Fractional Brownian Motions and Enhanced Diffusion in a Unidirectional Wave-like Turbulence

Albert Fannjiang Department of Mathematics, University of California, Davis Tomasz Komorowski Institute of Mathematics, UMCS, Lublin, and Institute of Mathematics, Polish Academy of Sciences, Warsaw October 25, 2000

Abstract We study transport in random undirectional wave-like velocity fields with nonlinear dispersion relations. For this simple model, we have several interesting findings: (1) In the absence of molecular diffusion the entire family of fractional Brownian motions (FBMs), persistent or anti-persistent, can arise in the scaling limit. (2) The infrared cutoff may alter the scaling limit depending on whether the cutoff exceeds certain critical value or not. (3) Small, but nonzero, molecular diffusion can drastically change the scaling limit. As a result, some regimes stay intact; some (persistent) FBM regimes become non-Gaussian and some other FBM regimes become Brownian motions with enhanced diffusion coefficients. Moreover, in the particular regime where the scaling limit is a Brownian motion in the absence of molecular diffusion, the vanishing molecular diffusion limit of the enhanced diffusion coefficient is strictly larger than the diffusion coefficient with zero molecular diffusion. This is the first such example that we are aware of to demonstrate rigorously a nonperturbative effect of vanishing molecular diffusion on turbulent diffusion coefficient.

Keywords Fractional Brownian motions, wave turbulence, convection enhanced diffusion. AMS subject classification Primary 60F05, 76F05, 76R50; Secondary 58F25. Abbreviated title Transport in wave turbulence.

1 Introduction.

Turbulent transport of passive tracer particles is an important problem in fluid dynamics and applied mathematics because of its potential applications to containment transport in the environment (ground water, oceans or the atmosphere). At a theoretical level, it provides a simple mathematical model which can exhibit rich varieties of structures and phenomena.

Let v(t, x) be a given velocity field and let ρ(t, x) be the concentration of particles at time t, satisfying the advection-diffusion equation ∂ρ/∂t + ∇ · [V(t, x)ρ] = DΔρ, ρ(t = 0, x) = ρ_0(x), (1) where D ≥ 0 is the molecular diffusivity. The concentration ρ(t, x) can be solved for from Eq. (1) as ρ(t, x) = ∫ G(t, x, y)ρ_0(y)dy where G(t, x, y) is the transition probability density of finding, at time t, the particle at point x, given that the particle is released at y at time 0. We study the particle’s sample path x(t) which satisfies the Ito stochastic differential equation dx(t) = V(t, x(t))dt + √ 2Ddw(t), x(0) = x_0, (2)

where w(t) is the standard Brownian motion. The velocity field V(t, x) is assumed to be a timestationary, space-homogeneous random vector field. The primary object of investigation is the limiting law, as ε → 0, of the scaling transformation εx(t/ε^{2δ}) (3) for some appropriate δ > 0.

In the previous papers [10, 11], we considered turbulent transport in an isotropic Ornstein- Uhlenbeck velocity field V with the correlation function R_{ij} (t, x) given by R_{ij} (x, t) = ∫ R^d ρ(|k|^{2β}t) cos (k · x)E(k) ( δ_{ij} − k_ik_j |k|^{−2} ) |k|^{1−d}dk, d ≥ 2 (4) where ρ(|k|^{2β}t) = exp (−|k|^{2β}t), β > 0 (5) is the time correlation function and

E(k) = a(|k|)|k|^{1−2α}, (6) is the power spectrum of the velocity field. A nonnegative function a(|k|) appearing in the power spectrum above represents cutoffs (infrared or ultraviolet) necessary for ^R_{ij} (k, t) to be integrable in k. In particular, an ultraviolet cutoff is needed for α < 1. That is, for α < 1, a(|k|) has a compact support in wave numbers and is supported, say in [0, K_0], K_0 < ∞. When there is no infrared cutoff, we have a(0) > 0.

In the weak coupling limit (see [10], [11]), we showed that the displacement x(t) converges weakly to fractional Brownian motions (FBMs) in the region defined by α + β > 1 as a result of long-range correlation. Interestingly, these fractional Brownian motions are invariably persistent in the sense that their Hurst exponent H ranges between 1/2 and 1. H = 1/2 corresponds to a Brownian motion (BM) limit; H = 1 corresponds to a regular motion. Anti-persistent FBMs (0 ≤ H < 1/2) do not occur in the scaling limit for these Ornstein-Uhlenbeck velocity fields. In contrast to Brownian motion, which is a Gaussian Markov process, FBMs are Gaussian but not Markovian. The limit density ρ̄(t, x) satisfies an integrodifferential equation which, in the persistent case H ∈ (1/2, 1), takes the form ∂ ∂t ρ̄(t, x) = Γ^{−1}(2H − 1) ∫_t 0 (t − s)^{2H−2}D^∗Δρ̄(s, x) ds, ρ̄(0, x) = ρ_0(x) (7) and, in the antipersistent case H ∈ (0, 1/2), takes the form Γ^{−1}(−2H + 1) ∫_t 0 (t − s)^{−2H} ∂ ∂s ρ̄(s, x) ds = D^∗Δρ̄(t, x), ρ̄(0, x) = ρ_0(x). (8) Here Γ(h) is the Gamma function. Note that the integral kernels in both equations are integrable functions for the respective range of H. In contrast to (1), (8) and (7) are nonlocal in time.

The weak coupling limit weakens and discounts the spatial variation of the velocity field, so it is simpler to study than the original problem. As a result, the results are insensitive to the compressibility of the velocity field (cf. [19]). Nevertheless, besides interesting on its own right, the results for the weak coupling limit are believed to hold for the usual scaling limit in a substantial range of parameters α, β of the above Ornstein-Uhlenbeck flows.

