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Abstract

The paper addresses the two-point correlations of electromagnetic waves in
general random, bi-anisotropic media whose constitutive tensors are complex
Hermitian, positive- or negative-definite matrices. A simplified version of the
two-frequency Wigner distribution (2f-WD) for polarized waves is introduced
and the closed form Wigner—Moyal equation is derived from the Maxwell
equations. In the weak-disorder regime with an arbitrarily varying background
the two-frequency radiative transfer (2f-RT) equations for the associated 2 x 2
coherence matrices are derived from the Wigner—-Moyal equation by using
the multiple-scale expansion. In birefringent media, the coherence matrix
becomes a scalar and the 2f-RT equations take the scalar form due to the
absence of depolarization. A paraxial approximation is developed for spatially
anisotropic media. Examples of isotropic, chiral, uniaxial and gyrotropic media
are discussed.

PACS numbers: 42.25.Dd, 41.20.Jb

1. Introduction

Consider the electromagnetic wave propagation in a random dielectric. Let u(x,7) =
(D(x, 1), B(x,1))! be the displacement-magnetic-induction vector field. Then the mutual
coherence function is given by [3]

(u(x;, tu' (xa, 1)) = / el@rmont gmit@re)2((xy, ) )U' (X2, @2)) dw; dws, (1)

where (-) is ensemble averaging, t = (f; + 1,)/2, Tt = t; — t, and U(X, w) is the frequency
component of u at frequency w. Throughout, all vectors are by default column vectors and
denotes the Hermitian conjugation.

Radiative transfer theory [1, 4, 8, 10, 13-15, 17] has been traditionally carried out in
spacetime with one time variable (f; = #,). The main goal of this paper is to derive equations
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for the quantity directly related to (U(x, o)UT(x2, w2)). In particular, we obtain the two-
frequency radiative transfer (2f-RT) equations for polarized light in the weak-disorder regime
with an arbitrary bianisotropic background. The 2f-RT equations then determine, via (1), the
two-spacetime correlations of the electromagnetic wave in random media.

Our approach is set up for the most general linear local, lossless electromagnetic materials,
in which each of the field vectors E and H is coupled tensorially to both D and B. Such materials
have been the subject of considerable recent interest. One reason is that they can be created
as metamaterials, i.e. composites of more conventional materials in which E is coupled to D
alone and H is coupled to B alone.

The two-frequency approach has been previously pursued in terms of wavelength-rescaled
two-frequency Wigner distribution (2f~-WD) in the case of a uniform background [7]. In the
present work, we introduce an alternative version of 2f-WD and derive the corresponding
2f-RT equations for the associated 2 x 2 coherence matrices in the case with an arbitrary
background. We give several examples for which the scattering kernels can be computed
explicitly. We show that birefringence naturally leads to decoupling of the polarization modes
and the absence of depolarization in such media. As a result, the 2f-RT equations simplify to
scalar equations.

In section 2, we formulate the problem in terms of the straightforwardly defined 2f-WD
and derive the two-frequency Wigner—Moyal equation in appendix A. In section 3, we analyze
the problem for high-frequency waves in an arbitrary background bianisotropic medium in
the absence of random fluctuations. This is the geometrical optics regime. In section 4,
we consider the weak-disorder regime where, in addition to the arbitrary background, small
random fluctuations are present on the scale of the wavelength. In sections 5 and 6, we employ
the multi-scale expansion (MSE) technique to derive the radiative transfer equation from
the two-frequency Wigner—-Moyal equation for the weak-disorder regime. We also derive a
paraxial approximation for the polarized light in a spatially anisotropic medium. In section 7,
we give several examples of isotropic, chiral, uniaxial and gyrotropic media for which the
scattering kernels can be explicitly calculated. We conclude in section 8 with a discussion of
the final expression of the mutual coherence in terms of the solution of the 2f-RT equations.

2. Maxwell equations and Wigner-Moyal equations

In this paper, we consider the electromagnetic wave propagation in a heterogeneous, lossless,
bi-anisotropic dielectric medium. We assume that the scattering medium is free of charges
and currents and start with the source-free Maxwell equations in the frequency w domain

. |D 0 -Vx|_, ,|D
. [B] N [VX ’ ]K [B] o, @)
where K is, by the assumption of losslessness, a Hermitian matrix [12]
K¢ K~
K= |:K)<T Kui| 3)

with the permittivity and permeability tensors K¢, K#, and the magneto-electric tensor KX [16].
The Hermitian matrix K is assumed to be invertible. The present formulation encompasses
the acoustic, electromagnetic and elastic waves so that the 2f-RT theory developed here can
be extended to these waves without major changes. We choose D, B as the primary fields
because they are transverse (divergence free).

