K 1 '
L) o [ S (e - 2)f() e (1)

where () represents the entlre computatlonal

_ domain.

For a point along the interface, these ap-
proximate gradients can be use to construct
an approximation to the unit normal to the
interface, n
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The mean curvature of the interface (k) is
found as the divergence of the unit normal,
ie.

k=~V-n. (2)

It has been shown that a simple discretiza-
tion of the unit normals leads to a much more
accurate approximation to x on orthogonal
meshes( [WKP99]). This approach avoids
convolving the second derivatives of the ker-
nel K with the scalar function f. This
idea should logically extend to unstructured
meshes, although the discrete divergence op-
erator is now more complicated.

The accuracy of the unit normal and cur-
vature to an interface is tested by approxi-
mating the topology of several ellipsoids on
unstructured meshes. The meshes consists of
a varying number of tetrahedral cells within
a unit cube, the meshes have been arbitrarily
generated with no knowledge of the interface
location. Ellipsoids of increasing slenderness
are used to pose problems of greater diffi-
culty for the algorithm. In future work, the
topological terms will be used to determine
surface tension forces normal to the inter-
face.

Unstructured Tetrahedron Meshes

The meshes used for these calculations
consist of arbitrary tetrahedral cells parti-
tioning a unit cube. No orientation towards
the interface location was used to gener-
ate the meshes. The fluid flow algorithm
treats the tetrahedron as “degenerative hex-
ahedron” where one face has collapsed to a
point and another face has been collapsed
to a line. This allows the fluid flow algo-
rithm to also treat the tetrahedral mesh as
a generic set of hexahedra. Because of the
nature of how the mesh is treated, the un-
structured tetrahedral mesh offers the most

demanding test for fluid flow or heat trans-
fer simulations. Figure 1 shows a plane cut
through the middle of the unit cube for sev-
eral meshes, the planes are shown on the
z = 0.5 surface. The figures demonstrate
that these meshes certainly do pose a vi-
able test domain for even the simplest of flow
problems.

Interface Topology

The methodology to determine the unit
normal to the interface, n, and the mean cur-
vature of the interface x has been discussed
in the introduction. A more detailed analy-
sis of this method is presented in [WKP99].
In each cell containing the interface, the ap-
proximated normals are used to construct a
piecewise planar approximation to the inter-
face which satisfies the discrete volume frac-
tion of the cell.

Figures 2 and 3 show the computed unit
normals and reconstructed interface for dif-
ferent ellipsoids on the unstructured meshes
of Figure 1. Figures 4 and 5 show the
reconstructed interface along with the cell
edges of all the cells that contain the inter-
face.

Test Problems

The hybrid convolution method for de-
termining interface topologies is tested on
several ellipsoids. Ellipsoids make nice test
forms since they can vary in slenderness (ec-
centricity) to simulate tearing or merging
of fluid. The first ellipse is more circular
(lower eccentricity) and has axis of length
0.20, 0.20, 0.35 along the z, y and z axis, re-
spectively. The kernel used for the calcula-
tions on this ellipsoid has a radius of support’
of 0.125. This ellipsoid is shown in Figures
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(<) 65590 cells

Figure 1: Cutplane at z = 0.5 for three
different unstructured tetrahedral meshes of
increasing resolution.
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2 and 4. The second ellipse is more slender,
with axis lengths of 0.15, 0.15, 0.40 along the
z y and 2z axis respectively. The radius of
support for kernel in these calculations was
0.075. This ellipsoid and the results of the
calculations are seen in Figures 3 and 5.
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{e) BE590 cells

{c) GEHID cells

Figure 2: Piecewise planar reconstructed Figure 3: Piecewise planar recounstructed
interface for an ellipsiod on unstructured interface for an ellipsiod on unstructured
tetrahedron meshes. Ellipsoid axis are of tetrahedron meshes. Ellipsoid axis are of

lengths.0.20, 0.20, 0.35.

lengths 0.15, 0.15, 0.40.
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(&) T454 cells

(b} 33153 cclls

(c) 65590 cells.

(c) 65590 cells

Figure 4: Piecewise plana,r reconstructed  Figure 5: Piecewise planar reconstructed

“interface for an ellipsiod on unstructured interface for an. ellipsiod on unstructured

tetrahedron meshes.  Ellipsoid axis are of tetrahedron meshes. Ellipsoid axis are of

lengths 0.20, 0.20, 0.35.

lengths 0.15, 0.15, 0.40.
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