Decaying temporal correlation, such as (5), is more typical of hydrodynamic turbulence, whereas oscillating temporal correlation is often present in wave turbulence ([28]). In the present paper, we consider Gaussian velocity fields with an oscillating time correlation function ρ(|k|^{2β}t) = cos (Ω(|k|)t) (9) with a non-linear dispersion relation Ω(|k|) = |k|^{2β}, β ≥ 0. (10)

Such flows are a superposition of random waves propagating at different phase speeds determined by the non-linear dispersion relation (10) and they arises in many practical situations related to wave turbulence (see, e.g., [28]). When 2β = 1, there is no dispersion; when 2β > 1, short waves travel faster than long waves; when 2β < 1, long waves travel faster. β > 0 because typically shorter waves have higher frequencies.

Since the transport problem for such flows is considerably more difficult to study than that for the Ornstein-Uhlenbeck flows, a good starting point is to consider the unidirectional flows V(t, x) = (0, V (t, x)), x = (x, y) ∈ R^2 with the same power spectrum E(k) = a(k)|k|^{2α−1}, a(0) > 0 α < 1. (11) In other words, the two-point co-variance function of the Gaussian velocity field V (t, x) is given by

R(t, x) = E [V (t, x)V (0, 0)] = ∫ R cos (kx) cos (t|k|^{2β}) a(|k|) |k|^{2α−1} dk. (12) The triplet of its underlying probability space is denoted by (Ω, V, P ). The equation of motion (2) is then simplified to dx(t) = √ 2Ddw_1(t), D ≥ 0 dy(t) = V (t, x(t))dt + √ 2Ddw_2(t) x(0) = 0, y(0) = 0.

(13)

Here (w_1(t), w_2(t)), t ≥ 0 is a certain two dimensional standard Brownian motion given over the probability space (Σ, W, Q). The corresponding mathematical expectation shall be denoted by M.

Our objective is to obtain the complete information of the scaling limit, in particular, to characterize precisely the fractional Brownian motion limit, in contrast to those arising in the Ornstein- Uhlenbeck flows, and to study rigorously the subtle effect of (vanishing) molecular diffusion, in particular the phenomenon of convection-enhanced diffusion (see, for example, [25], [6], [7], [18], [20], [12], [13], [23], [22],[5] and references therein).

As remarked before, all but one regime in the unidirectional case are fully expected to carry over to the weak coupling limit in the isotropic case with (9) and (6) (see more discussion on this below). More differences are expected to occur in the isotropic case for the original scaling limit (3). The techniques for the isotropic case, however, are different and will be presented elsewhere. The unidirectional case for the Ornstein-Uhlenbeck flows with an additional infrared cutoff has been studied thoroughly in [3] and [29]. The differences between this case and the isotropic case for the original scaling limit (3) can be found in [8].

System (13) can be solved explicitly and we obtain then that x(t) = √ 2Dw_1(t) and y(t) = t∫ 0 V (s, √ 2Dw_1(s))ds + √ 2Dw_2(t). (14)

We ask: what is the appropriate choice of the parameter δ (depending on α, β) in the scaling transformation y_{ε,δ}(t) := εy(t/ε^{2δ}), δ > 0. (15) such that the processes y_{ε,δ}(t) are weakly convergent as stochastic processes with continuous trajectories, as ε ↓ 0? And what is the limit probability law, if exists? It turns out the limit process is a fractional Brownian motion uniquely characterized by its Hurst exponent H ∈ [0, 1] which is normally related to δ by H = 1/(2δ), (16) a dimensionally correct equation.

We summarize the results in several diagrams (Figure 1, 2 and 3) and briefly discuss them as follows.

Figure 1 corresponds to the case of D = 0 (see Section 2 for details). We show that the whole family of FBMs (persistent or anti-persistent) can be the scaling limit of turbulent transport. The persistent FBMs for α + β > 1 are due to long-range correlation of the velocity field and, consequently, the transport does not feel the oscillation in the time correlation function of the velocity, so they are the same as those arising in Ornstein-Uhlenbeck velocity fields (isotropic or not) [11]. The anti-persistent FBMs for α+β > 1, absent in Ornstein-Uhlenbeck velocity fields, are due to the oscillation in the time correlation function (9), which tends to slow down the transport. In particular, for α + 2β < 1, the limit is a bounded motion corresponding to H = 0.

The FBM scaling law is non-Markovian and may be altered if an additional infrared cutoff exceeds certain critical power of the scaling factor ε. We discuss this effect of infrared cutoff briefly in Section 3.

Next, we discuss the effect of molecular diffusion. Figure 2 corresponds to this case (see Section 4). The effect of molecular diffusion is significant: it wipes out the anti-persistent FBM regime completely as well as part of the persistent FBM regime; it also changes the functional form of the Hurst exponent in another part (0 < α < 1, β > 1) of the persistent FBM regime (Note that

(α + 1)/2 < (α + 2β − 1)/(2β) in this region). It should be noted, however, one part of the the BM regime defined by α < 0 is part of the general homogenization theorem which is valid for any (isotropic or not, time dependent or not) space-homogeneous flows possessing space-homogeneous stream functions [9]; whereas the other part of the BM regime (defined by α + β < 1) is also valid for the Ornstein-Uhlenbeck velocity fields (isotropic or not) [10]. In the regime defined by 0 < α < 1, β > 1, the scaling limit is not a pure FBM, but rather a composite FBM resulting from the additional randomness of molecular diffusion (see Section 4). The composite FBM is neither Markovian nor Gaussian, thus indicative of some intermittency in transport. It is a scenario of intermittency in which the particle constantly switches among different states of motion (in this case, FBMs with different unit-time variances). Although this scenario in our case is due to the anisotropy of the shear flow, random mixture of Gaussian distributions as a result of molecular diffusion is a general theme of passive scalar intermittency (see [21]).

Finally, we consider the singular limit of vanishing molecular diffusion. Figure 3 summarizes the asymptotics as D → 0. The focus is on the BM regime (α + β < 1 or α < 0) of Figure 2. An important feature is the presence of a convection-enhanced diffusion with the effective diffusivity D^∗ much larger than the molecular diffusivity D. Specifically, the effective diffusivity D^∗ is related to D via a power-law

D^∗ ∼ D^p, p = (1 − α − β)/(β − 1), as D → 0 (17)

for α + 2β > 2, α < 0. In this regime, the range of the power p is [−1, 1], the fullest possible in any case (see [18], [12],[13] and the references therein ). p lies between 0 and 1 in the region that overlaps with the anti-persistent FBM regime of Figure 1; whereas p lies between −1 and 0 in the region that overlaps with the persistent FBM regime of Figure 1. That means that antipersistent as well persistent FBMs regimes in Figure 1 can enhance turbulent diffusion.