In an isotropic dielectric, K¢ = €I, K* = ulI, KX = 0. In a bi-isotropic dielectric, K*
as well as K¢, K* are nonzero scalars. A reciprocal chiral medium is bi-isotropic with purely
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imaginary K* = iy. The appearance of nonzero K* arises from the so-called magnetoelectric
effect [11]. Crystals are often naturally anisotropic, and in some media (such as liquid crystals)
it is possible to induce anisotropy by applying, e.g. an external electric field. In crystal optics,
K¢, K" are real, symmetric matrices and KX = 0 [3]. In response to a magnetic field,
some materials can have a dielectric tensor that is complex Hermitian; this is the gyrotropic
effect. A magnetoelectric, bi-anisotropic medium has a constitutive relation (3) with complex
Hermitian K¢, K* and a complex matrix K* satisfying the Post constraint. It has been shown
that a moving medium, even isotropic, must be treated as bi-anisotropic [5, 11].

Writing the total field U = (D, B) we introduce the two-frequency matrix-valued Wigner

distribution
1 —ipt Ey + Ey
2n) /e pYU1<x+ 7)U2<x 5 dy, 4)

where U; and U, are the total fields at frequencies w; /¢ and w, /€ respectively. The parameter
£ is roughly the ratio of the wavelength to the distance of propagation. In the present setting,
¢ < 1. Correspondingly, we will replace w in (2) by w/€. The 2f-WD is clearly equivalent to
the two-point function UIU; via the inverse Fourier transform.

Note the symmetry of the Wigner distribution matrix

Wi, p; o1, @) = WX, p; 02, @1). )

WX, p; w1, w) =

In other words, the right-hand side of (4) is invariant under the simultaneous transformations
of the Hermitian conjugation t and frequency exchange w; <> w;.

In what follows we shall omit writing the arguments of any fields unless necessary.

We put the equation (2) in the form of general symmetric hyperbolic system [17]

—i%U+Rj8xj(K’1U) =0, ©6)

where R; are the symmetric matrix given by

R = T,-]

-T; O
with
0 0 O 0 0 1 0 -1 0
T, =(0 0 —-1], T,=(0 0 0], T;=(1 0 0
10 1 0 -1 0 O 0O 0 O

The matrices iT;, j = 1, 2, 3 are related to the photon spin matrices [2]. For ease of notation,
weset L = K.

Let o = (w; — w;)/¢ and @ = (w; + wy)/2. The 2f-WD satisfies the Wigner—-Moyal
equations

j - , | o
W= o, [ T@W (p - —q> da- [w (p + 7‘1) L@ <™ dqp;R

1 REPN 14 1 £q\ ~ al
#3R50,, [ Taw (p - 7“) da+ 50, [ W (p + 7“) L@ ¢~ dqR; (7)

. - , . o
W= p R, / 1T (W (p - 7") dg+ 7 / W (p ¥ 7“) L(q) ¥~ dg p;R,
1 PN V4 1 lq\ ~ -
+—Rjax./elq“‘L(q)W p-3 dq——Bx./W p+ L(g)¢9*dqR;,
2 / 2 2 2 ’
)
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where L is the Fourier transform (spectral density) of L

L(x) = / e™IL(q) dq.
The derivation is given in appendix A. For a Hermitian L. we have

Lp)=L'-p. Vp.
Clearly, equation (7) is related to the time derivative of the mutual coherence (1) with respect
to the central time ¢ while equation (7) is related to the time derivative with respect to the
differential time t. We will first focus on equation (7) and comment on the constraint posed
by (8) in the conclusion. The full analysis of equation (8) requires substantially different
treatment and will be presented elsewhere. However, we will discuss the constraint imposed

by the leading order terms of equation (8) in the conclusion and its implication on the two-
spacetime correlation.

3. Geometrical optics

In this regime, we let £ < 1 implying a small ratio between the wavelength and the scale of
background heterogeneity which is comparable to the distance of propagation.

Let us first simplify equation (7) by expanding the expression in the power of £ and
neglecting O (¢) terms. The first two terms on the right-hand side of equation (7) reduce to
0~'"Py — Py, where

Po(p)W =ip;R;LW —iWLp;R;

Pi(pW = 1p;R;0, L0, W+ 19, Wo,LpR;,
while the last two terms on the right-hand side become

P,W = IR;d, [LW] + 0, [WLIR;.

We employ the regular expansion W = W + £W + - - - and substitute it into the resulting
equation. The leading order equation

PoW =0 9)

can be solved as follows [17].

For a positive (or negative) definite L, L'/? is well defined and under the transformation
L!/? the matrix p;R;L is transformed into the Hermitian matrix L'/?p;R;L!/? which has
a complete set of eigenvectors and eigenvalues {Q2°} C R. Let {d°*} be the associated
eigenvectors in the original vector space, where the index « keeps track of the multiplicity.
Let the eigenvectors {d”“} be normalized such that do*TLd™¢ = 8,70a,c. It is easy to check
that {e”®f : e = Ld®“} are the left eigenvectors of p ;R;L and they are orthogonal to
{d™¢ (p)} with respect to the standard scalar product

€A™ =6, .80 (10)
Clearly, the eigenvalues 27 as a function of the wavevector p define the dispersion relations.

For general bianisotropic dielectric, it is easy to check that the zero eigenvalue Q° = 0 is
always an eigenvalue with the associated left eigenvectors

0.1,y (P 0,28 0
e (p) <0>, e (p) <p). (11)

Since Lis invertible, it follows that the null space of p;R;L is spanned by {d*! = Ke*!, d*? =
Ke%?}. The relations (10) and (11) imply that d™%, T # 0, are transverse vectors in the sense
that they are orthogonal to the wavevector p.
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Throughout the English indices represent the spatial degrees of freedom while the Greek
indices represent the polarization degrees of freedom. The Einstein summation convention
and the Hermitian conjugation are used only on the English indices.

Define

D> (p, q) = d”(p)d”* (@)’ (12)
E7*(p,q) = e™*(p)e”* (q)'. (13)
The null space of Py is the linear span of {D™%¢ (p, p), ¥ 7, «, ¢, p}, denoted by My, for each

p # 0 with the scalar product TrfH'LGL], H, G € M.
Then the general solution to (9) can be expressed as

W=>" WD p.p). (14)

o,a.§

where ng are generally complex-valued functions. The matrices Wo = [ng], free of the
English indices, are referred to as the coherence matrices.

The constraint that the electric displacement D and the magnetic induction B are both
divergence free yields

(£V,4£V) - W=0
which, in view of definition (4), is equivalent to
(£p', £pHW = 0. (15)

Hence by (11) /"W = 0 and by (10) W° = 0, where W is the 2 x 2 coherence matrix
associated with the non-propagating mode Q° = 0. This implies, by (10), that W is a
transverse field.

The O(1) equation is

PoW| = io’'W + W — P,W, (16)

which is solvable if the right-hand side is orthogonal to the null space, 9, of Py. The
solvability condition for (16) then leads to the governing equation for the 2 x 2 coherence
matrices:

iw'W' — V,Q" - VW' +V,Q" - V\W' — C"W’ — W'C"" =0, (17)
where the depolarization matrix C* = [C ga] is given by

Ci, =0, Qe 10, d° + 1[0, e"*TR;e"* — e"*TR;0, e"].
Using (10) we can cast C7 in the explicitly skew-symmetric (in &, o) form
Cl, = 10, Q" [e"5Kd, e — 0, e"*TKe"*] + 1[3,,e" 'R — e"*'R;d, e"“].

The details of the calculation is given in appendix B. Note that equation (17) is invariant under
the simultaneous transformations of the Hermitian conjugation and frequency exchange.

4. Weak-disorder regime

Now we consider the weak coupling regime with the permittivity—permeability tensor K given
by

K (x) = Lo(x) [I+«/ZV Gf)] <1, (18)
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where the Hermitian matrix L represents the slowly varying background medium and +/£V
represents the medium fluctuations. The small parameter ¢ describes the ratio of the scale of
the medium fluctuation or the wavelength to the propagation distance or the variability scale
of L() .

To preserve the Hermicity of L the matrix V must satisfy

ViL, = LoV. (19)

We shall assume below that Ly is either positive or negative definite. A negative definite Ly
gives rise to negative index of refraction [18, 19]. A nondefinite L gives rise to complex-
valued refractive index and hence a lossy medium. To fix the idea, let us take L to be positive
definite. Our method applies equally well to the negative-definite case.

We assume that V = [V;;] is a stationary (statistically homogeneous) random field with
the spectral density tensors ® = [®;j,,], ¥ = [Wjjma], such that

Vi @V = [ X000 ak 0)
(Vi () Vi (7)) = f X OV, (k) dk, 1)

which implies

Vi@V (@) = Pijrn(P)S(P — @) (22)
(Vi; (P) Voun (@) = Wijmn (P)S(P + Q). (23)

Here and below * denotes the complex conjugation. In the case of real-valued V, ® = .
The spectral density tensors have the basic symmetry

& (P) = Pounij (P), (24)
\Ijijmn(_p) = \I’[mnij (P), (25)

equation (19) implies that

LO,ij \Ijmnjl (p) = L:jk),[j cDmnji (P) (26)
Lo,ij Punji(P) = Lg 1;Wmnji (P) (27
. 1 i = Eq l Eq ~ i

iw'W = ijRj / eqTxLo(Q)W (P - 7) dq — 7 /W <P+ 7) Lo(q)eqTx dq p;R;

+ %Rj 5, / YLy ()W (p - %‘1) dq + %ax,. / w (p + %q) Lo(q) ¢ dqR,
+ %ijj / e*L, (%) Vg - q)W (p — %) dq' dq

- ﬁ / w (p + g) V(g — gL (%) e* dq'dq p,R;