To further understand the effect of vanishing molecular diffusion, it is particularly instructive to compare the turbulent diffusivities for the two cases D = 0 and D → 0 for α + β = 1 where the exponent p in (17) is zero (cf. (28), (68)):

D^∗ = 2a(0) ∫_∞ 0 1 − cos (k^{2β}) k^{2α+4β−1} dk, for D = 0 (18)

D^∗ ∼ 2a(0) ∫_∞ 0 dk k^{2α−3}(k^4 + k^{4β})

, for D → 0. (19)

Both depend on the square intensity of the zero mode in the power spectrum of the velocity field, so they may be sensitive to an additional infrared cutoff. The normalized effective diffusivities

D^∗/a(0) are plotted in Figure 4. Both the effective diffusivities corresponding to Eq. (19) and Eq. (18) decrease as α decreases, but the former decreases much faster than the latter. Several remarks are in order.

For the sake of discussion, let us write the dependence on D explicitly and denote by D^∗(D) the effective diffusivity when the molecular diffusion is D. Destructive interference in the sense that D^∗(D) < D^∗(0) for small D > 0 has been predicted in [25] on the basis that the presence of molecular diffusion tends to decrease the Lagrangian correlation in velocity (see also [7]). As rightly pointed out in [22] and [5] while this may be true for flows with strictly decaying time correlation functions such as (5) it may be false if the time correlation function is oscillatory. What is striking here is that the effective diffusivity D^∗(D) is nonperturbative with respect to D in the sense that lim_{D→0} D^∗(D) > D^∗(0).

As shown in Figure 4, lim_{D→0} D^∗(D)/a(0) is nearly 10 times as large as the D^∗(0)/a(0) for α near zero. This is the first such example that we are aware of to demonstrate rigorously a nonperturbative effect of molecular diffusion on turbulent diffusion coefficient.

2 D = 0

Let W_0(dk), W_1(dk) be two independent, identically distributed Gaussian white-noise field in k ∈ R. Then the following Gaussian random fields W_0(t, x, dk) := cos(t|k|^{2β} + kx)W_0(dk) + sin(t|k|^{2β} + kx)W_1(dk) (20) W_1(t, x, dk) := − sin(t|k|^{2β} + kx)W_0(dk) + cos(t|k|^{2β} + kx)W_1(dk) (21) are also independent and identically distributed. We have the spectral representation for V (see e.g. [24]): V (t, x) = ∫ R a^{1/2}(|k|) |k|^{α−1/2} W_0(t, x, dk). (22) In the absence of molecular diffusion, we have y_{ε,δ}(t) = ε ∫_{t/ε}2δ 0 V (s, 0)ds (23) and E(y_{ε,δ}(t))^2 = ε^2 ∫_{t/ε}2δ 0 ∫_{t/ε}2δ 0 R(s − s^′, 0) ds^′ ds = 4ε^2 ∫_∞ 0 a(|k|) |k|^{2α+4β−1} ( 1 − cos (t|k|^{2β}ε^{−2δ}) ) dk (24)

For α + 2β < 1, the above integral is convergent, so E(y_{ε,δ}(t))^2 = O(ε^2) for all δ > 0. That is,

E(y(t/ε^{2δ}))^2 = O(1) uniform in ε > 0, δ > 0, t > 0. (25)

This is what we call a recycling motion. For α + 2β > 1, the integral becomes, after the change of variable k = ξε^{δ/β},

E(y_{ε,δ}(t))^2 = 4ε^2ε^{−2δ(α+2β−1)/β} ∫_∞ 0 a(ξε^{δ/β}) ξ^{2α+4β−1} ( 1 − cos (tξ^{2β}) ) dξ. (26) Note that the integral is convergent at ξ = ∞ for α + 2β > 1 and at ξ = 0 for α < 1. Thus we have, by choosing δ = β α + 2β − 1 , that

E(y_{ε,δ}(t))^2 ∼ 4a(0) ∫_∞ 0 4a(0) ∫_∞ 0 k^{1−2α−4β} ( 1 − cos (k^{2β}) ) dk t^{(α+2β−1)/β} (27) after another change of variable ξ = kt^{−1/(2β)}. Since, by definition (23), y_{ε,δ}(t) is a Gaussian process with stationary increments, the calculation (27) is sufficient for us to conclude

Theorem 1 Suppose D = 0. Then, for α + 2β > 1, y_{ε,δ}(t) with δ = β α + 2β − 1 converges weakly to a fractional Brownian motion with the Hurst exponent H = 1/(2δ) and the variance 2D^∗ at time 1 given by

2D^∗ = 4a(0) ∫_∞ 0 k^{1−2α−4β} ( 1 − cos (k^{2β}) ) dk. (28) In particular, the limiting fractional Brownian motion is persistent for α + β > 1 and is antipersistent for α + β < 1. For α + 2β ≤ 1, the limit is a fractional Brownian motion with H = 0 for any δ > 0.

3 Effect of infrared cutoff

Since the fractional Brownian motion limit is often the result of low wave numbers, it is natural to consider the effect of an infrared cutoff which is taken to be ε^γ, γ > 0. For simplicity of discussion, we assume that a(k) is the characteristic function of the interval [ε^γ, K_0] times a constant a(0) where ε^γ , γ > 0, describes an (vanishing) infrared cutoff. By tracing the calculation in the previous section, it is easy to see that for α + 2β < 1, y_{ε,δ}(t) converges weakly to the FBM with H = 0 for all γ > 0. For α + 2β ≥ 1, however, the answer is different. Eq. (26) now becomes

E(y_{ε,δ}(t))^2 = 4a(0)ε^2ε^{2δβ/(1−α−2β)} ∫_{K0ε}−δ/β ε^{γ−δ/β} ξ^{1−2α−4β} ( 1 − cos (tξ^{2β}) ) dξ. (29) If γ > 1 α + 2β − 1

(30) then, for δ = β/(α + 2β − 1), we have γ − δ/β > 0 and the rest of calculation in the previous section follows through and Theorem 1 remains valid. If (30) is violated, then the scaling limit may not exist! In summary, Theorem 1 holds for any infrared cutoff ε^γ in the power spectrum of V with

γ > max (0, (α + 2β − 1)^{−1}).