+ ﬁRjax, /ei‘”‘fo <%) V(g —q)W (p - g) dq'dq

1 q\ ~ ~ (q\ ik
_ = a i T o 1 iq'x / .
e [W(es3) Via q)%(z)e dq dqR;. (28)
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where X = x/¢ is the fast spatial variable and (V/T\)(q) = VT(—q) the Fourier transform of
Vi. As in the geometrical optics we approximate the first four terms on the right-hand side of
equation (28) by 27 'PyW — P;W + P,W. For the last four terms on the right-hand side
of equation (28) we have

f ei‘“"‘fo(%ﬁ(q -~ q/)W<p - g) dq' dq ~ Lo(x) / ei"‘*V(q)W<p -~ g) dq

/ W(p " g)wq - q/)ﬂ(%) ¢ dq' dg ~ / W(p " g)W—q) ¢1% dq Lo (x).
Hence we have the simplified form
iw'W = 07'"PoW — PIW + PaW + 07120, W+ £712Q,W, (29)

where
QW =ip;R;Lg f eiqTiV(q)W<p ~ g) dq —i / W<p + g)vf(q) 9% dqLop,R;

1 o 1 _ -
QW = SR;Lods, /e‘q‘XV(q)w(p _ %) dg-+ 505, /W(p + g>V*(—q) % dqLoR;.

Hereafter, we shall work with equation (29) to derive the 2f-RT equations using the
MSE.

5. Multiscale expansion

The key point of MSE is to separate the fast variable X from the slow variable x and make the
substitution

VW — VW + 'V W.
Consequently,
P,W — P,W + £ ' P,W
with
P,W = IR;d, [LW] + 10, [WLIR; (30)
P,W = IR;Ld; W+ 13; WLR;. 31
The idea is that for sufficiently small £ the two widely separated scales, represented by x and
X respectively, become mathematically independent.
We posit the expansion W = W+ ﬁwl +{W; + - - -, substitute it into equation (29) and

equate terms of same order of magnitude.
The O(¢~") equation is

(P> + Py)W = 0. (32)

We hypothesize that the leading order term W = W(x, p) be independent of the fast variable
%. Thus P,W = 0 and equation (32) reduces to (9) and its solution takes the form (14).
The O (¢~'/?) equation is

PoW, + P,W, = —Q;W — QW (33)
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or equivalently, after Fourier transforming in X and adding a regularizing O (¢) term
—i2¢W, (k, p) + k;R;LoW, (k, p) + W, (k, p)LokR;
+2[p;R;LoWi(k, p) — Wi(k, p)Lop;R/]

~ k - k\~
= —-R;Lo(2p; +kj)V(k)W<p - E) +W<p + E)VT(—k)(ij —kj)LoR;
(34)
and posit the solution
~ k k
— o o,
w1<k,p>—MZ;Ca;<k,p>D <p+§,p—§), (35)

where Cg, are generally complex numbers. Note that the two arguments of D% in (35) are
at different momenta p + k/2, p — k/2.

We substitute (14) and (35) into equation (34) and multiply it with e”* (p + %)T from the
left and with e+ (p - %) from the right and solve the resulting equation algebraically. This
yields the coefficients

o o k o k . 71
Cag(k,p):<9 <p+§>—52 (p—z)—w) Z

n

@ (03 (o= ) (05 S0 (5 )

TP TP )P P™3

+Q° <p - l—(> we (p + l—‘)d""’(p + lf)%*(—k)e‘“ <p - l—(> (36)
2) 2 2 2/

When the leading term W is invariant under the simultaneous transformations of the Hermitian

conjugation  and frequency exchange w; <> w,, so is W; which is equivalent to
Ciy (=K, p; 01, ) = Cg (K, p; w2, w1).

o

Finally, the O (1) terms yield the equation after regularization

1 a 19
LW, + —RjL0—~W2 + ——~W2LORj + iijjL()Wz — iWZLOPjRj =F 37
2 8.Xj 2 a.Xj
with
F = 1a)/V_V + le — PzV_V — Q1W1 — Q2W1. (38)

It suffices to note that in order for the resulting solution W, to vanish in the limit ¢ — 0, F
must satisfy the solvability condition

lim Tr(G'LoFLy) = 0 (39)

for all random stationary matrices G satisfying equation (32). This can be seen by transforming
equation (37) into Tr(GLy(37)Ly) which by equation (32) implies 2¢Tr(G'LyW,Ly) =
Tr(G'LoFLy) and hence (39).

Fortunately, we do not need to work with the full solvability condition (39). It suffices to
demand (39) to be fulfilled by all deterministic G, independent of X, such that

ijJL()G—GL()ijJ =0. (40)

In other words, as in (14), we consider only a subspace of the solution space of equation (32)
and replace (39) by

lim Tr(E™"(p, p)(F(x, %, p))) =0,  V7,& v, %,p, (41)
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where E™" are defined in (13). As (29), (33) and (38) are invariant under the simultaneous
transformations of the Hermitian conjugation 1 and frequency exchange w; < w,, therefore
equation (41) must also be invariant under the same transformations.