4 D > 0

First we need some preparation before stating the main results for this case. Let F be the canonical Wiener measure defined on the space (X , B(X )) where X = C[0, +∞) and B is its Borel-σ algebra. For any w ∈ X we set

r_w(k, s, t) = t∫ 0 s∫ 0 cos(k(w(u) − w(u^′)))du du^′ ∀t, s ≥ 0. (31)

Proposition 1 For F almost all w ∈ X , r_w satisfies ∫ R r^2_w(k, s, t)(1 + k^2)^rdk < +∞, ∀0 ≤ r < 3/2, s, t ≥ 0. (32)

By Proposition 1, the random function

R_w(s, t) := a(0) ∫ R r_w(k, s, t) dk |k|^{2α−1} , s, t ≥ 0 (33)

is well defined for any α > 0 since we can choose r > 3/2−2α. Below we list a number of properties of R_w.

Proposition 2 1) (Hölder continuity) R_w(t, s), t, s ≥ 0 is Hölder continuous and positiove definite for F almost all w ∈ X .

2) (Self similarity) The law of R_w(λt, λs) and that of λ^{2H} R_w(t, s) are identical for any λ > 0..

3) (Stationary increments in the mean) The law of R_w(t + h, s + h) + R_w(h, h) − (R_w(t + h, h) + R(h, s + h)), s, t, h ≥ 0 (34) is independent of h and the law of R_w(t, t) is identical to that of D^∗(w)t^{α+1} where D^∗ is given by

D^∗(w) = C_αa(0)D^{α−1 1} ∫ 0 (_s ∫ 0 |w(s^′)|^{2(α−1)}ds^′ ) ds, when α >^1_2 , C_αa(0)D^{α−1} ∫ R (φ(x, w) − φ(0, w))|x|^{2(α−1)}dx, when α <^1_2 , C_αa(0)D^{−1/2}φ(0, w), when α =^1_2

(35)

where C_α is a constant depending on α and the function φ(·, w) in (35) is Hölder continuous with any exponent less than 1, defined via its Fourier transform φ̂

φ̂(k, w) := | | | | | 1∫ 0 ei^{kw(s)}ds | | | | | 2 ∀k ∈ R, w ∈ X . (36)

Propositions 1 and 2 are proved in Section 4.4. By Proposition 2 we can define, for F almost all w ∈ X , a unique (random) Gaussian measure Q_w on (X , B(X )) corresponding to the covariance function R_w. The canonical processes y(t, ω), t ≥ 0, ω ∈ X associated with the measures Q_w need not have stationary increments, although on average they do as stated in Part 3) of Proposition 2. Moreover, (random) mean square displacement ∫ (y(t) − y(s))^2Q_w(dy), ∀t, s ≥ 0 has the same distribution as D^∗(w)(t − s)^{(1+α)}, resembling that of a fractional Brownian motion with the Hurst exponent H = (1 + α)/2 and 2D^∗(w) as the variance at time 1. So we call it a local fractional Brownian motion (LFBM). Our main results are stated in the following theorem.

Theorem 2 1) Let α + β < 1, or α < 0. Then δ = 1 and the weak limit of (15) is a Brownian motion with the diffusion coefficient

D^∗ = D + D ∫ R a(|k|) |k|^{2α−3}(D^2k^4 + |k|^{4β}) dk. (37)

2) Let α + β > 1, β < 1 and 0 < α < 1. Then δ = β α + 2β − 1

(38)

and the limit of (15) is a persistent FBM with the variance at time 1

2D^∗ = 4a(0) ∫_∞ 0 k^{1−2α−4β} ( 1 − cos (k^{2β}) ) dk. (39) and the Hurst exponent 1/2 < H = 1/(2δ) < 1.

3) Let α + β > 1, β > 1 and 0 < α < 1. Then δ = 1/(α + 1), the limit of (15) is the measure Q(A) = ∫ Q_w(A)F (dw), A ∈ B(X ) (40) where Q_w is the law of a local FBM defined above. The measure Q is self similar with the Hurst exponent H = (α + 1)/2 and the associated process has stationary increments.

The canonical process associated with Q in (40) is called a composite fractional Brownian motion because it is a random mixture of LFBMs with different covariance functions but the same Hurst exponent. It is a H-sssi process in the terminology of [26] with a well-defined exponent H = (α + 1)/2. It should be noted, however, that composite FBMs are not Gaussian.

In the following proof, C and C^′ denote generic constants independent of the scaling factor ε and wave number k.

4.1 Proof of Part 1) - the homogenization regime For the proof of 1) we adopt a martingale technique (see [16] for general reference and [9] in the homogenization context).

We first define the non-stationary corrector field by the stochastic integral χ(t, x) := ∫ R a^{1/2}(|k|)|k|^{2β} (|k|^{4β} + D^2k^4)|k|^{α−1/2} [W_1(dk) − W_1(t, x, dk)]

− ∫ R a^{1/2}(|k|)D|k|^2 (|k|^{4β} + D^2k^4)|k|^{α−1/2} [−W_0(dk) + W_0(t, x, dk)] . (41)

The corrector field has a finite second moment

E(χ(t, x))^2 = ∫ R 2a(|k|)[1 − cos (t|k|^{2β} + kx)]dk (|k|^{4β} + D^2k^4)|k|^{2α−1}

< +∞ (42) for α < 0 or α + 2β < 2, including the region defined by α < 0 or α + β < 1.

The corrector field is, however, non-stationary since the integral in (42) depends on x. Its

gradient, (∂_tχ, ∂_xχ) is of mean zero and stationary with finite second mement E [ |∂_tχ(t, x)|^2 + D^2|∂_xχ(t, x)|^2 ] = ∫ R a(|k|)dk |k|^{2α−1} < +∞, ∀α < 1, independent of x. The utility of the corrector field in (47) is related to the corrector equation ∂_tχ(t, x) + D∂^2_xχ(t, x) = V (t, x) (43) for almost all realizations of V and χ. We need the following result.

Proposition 3 Let α < 0 or α + β < 1. Then,

lim_{ε↓0} P [ sup_{CK} ε | | |χ ( t ε^2 , x ε )| | | ≥ η ] = 0, ∀K, η > 0. (44) Here C_K := {(t, x) : √ |t|, |x| ≤ K}. Proof. It is straightforward to check that

σ^2_ε : = sup_{CK} ε^2E | |χ( t ε^2 , x ε ) | |^2

= ε^2 ∫ R a(|k|)[1 − cos(tε^{−2}k^{2β} + ε^{−1}xk)] [k^{4β} + D^2k^4]k^{2α−1} dk

≤ Cε^{2ρ}, with ρ = min [1, (1 − α − β)/β], for β ≤ 1, α + β < 1 −α, for α < 0, β > 1. (45)

as ε → 0.

To finish the proof of the lemma we use the Borell-Fernique-Talagrand estimate ([2], Theorem

5.2, p. 120) to estimate the extremal behavior of a Gaussian field from its mean-square behavior.

First note that

d_ε((t, x), (s, y)) : = ε { E | | |χ ( t ε^2 , x ε ) − χ ( s ε^2 , y ε )| | | 2}_{1/2}

= ε ∫ R a(|k|)[1 − cos((t − s)ε^{−2}k^{2β} + (x − y)ε^{−1}k)] [k^{4β} + D^2k^4]k^{2α−1} dk 1/2 (46)

defines a family of metrics on the space C_K by the law of εχ (_t ε^2 , x ε ) . The proof of (45) shows that

the diameter of the space C_K with respect to the metric d_ε is less than or equal to Cε^ρ for a certain

ρ > 0. By (46), we also know d_ε((t, x), (s, y)) ≤ C[|x − y| + ε^{−1}|t − s|] ∀(t, x), (s, y) ∈ C_K .

Thus, the minimal number N_ε(r) of d-balls with radius r needed to cover C_K , satisfies N_ε(r) ≤

Cr^{−M} , for some constants C, M > 0 independent of r and ε. Thus by [2] (Theorem 5.2, p. 120)

we have P [ sup_{CK} ε | | |χ ( t ε^2 , x ε )| | | ≥ η ] ≤ Cη^{M+1} exp { − η^2 8σ^2_ε }

which vanishes in view of (45)._□

By (14), (43) and the Ito formula we obtain εχ ( t ε^2 , √ 2Dεw_1 ( t ε^2 )) − εχ(0, 0) + εy ( t ε^2 ) (47)

= ε √ 2D t/ε^2∫

0 ∂_xχ(s, √ 2Dw_1(s))dw_1(s) + √ 2Dεw_2 ( t ε^2 ) .

Proposition 3 implies that

lim_{ε↓0} P ⊗ Q [ sup 0≤t≤T ε | | |χ ( t ε^2 , √ 2Dεw_1 ( t ε^2 ))| | | > η ] = 0, ∀T, η > 0, so that εy(t/ε^2) is approximately a martingale, given by the right hand side of (47), which has the

quadratic variation 2Dε^2 t/ε^2∫

0 (∂_xχ)^2(s, √ 2Dw_1(s))ds + 2Dt. (48)

By a standard result (see, e.g., [9], Proposition 1) we know that the process ∂_xχ(t, √ 2Dw_1(t)), is

stationary and ergodic over the product probability space (Ω ⊗ Σ, V ⊗ W, P ⊗ Q). Therefore, with

probability one (48) tends to, as ε → 0, 2Dt ( 1 + E (∂_xχ)^2 ) = 2D^∗t, with D^∗ given by (37). The martingale invariance principle [17] then implies that (47) tends weakly

as ε ↓ 0 to a Brownian motion with diffusion coefficient given by (37). This completes the proof of

Part 1) of Theorem 2_□

4.2 Proof of Part 2)

Tightness. Let δ be as stated in the theorem. We first show that for H = 1/(2δ) and any T > 0,

r ∈ (0, 1)

lim_{ε↓0} T∫ 0 T∫ 0 ME[y_{ε,δ}(t) − y_{ε,δ}(s)]^2 |t − s|^{2H+r} dt ds = C < +∞, ∀0 ≤ s ≤ t ≤ T. (49)

Since H > 1/2 throughout this regime, (49) and Corollary 2.1.4 of [27] then imply that

lim_{ϱ↓0} lim sup_{ε↓0} P ( sup_{0≤s≤t≤T} t−s<ϱ |y_{ε,δ}(t) − y_{ε,δ}(s)| ≥ h) = 0, ∀h > 0

and the tightness of the laws of y_{ε,δ}(t), t ≥ 0 for 0 < ε ≤ 1 in X follows from Theorem 1.3.2 of [27].

Note that ME[y_{ε,δ}(t) − y_{ε,δ}(s)]^2 = ME y^2_{ε,δ}(|t − s|). (50)

Without loss of generality for our calcultion we set s = 0. We have

ME y^2_{ε,δ}(t) = 2ε^2 √ 2π t/ε^{2δ}∫

0 s∫ 0 ∫ R R(s^′, √ 2Ds^′u)e^{−u2/2}ds ds^′ du

= 2ε^{2(1−δ)} √ 2π t∫ 0 s/ε^{2δ}∫

0 ∫ R ∫ R a(|k|) cos(|k|^{2β}s^′) cos(k √ 2Ds^′u) |k|^{2α−1} e^{−u2/2}ds ds^′ du dk

= 2ε^{2+2(1−α−2β)δ/β} t∫ 0 ∫ R a(ε^{δ/β}|ξ|) (D^2ξ^4ε^{4(1/β−1)} + |ξ|^{4β})|ξ|^{2α−1} { Dξ^2ε^{2(1/β−1)} [ 1 − e^{−Dε2(1/β−1)ξ2s} cos(|ξ|^{2β}s) ]

+|ξ|^{2β} sin(|ξ|^{2β}s)e^{−Dε2(1/β−1)ξ2s} } ds dξ. (51) Since 1/β − 1 > 0, (49) has the same asymptotic as 2 T∫ 0 T∫ 0

|t−s|∫

0 ∫ R a(ε^{δ/β}|ξ|) |ξ|^{4β}|ξ|^{2α−1} |ξ|^{2β} sin(|ξ|^{2β}s^′) ds^′ dξ ds dt |t − s|^{2H+r}

∼ 4a(0) T∫ 0 T∫ 0 |t − s|^{−r} ds dt ∫_∞ 0 ξ^{1−2α−4β}(1 − cos (ξ^{2β}))dξ.