To summarize, we have constructed the asymptotic solution W + v/¢W; + £W, which
satisfies approximately the 2f Wigner—Moyal equation in the sense that the remainder vanishes
in a suitable sense as £ — 0 [6, 7].

With (35)—(36) and (38), equation (41) is an implicit form of 2f-RT equations that
determines the leading order coherence matrix. Our next step is to write (41) explicitly
in terms of explicit, physical quantities.

6. 2f-RT equations

As in the geometrical optics, the terms iow’'W + PyW — P, W in the expression (38) yield the
left-hand side of (17) after the operation (41).
First, note the key expression

< f dq V(@ Wi (p - g)> = Z / dk(Q7 (p +k) — Q7 (p) — i)™
s o,a

x [-Q7(p+ )W, (p)e‘}“*(p +K)W i (k)" (p) D™ (p + K, p)
+Q7 (P)WS, (p + K)dI™ (p + K) D, (—k)eT  (p) D7 (p + k. p) ]

and
> f dk(Q” (p) — 7 (p — k) —i0)"!

< [ dacwi (p+ 3) V- q)>
S o

X [-Q7 )Wy, (p — K)eF* (p)* @ sgjn ()T " (p — K) D, (p, p — K)
+ Q7 (p — W, (DA PV, (—K)eT (p — )DL (b, p — K.

The above expressions are independent of the fast variable X so (Q,W;) = 0. We also have
Tr(E7 (p, p)(QIW))) =i Z / dk(Q (p+k) — Q" (p) —i0)"' Q7 (p) e7**(p)

x [~Q7(p + KW, (p)eF ™ (P + KV i (K)dg " (P)d] (P + K)
+Q7 (P Wy, (P +K)dg ™ (p+ k) D, (—K)eF" (p)d)* (p+K)]

—i Z / dk(Q7 (p) — 7 (p — K) —i0)"'Q° (p)e?" (p)

x [-Q7 (WS (p — K)eT (P)D 14 (KT (p — K)dT** (p — K)
+Q°(p — W, (P)dg ™ (P) W7, (—K)eT " (p — )dy ™ (p — K)].

To state the full result in a concise form, let us introduce the following quantities. Define
the scattering kernel tensors G*(p, q) = [}, (P, @] as

Skane (0. @) = QI @e] ™ P)A] (@) Daie (P — e (D) (@) (42)
Using (24)—(27) one can derive the alternative expressions in terms of ¥
Stae 0. @) = DI @eF DL (@i (@ — Pl (@ ()
= Q" (P)Q(@e] (P (@) Wyife (4 — PIe (@dy " (p)
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and the properties

Siave (@@ = S50 (P, @) (43)
Stae (@ P) = S0 (P, Q). (44)

For any 91,-valued field G(p) define the (£, v)-component of the tensor & (p, q) : G(q)
as

[S7(P. ) : G@ley = ) Slpe (P QG (@)
.

Define the tensors 37 = [Egv] analogous to the total scattering cross section as

S (p) = { / 527 (p) — (@) — i ][(sz%p) - Qf(q))l} & (p.q) : 1dq.

The 2f-RT equations for the coherence matrix W® then reads as
' W™ — VQ" - VW' + V,Q" - V,W' — C"W' — W'C"!

- / 52 (@) — " (p)S (b, q) : W (q) dg

—STEW @ -WEETe. v 45)
The §-function and Cauchy singular kernel arise because of the fact
lim -
=0 x — il
in the sense of generalized function.
With the property (43) one can verify directly the invariance of (45) with respect to the
simultaneous transformations of the Hermitian conjugation and frequency exchange.

= imd(x) + ! (46)
X

6.1. Birefringence: scalar 2f-RT equation

Although, in view of (11), the zero eigenvalue Q° = 0 has multiplicity two in general, the
nonzero eigenvalues in media other than the simplest isotropic medium often have multiplicity
one as we shall see in section 7. This is closely related to the birefringence effect. Under such
circumstances, the 2f-RT equations take a much simplified form which we now state.
Because Q/, j = 1,2, 3, 4 are simple (of multiplicity one), expression (14) reduces to

W= Z W°D’ (p, p).

Consequently, (45) becomes a scalar equation for W° and the different polarization modes
decouple:

W W™ = ViQ - VW +V,Q" - V,W*
=2 / 3(Q7 (@) — Q" (P& (p, W (q)dq — 2Z"(P)W'(p), Vr 47

where
S (p, @) = QTP (@e; (P (Q Psife (P — @ef(P)d; " (q) (48)

'p)=nm / §(Q7(p) — Q"(q)S" (p. q) dg. (49)

Note that the Cauchy principal value integral disappears from (49) whenever =% and W
commute.
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6.2. Paraxial approximation: spatial anisotropy

Consider now a spatially anisotropic spectral density tensor for a medium fluctuating much
more slowly in the longitudinal x3 = z direction, i.e. replacing ®(p — q) in (45) by

1 1
~P (m —qu, 5(17 - q)) .

0
which, in the limit & — 0, tends to
5(p—q) / dk®(pL — qu, k). (50)

With W? = WO (x, , z, p1, p), the right-hand side of equation (45) reduces to
27 f SQ(p1. p) — (a1, pISPLa.)  Wi(q,)dg,

— [T (OW (p) + W (p)E"(pL)],
where &7 = [Sgwg],

Siove(PL,qL) = eI (p1, )i (quL, p) / Dsife(PL — qu, k)dke}" (pu, P)dg’{*((h, p)

and

X'(pL) = [/ §(Q(pL. p) — Q7(qL. p))

- i][(QT(PL, p) — Q7 (qu, P))l} S (pr.qu) : Idq,.

equation (45) now takes the paraxial form
3,Q70,20" +V, Q7 - Vg W +i0' W' — V,Q" - V,W' — C"W' — W'C™'

—2 / 5(Q (pL. p) — 2 (qu. P)S(PL. qu) : W (qL) dq.
—[Z"(p)W (p1) + W (pE"(pL)]. (51)

The longitudinal variable z plays the role of a temporal variable and p is a parameter so that
(51) can be solved as an ‘initial’ value problem given the initial data on z = constant and a
fixed p if 9,27 # 0.

7. Examples

In this section, we briefly discuss a few media for which the scattering tensor can be explicitly
computed (see [7] for a more elaborate discussion).

7.1. Isotropic medium

For the simplest isotropic medium, Ky = diag[ey, €, €9, Ko, 1o, o]. There are two nonzero
eigenvalues: Q*(p) = colpl, 27 (p) = —co|p| of multiplicity two. Let p = p/|p| and let
pt. P be any pair of unit vectors orthogonal to each other and to p so that {f)j, P, f)} form
a right-handed coordinate frame. Let {(11, q,. (j} be similarly defined. The eigenvectors are

cp+ Qp—
2PL 2PL

d"*(p) = ol K d"~(p) = e
2 PL — 2 PL
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gt a@p-
2P 2P

d"(p) = | d"(p) = o
V2 PL 2 PL

Often, in a scattering atmosphere for instance, ft ~ 0 and consequently

St @ @) = 10.(p — @ a%a P & a,v, ¢ =+ (52)

This is the setting for which Chandrasekhar originally derived his famous equation of transfer
[4]. In this case, equation (45) is the two-frequency version of Chandrasekhar’s famous
transfer equation [4, 9].

As we shall see below, many materials are birefringent and permit two monochromatic
plane waves with two different linear polarizations and two different velocities to propagate
in any given direction [3]. This is the birefringence effect.

7.2. Chiral media

A chiral medium is a reciprocal, bi-isotropic medium with the constitutive matrix
el ixl
Ko=| X
—ixIl ol
where x € R is the magneto-electric coefficient. To maintain a positive-definite Ky we assume
x2 < €. We then have

co 0 —px||z2I —ikl
R;Ly = . , 5

Pt 1—K2[px 0 ]|:1KI I (53)
where z = /po/€p > 0 is the impedance and k = xcy is the chirality parameter. The four
nonzero simple eigenvalues and their corresponding eigenvectors are

—ip! +p2
e~ IR ) . el =alarn
2 PL 12 PL
2 lf)i +f)3_ 2 —1
e~ 1al - —1a2 ] Q :Colpl(l_K) P
—Z 'p, t+1z P
_i'\l + a2
o~ PP @ = colplc — 1),
z7p,+1izm P
iAl + a2
e~ ) @t -1
Z pL — 17 pl
ote also that Q* = —Q!, Q* = —Q2. As |k| < 1, e', e? are the forward propagating modes

and e, e* the backward propagating modes.

7.3. Birefrigence in anisotropic crystals

The only optically isotropic crystal is the cubic crystal. In the system of principal dielectric
axes, the permitivity—permeability tensor of a crystal, which is always a real, symmetric
matrix, can be diagonalized as Ko = diag[e,, €,, €;, 1, 1, 1]. One type of anisotropic crystals
are the uniaxial crystals for which €, = €, = €, # €, = ¢ (if the distinguished direction, the
optic axis, is taken as the z-axis). There exist two distinct dispersion relations for the forward

modes
2 2 2
a0 — P! r— |P3, PitP
A EL €] €
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The backward modes correspond to —2¢, —Q°. The corresponding wavevector surface
consists of a sphere and an ovaloid, a surface of revolution. The former corresponds to
an ordinary wave with a velocity independent of the wavevector, the latter an extraordinary
wave with a velocity depending on the angle between the wavevector and the optic axis [3].