The corresponding result for D = 0 remains therefore unchanged.

Convergence of finite dimensional distributions. Since εw_2(t/ε^{2δ}) tends to zero for δ < 1, it suffices to show that finite dimensional distributions of the process

Z_ε(t) := ε t/ε^{2δ}∫

0 V (s, √ 2Dw_1(s))ds, t ≥ 0 (52)

converge weakly to a Gaussian process Z_t, t ≥ 0 with stationary increments, zero mean and the variance 2D^∗t^{2H} at time t. Let us choose arbitrary ξ_1, · · · , ξ_n ∈ R, 0 ≤ t_1 ≤ · · · ≤ t_n and set Y := ξ_1Z_ε(t_1) + · · · + ξ_nZ_ε(t_n). The r.v. Y conditioned on F is Gaussian, thus

MEei^Y = M exp (− 1 2 EY^2). (53)

The term EY^2 can be expressed as a sum of products ξ_iξ_jE[Z_ε(t_i)Z_ε(t_j)]. Now we need to prove the convergence

E[Z_ε(t_i)Z_ε(t_j )] → D^∗ 2 [t^{2H}_i + t^{2H}_j − (t_j − t_i)^{2H} ] as ε ↓ 0, (54)

which corresponds to the covariance function of a FBM with the Hurst exponent H and the unittime variance 2D^∗. For this we observe that

E[Z_ε(t_i)Z_ε(t_j)]

= ε^{2(1−2δ)} t_i∫

0 t_j∫

0 R ( s − s^′ ε^{2δ} , √ D [ w_1 ( s ε^{2δ} ) − w_1 ( s^′ ε^{2δ} )]) dsds^′

= ε^{2+2(1−α−2β)δ/β} t_i∫

0 t_j∫

0 ∫ R a(ε^{δ/β}|k|) |k|^{2α−1} cos(|k|^{2β}(s − s^′)) cos( √ 2Dε^{δ(1/β−1)}(w^ε_1(s) − w^ε_1(s^′)))dsds^′dk with w^ε_1(t) := ε^δw_1(t/ε^{2δ}). Passing to the limit ε ↓ 0, we obtain

lim_{ε→0} ξ_iξ_j E[Z_ε(t_i)Z_ε(t_j )] = a(0) t_i∫

0 t_j∫

0 ∫ R cos(|k|^{2β}(s − s^′)) |k|^{2α−1} dsds^′dk

= D^∗ 2 [t^{2H}_i + t^{2H}_j − (t_j − t_i)^{2H} ] (55)

with H = (α + 2β − 1)/(2β) and D^∗ given by (39).

4.3 Proof of Part 3) - composite FBM

Tightness. Using the same argument as in the relevant part of the proof of Part 2) it is sufficient to show that for any T > 0 there exists C > 0 such that for any T > 0 and r ∈ (0, 1) and we have

lim_{ε↓0} T∫ 0 T∫ 0 ME y^2_{ε,δ}(|t − s|) |t − s|^{2H+r} ds dt = C < +∞, (56) for H > 1/2. Repeating the relevant calculations from Part 2) we find

ME y^2_{ε,δ}(t) = 2ε^{2[1−(1+α)δ]} t∫ 0 ∫ R a(ε^δ|ξ|)dξ [D^2ξ^4 + ε^{4(β−1)δ}|ξ|^{4β}]|ξ|^{2α−1}

× (57) { Dξ^2 [ 1 − e^{−Dξ2s} cos(ε^{2(β−1)δ}|ξ|^{2β}s) ] + ε^{2(β−1)δ}|ξ|^{2β} sin(ε^{2(β−1)δ}|ξ|^{2β}s)e^{−Dξ2s} } dsdξ. Using δ = 1/(α + 1), β > 1, and the Lebesgue dominated convergence theorem, we obtain in the limit ε → 0 that

lim_{ε→0} T∫ 0 T∫ 0 ME y^2_{ε,δ}(|t − s|) |t − s|^{2H+r} ds dt =

2a(0)D^{−1+α} T∫ 0 T∫ 0 |t − s|^{−r} ds dt ∫ R ( 1 − k^{−2}(1 − e^{−k2} ) ) dk |k|^{2α+1} . (58)

Note that (58) is a convergent integral for 0 < α < 1. In view of (58), we take H = (1 + α)/2.

Convergence of finite dimensional distributions. By the invariance of a Brownian motion under the scaling ε^δw_1(t/ε^{2δ}) we have that

MEf_1(y_{ε,δ}(t_1)) · · · f_n(y_{ε,δ}(t_n)) = ∫ F (dw) ∫ · · · ∫ f̂_1(ξ_1) · · · f̂_n(ξ_n) exp − 1 2 n∑ i,j=1 R_{ε,w}(t_j, t_i)ξ_iξ_j dξ^1 · · · dξ^n where f̂_1, · · · , f̂_n are the Fourier transforms of any f_1, · · · , f_n ∈ C^∞_0 (R) and

R_{ε,w}(s, t) := ε^2 s/ε^{2δ}∫

0 t/ε^{2δ}∫

0 E [ V (u, w(u))V (u^′, w(u^′)) ] du du^′, defined for any fixed w ∈ X . We show

Proposition 4 Let 0 < α <, β > 1. Then

lim_{ε↓0} ∫ |R_{ε,w}(s, t) − R_w(s, t)| F (dw) = 0, (59) with R_w defined by (33).