Let d°, d° be the associated eigenvectors. Set K = diag[e,, €, €] and let a” solve the
following symmetric eigenvalue problem:

—p x (K5 'p x a” = (2°)%a°, oc=eo. (54)
Then the eigenvectors d” can be written as

d%v(g%f>, o =eo0. (55)
The same formula applies to the backward modes. Equation (54) has the following solutions:

2 AN
e 0 pitp
a =(_p27p]70)T5 a =<plap27_ lp 2)
3

from which we deduce that the wave is linearly polarized.

7.4. Gyrotropic media: magneto-optical effect

For an isotropic medium [11] in motion or in the presence of a static external magnetic field
H. the permittivity tensor K{ is no longer symmetrical; it is generally a complex Hermitian
matrix. Here, we consider the simplest such constitutive relation

D = ¢E — ig x E, B=H, (56)

where g = fHex, f € R, is the gyration vector. Equivalently, we can write

1 1
E=—5—— (60D+ig xD— —ggTD) .
€y — |g|? €0
In this case, there are two distinct forward dispersion relations [11]

Q! Q?
+ JR— _——

p > g p 5 g
where ¢ = 1/./€y. Clearly, the wave-vector surface consists of two spheres of the same
radius but different centers. This should be contrasted with the case of chiral media for which
the wave-vector surface consists of two concentric spheres of different radii.

The associated eigenvectors d”, 0 = 1, 2 can be written as in (55) with a“ solving (54)
and with

leco s QZZCO

)

€ igs —ig
Kj=|-igs & ig1
ig2 —ig1 €

Let g = g1p| + g2p% + g3p. We can write the three-dimensional vector a° as a° =
pl +y,p7 with

o 2

&= af = =17y (6} + ) + 4653
2(8182 — 1€083)

We see that the wave is in general elliptically polarized or linearly polarized when g is

orthogonal to the wavevector p and circularly polarized when g is parallel to p. Again, the
simplicity of the eigenvalues implies that depolarization is absent in the gyrotropic media.

Yo = s o=1,2.
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8. Conclusion

The main contribution of this work is the derivation of the 2f-RT equations (45), (47) for the
2f-WD in the weak-disorder regime based on the first Wigner—Moyal equation (7). All the
terms in the equations can be explicitly calculated from the materials properties.

Let us turn to the second Wigner—Moyal equation (8) and briefly discuss its implications.
By the same multi-scale expansion, the leading order term from equation (8) is

2(Z)V_V = lijJLV_V + lV_VLpJRJ,
which, along with (14), then implies that the wavenumber p should be restricted to the surface
@ = Q°(p).
Denote the area element of the surface by d€2. Hence the mutual coherence in this regime is
given approximately as

(u(xi, n)ul (xa, 1)) ~ Y / / e eI

o,af

2

where the coherence matrix W? = [ng] satisfies the 2f-RT equations (45) and d<2(p) is the
area element of the surface @ = Q7 (p).

. - +
« / elpT(Xl —X2)/¢ W(;T; (H’ p; @, w/) D¢ (p’ p) dQ (p) do da)/,
®=Q7 (p)
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Appendix A. Derivation of Wigner—Moyal equation

From the Maxwell equations, we have
1 —ipt ty 1
= o / <R, 0, (L ( ; ?) U,) Ul dy
2i —ipt Ly +
:mij,/e pyL(X‘f‘?)U]Uzdy

o / e PVR,L (x + %) U,0,, U} dy

after changing variable and integrating by parts. Using the identity

} ¢ . ¢
R;0,, /e_‘p yL(X+ %)UlUg dy = /e_‘p YR;0,, |:L<X+ %>U1:| U; dy

. L 3
+/e:_1l’TijL(x+7y>U18x_,.U12 dy,

we then obtain

W] 1 inf Ly

W= /e PYR; 9, <L (x+ 7) U]> Ul dy
i —ip! ty il

6(277,')3 ijj / e pyL<X+ E)Ule dy

1 ot Zy 1
+—R;9,, PYL [ x+ — |U, U] dy. A.l
20 //e (X 2) el A

+
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N0y 1 Zip! + Ly
—17W= (27[)3 /e prIVX <U2L<X— ?)> Rj dy

i o + Ey
= —m/e P yU]UzL(X — ?) dyijj
1 _ipt + Ey

By the spectral representation of L we write

1 L Zy R PN Eq
ip'y 4 Qv = iq'x W(p - =
- fe L<x+ 2 >U1U2 dy /e L(q) <p . )dq (A.3)

! —ip! t Lty g\~ -
Py - — = _1 iq'x
2r)3 /e U1U2L<x 5 )dy /W<p+ 5 )L(q)e dq. (A4

Similarly,

Adding or subtracting (A.1) and (A.2) with (A.3)-(A.4) we obtain the Wigner—Moyal
equations.

Appendix B. Derivation of geometrical optics equation

Consider the following term from P> W:
Tr[E"*"TR;0,, [LW5,D”**]] = Tr[E"*"TR;Ld, [ Wg,D”* || + Te[E"*"R; 9, LWy, D" ]
= Tr[E"*"'R;Ld,, WS, D> | + Tr[E"*" TR, LW, 0, D™
+Tr[E*"R 0, LWS, D] (B.1)
The first term on the right-hand side of (B.1) can be calculated as
Tr[E“*V'R;L - 9, Wy, D] = Te[E™*"10,, [p/R,L] 9., Wy, D]
= Tr[e""0,,[e"*' piR,L]d,, Wy, D7** | — Tr[e"" 9, [e"*'] piR, Lo, Wy, D]
= Tr[E"*"10, Q70, W, D" ] + Tr[e™"0, [e"*1][Q" — p;R, L], WS, D"*]

= 8:58¢a80; VpQ© - VXV_ng (B.2)
using the eigenvector property and (10) while the last term on the right-hand side of (B.1) is
Tr [E7'R; 3, LWI D7 ] = 6.,6,.€"* R0, Ld™* W, (B.3)

We turn to the middle term on the right-hand side of (B.1). We have the following calculation:
> T[ETIR, LW, [0, d7d T + A0, 7]
o,a,§
= e TR Lo, d™ W, + Y Tr[e™ 0, [e"*  p,R;LIWg,d"*0,,d** ]
o.a,¢
— > Tr[e""0,e Wy, p,R;Ld"0,,d7*T]
o,a,¢
= e TR Lo, d™ W, + Y Tr[e™ 0, [Q e ¢1|WS,d0, a7
o,a,§
— Z Tr[e”vap,ef’ﬁWg; Q7d>“ 8x,d“’”]

0,0,8
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= > e SIR; LA, d™ W], + Y 9, Q 0, d ¢l W[,
o ¢

+ Y QT — Q)W e a7, d e (B.4)

o,a.¢

The second part in 7, W can be calculated in the same manner. The counterpart of (B.2) yields
exactly the same expression as the right-hand side of (B.2) while the counterparts of (B.3) and
(B.4) yield, respectively,

> Wi dvo, LR;e™

¢
and
> T[ETIWe, [0, d7*d7F + A7, d7¢ |LR;]
o,a,§

=) Wi, d"LRe™ + ) e t1o, d"0, Q" W,
e o

+Y Q- Q)W e 19, d" a7 19, e". (B.5)

o,a,¢

Next let us turn to the first part in ; W:
Z TI‘[ET,EVTPJ. Rj VXL . Vp[Wgsz’ada’ﬁ]]

o,a,¢

= D e IpRVL- VW, 7

+ Y Te[E™ piR 9, LWS, 9, [d*d”¢1]]. (B.6)

o,a.8

The first term on the right-hand side of (B.6) equals
Z 8x,- (Qrer,ET)dr,a 81,/. W;U _ Z ax/ eT,ETlelLdr,ot ap/_ Wofu =V, Q" - A Wg‘}’

while the second term can be calculated as
D0 (@R e W0, [d79d e — D 0, €5 pRLWS, 0, [d7*d™¢ ] e

¢
o,a,¢ o,a,¢
= > €10, d79, Q W, + Y Wi 0, QT9, d" e
o ¢
+Y QIW,0, €70, d7 + D (QF — Q) WS 0, e 17D, d e

o,a.¢

— > W0, € PR, 47 (B.7)

The last term on the right-hand side of (B.7) can be further expressed as
— > W0 € €0, [pRLA ]+ Y W0, e TR Ld"™
o o

= =) W0, Q0 e dm =) Wi Qo e 1o, d
o o

+Y 0, e RLA™ W, (B.8)
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For the second part in ; W, the counterpart of (B.7) yields exactly the same expression as
(B.7) while the counterpart of (B.7) yields

Z 19, d™9, Q W, + Z Wi 0y, Q7 0, d"Te™
a ¢
+ Y Q7 - Q%) W e 1o, a7 a7, e

o,a,¢
+ W/ d"'LR;0, €™ — W[, 0, Q°d 1o, e’

In the final expression, many of the above terms in P, W — P, W cancel. For instance, all the
terms involving (2F — Q7), all the terms involving V_Véf{ 9,927, Wl dp; 2" and all the terms
involving 27 ng, QW] cancel. Using the fact e"® = Ld"“ and some algebra we obtain

THE"""P W] — TH[E"*" TP, W] — V,Q7 - VW[, + V, Q7 - Vi W,
=Y e 1o, d7 9, QW + Y W0, Q70, d" e

o ¢
1 - 1 -
+5 Z 3,5 R;e™ W], — 3 Z e 'R, 0, e"* W],
o [0

1 _ . 1 - 1
*+5 > Wi et R0, e — > > Wi o e R e
3 ¢
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