Proof. The left hand side of (59) is less than or equal to ∫ R dk |k|^{2α−1} ∫ | | | | t∫ 0 s∫ 0 cos(k(w(u) − w(u^′))) [ a(0) − a(ε^δ|k|) cos(ε^{2(β−1)}|k|^{2β}(u − u^′)) ] | | | | F (dw). (60) As an integral on the k space, the above expression has an integrand that converges pointwise to 0 for β > 1. The integrand of the k integral in (60) can be bounded by C|k|^{1−2α}/(1 + k^2) which is integrable for 0 < α < 1. The proposition now follows by the Lebesgue dominated convergence theorem_□

Self-similarity and stationarity of the canonical process associated with the limiting measure follow from Parts 2) and 3) of Proposition 2.

4.4 Proof of Propositions 1 and 2. Proof of Proposition 1. Notice that r_w(k, t, s) = Re t∫ 0 s∫ 0 ei^{k(w(u)−w(u′))}du du^′ and, hence, r^2_w(k, t, s) ≤ | | | | | t∫ 0 ei^{kw(u)}du | | | | | 2 | | | | | s∫ 0 ei^{kw(u)}du | | | | | 2 . (61)

We also have ∫ | | | | t∫ 0 ei^{kw(u)}du | | | | 4 F (dw) ≤ CT^2 ( t k^2 + 1

)_2 . (62)

From (61), (62) and Jensen’s inequality, we know that ∫ r^2_w(k, s, t)(1 + k^2)^rF (dw)

is integrable in k for 0 ≤ r < 3/2 and, hence, the proposition._□

Proof of Part 1), Proposition 2. We have ∫ (R_w(s, t) − R_w(s, t^′))^{2q}F (dw) (63)

≤ C ∫ ∫ |k|≤1 (r_w(k, s, t) − r_w(k, s, t^′)) |k|^{2α−1} dk 2q F (dw)

+C ∫ ∫ |k|>1 (r_w(k, s, t) − r_w(k, s, t^′)) |k|^{2α−1} dk 2q F (dw).

Since |r_w(k, t, s) − r_w(k, t^′, s)| ≤ |t − t^′|s, the first integral can be bounded by

|t − t^′|^{2q}s^{2q} ∫ |k|≤1 dk |k|^{2α−1} 2q

which is finite for α < 1. Using the Jensen inequality for the integral with respect to the finite

measure 1_{|k|≥1}dk/|k|^{2α+1}, the second term can be bounded by C ∫ |k|>1 |k|^{4q} |k|^{2α+1} (∫ |r_w(k, s, t) − r_w(k, s, t^′)|^{2q}F (dw) ) dk

≤ C^′s^q|t − t^′|^q ∫ |k|>1 1 |k|^{2α+1} dk

which is finite for α > 0.

Similarly, we can show that ∫ (R_w(s, t) − R_w(s^′, t^′))^{2q}F (dw) ≤ C(|t − t^′|^q + |s − s^′|^q) ∀0 ≤ s ≤ S, 0 ≤ t ≤ T which guarantees the existence of Hölder continuous modification of R_w (see [1], Theorem 3.2.5 and its Corollary).

Positive definiteness of R_w is obvious.

Part 2), Proposition 2. From (31) we have r_w(k, λs, λt) and λ^2r_w(k √ λ, s, t) are identically distributed. Thus, R_w(λs, λt) = a(0)λ^2 ∫ R r_w( √ λk, s, t) dk |k|^{2α−1} = a(0)λ^{α+1} ∫ R r_w(ξ, s, t) dξ |ξ|^{2α−1} (64)

after a change of variable ξ = √ λk. Part 3), Proposition 2. By (31) and (33) (34) can be written as t+h∫ h s+h∫ h cos(k(w(u) − w(u^′))du du^′

whose law is independent of h since w(u) has stationary increments.

We also know that R_w(t, t) and D^∗(w)t^{2H} are identically distributed with

D^∗(w) := R_w(1, 1)

= a(0) ∫ R 1 |k|^{2α−1} 1∫ 0 1∫ 0 cos(k(w(u) − w(u^′)))du du^′ dk

= a(0) ∫ R φ̂(k, w)dk |k|^{2α−1} , (65)

where φ̂ is given by (36). By Proposition 1 the function φ belongs to the Sobolev space H^r(R), ∀r < 3/2. The classical Sobolev embedding theorem [15] then implies that φ is Hölder continuous with any exponent less than 1.

To simplify (65) we note that the inverse Fourier transform of 1/|k|^{2α−1} is the distribution

F (f) :=

C_αa(0) ∫ R |x|^{2(α−1)}f(x)dx, α >^1_2 C_αa(0)f(0), α =^1_2 C_αa(0) ∫ R f(x) − f(0) |x|^{2(1−α)} dx, α <^1_2 for Schwartz function f. We further observe that this distribution can actually be extended to test functions such as φ. Indeed, we have

|F (f)| = | | | | ∫ R f̂(k)dk |k|^{2α−1} | | | | ≤ ‖f̂‖_L∞ ∫ |k|≤1 dk |k|^{2α−1} + ‖f‖_Hr_{(R)} ∫ |k|≥1 dk |k|^{2α−1}|k|^{2r} 1/2 < ∞

for any r > 1 and 0 < α < 1. So the proof is now complete.

5 Asymptotics as D → 0

In the section we analyze the asymptotics of the effective diffusivity

D^∗ = D + D ∫ R a(k) k^{2α−3}(D^2k^4 + k^{4β}) dk (66)

as D tends to zero, which is valid in the Brownian motion regime (α + β < 1 or α < 0). For α + 2β < 2, (66) clearly has the asymptotics

D^∗ ∼ D 1 + ∫ R a(|k|) |k|^{2α+4β−3} dk (67)

because the integral is convergent. For α + 2β > 2, the integral in (67) is divergent, therefore the asymptotics of D^∗ is more subtle. Note that α < 0, β > 1 in this part of the Brownian motion regime. Let k^∗ = D^{12(β−1)}

so that D^2(k^∗)^4 = (k^∗)^{4β}. It is easy to see that D ∫ |k|≪k^∗ a(|k|) |k|^{2α−3}D^2k^4 dk ≪ a(0) −α D^{(1−α−β)/(β−1)}

This shows that the effective diffusivity D^∗ mainly comes from the wave numbers of order k_∗ as D tends to zero. So after making the change of variable ξ := k/k^∗, we obtain D^∗ ∼ D + D^{(1−α−β)/(β−1)}2a(0) ∫_∞ 0 dξ ξ^{2α−3}(ξ^4 + ξ^{4β})

, for β > 1 (68)

which is finite for α + 2β > 2, α < 0. Moreover, the integral in (68) dominates over D in the region.

The asymptotics demonstrate the phenomenon of convection enhanced diffusion D^∗ ≫ D as

p := (1 − α − β)/(β − 1) < 1, for α + 2β > 2.

Moreover, the exponent becomes negative −1 < p = (1 − α − β)/(β − 1) < 0, for α + β > 1, and results in a divergent effective diffusivity as D tends to zero. The range p ∈ [−1, 1] is the fullest possible in any case and is fully realized in this regime.

Acknowledgement The research of A. Fannjiang is supported in part by National Science Foundation Grant DMS-9971322. The research of T. Komorowski is supported by a grant (Nr 2 PO3A 017 17) from the State Committee for Scientific Research of Poland.

References

[1] R. J. Adler, Geometry of Random Fields, Wiley, New York (1981) [2] R. J. Adler, An Introduction to Continuity Extrema and Related Topics for General Gaussian Processes, Inst. of Math. Stat., Hayward Lecture Notes vol. 12.

[3] M. Avellaneda and A.J. Majda: Mathematical models with exact renormalization for turbulent transport. Comm. Math. Phys., 131, 381-429 (1990).

[4] P. Billingsley, Convergence of Probability Measures, Wiley, New York (1968). [5] P. Castiglione, A. Crisanti, A. Mazzino, M. Vergassola and A. Vulpiani: Resonant enhanced diffusion in time-dependent flow J. Phys. A 31(35), 7197–7210 (1998).

[6] I. T. Drummond: Path-integral methods for turbulent diffusion, J. Fluid Mech. 123, 59-68 (1982).

[7] I. T. Drummond, S. Duane and R. R. Horgan: Scalar diffusion in simulated helical turbulence with molecular diffusivity, J. Fluid. Mech. 138, 75 (1984).

[8] A. Fannjiang: Phase diagram for turbulent transport: sampling drift, eddy diffusivity and variational principles. Physica D, 136: 1-2, 145-174 (1999).

[9] A. Fannjiang and T. Komorowski: An invariance principle for diffusion in turbulence. Ann.

Prob. 27:2, 751-781(1999).

[10] A. Fannjiang and T. Komorowski: Taylor-Kubo formula for turbulent diffusion in a non-mixing flow with long-range correlation. Bull. Polish Acad. Sci. (in press).

[11] A. Fannjiang and T. Komorowski: Fractional-Brownian-motion limit for a model of turbulent transport, Ann. Appl. Probab. (in press).

[12] A. Fannjiang and G. Papanicolaou: Convection enhanced diffusion for periodic flows. SIAM J. Appl. Math. 54:2, 333-408 (1994).

[13] A. Fannjiang and G. Papanicolaou: Convection enhanced diffusion for random flows.J. Stat.

Phys. 88:5-6, 1033-1076 (1997).

[14] G. Gaudron: Scaling laws for the advection-diffusion equation. Ann. of Appl. Prob. 8, 649-663 (1998).

[15] D. Gilbarg and N. S. Trudinger: Elliptic Partial Differential Equations of Second Order Berlin;

New York : Springer-Verlag (1977).

[16] M. I Gordin: On the central limit theorem for stationary processes, Soviet Math. Dokl. 10, 1174-1176 (1969).

[17] I. S. Helland: Central Limit Theorems For Martingales With Discrete Or Continuous Time.

Scan J. Statist. 9, 79-94 (1982).

[18] M. B. Isichenko: Percolation, statistical topography, and transport in random media. Rev.

Mod. Phys. 64:4, 961-1043 (1992).

[19] H. Kesten and G. Papanicolaou:A limit theorem in turbulent diffusion. Comm. Math. Phys.

65, 97-128 (1979).

[20] E. Knobloch and W. J. Merryfield: Enhancement of diffusive transport in oscillatory flows, Astrophys. J. 401(1), 196-205 (1992).

[21] A.J Majda and P.R. Kramer: Simplfied models for turbulent diffusion: theory, numerical modelling and physical phenomena, Phys. Rep. 314, 237-574 (1999).

[22] A. Mazzino and M. Vergassola: Interference between turbulent and molecular diffusion, Europhys. Lett. 37(8), 535-540 (1997).

[23] I. Mezić , J. F. Brady and S. Wiggins: Maximal effective diffusivity for time-periodic incompressible fluid flows. SIAM J. Appl. Math. 56 (1), 40-56 (1996).

[24] Yu. A. Rozanov. Stationary Random Processes, Holden-Day, 1967.

[25] P. G. Saffman:On the effect of molecular diffusivity in turbulent diffusion, J. Fluid Mech. 8, 273 (1960).

[26] G. Samorodnitsky and M. S. Taqqu: Stable Non-Gaussian Random Processes: Stochastic Models with Infinite Variance, Chapman & Hall, New York, 1994.

[27] D. Strook, S. R. S. Varadhan Multidimensional Diffusion Processes, Berlin, Heidelberg, New York: Springer-Verlag, 1979.

[28] V.E. Zakharov, V.S. L’vov and G. Falkovich: Kolmogorov spectra of turbulence. Berlin ; New York : Springer-Verlag, c1992 [29] Q. Zhang and J. Glimm: Inertial range scaling of laminar shear flow as a model of turbulent transport. Comm. Math. Phys. 146:2, 217–229 (199 2).

List of Figures

Figure 1: The case with zero molecular diffusion, D = 0. Figure 2: The case with nonzero molecular diffusion, D > 0. Figure 3: The limit of vanishing molecular diffusion, D → 0.

Figure 4: The normalized effective diffusivities D^∗/a(0) versus α ∈ [−0.4, 0]. The solid line corresponds to Eq. (18); the dashed line corresponds to Eq. (19).

24

25