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A MARTINGALE APPROACH TO HOMOGENIZATION
OF UNBOUNDED RANDOM FLOWS

By ALBERT FANNJIANG! AND TomaszZ KOMOROWSKI

University of California, Davis, and Michigan State University

We study the asymptotic behavior of Brownian motion in steady,
unbounded incompressible random flows. We prove an invariance princi-
ple for almost all realizations of random flows. The key compactness result
is obtained by Moser’s iterative scheme in PDE theory.

1. Introduction. Let {x(¢)},, , be a solution of the following Itb stochas-
tic differential equation

) dx(t) = b(x(t)) dt + V2dw(z),
(1) x(0) =0,

where {w(t)},, , is the standard d-dimensional Brownian motion and b(x),
x € R? is an random d-dimensional drift independent of w(¢). Furthermore,
we assume that the random field b(x), x € R? is zero mean, homogeneous
and divergence-free:

(2) V-b(x) = 0.

Due to (2), there exists a skew symmetric stream matrix Hx), H; ;X)) =
—H, (%), Vi, j, such that

(3) V-H(x) = b(x).

The stream matrix is not determined uniquely by (2) but up to a gauge. The
stream matrix H(x) is not homogeneous in general due to the randomness of
the velocity field. However, if the dimension is bigger than two and the
velocity correlation decays sufficiently fast, then there exists a square inte-
grable, homogeneous stream matrix such that (2) holds [c¢f. Fannjiang and
Papanicolaou (1996)]. In two dimensions the stream matrix in general is not
homogeneous, regardless of decay in velocity correlation, and has logarithmi-
cally divergent variances [cf. Fannjiang (1997)]. In this paper, we assume
that H(x) is a homogeneous square integrable process.

To study the long-time, large-scale asymptotics of the solutions of (1), we
take the diffusive scaling and consider the family of processes

(4) x,(t) = ex(t/e?), &>0.
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The probability distributions of these processes are identical with those of the
solutions of the following Itd stochastic differential equations:

(5) dx, () = %b(xit) ) dt +v2 dw(t),
(6) x,(0) = 0.

When both the drift b(x) and H(x) are bounded, it has been shown [see
Papanicolaou and Varadhan (1982) and Osada (1982)] that for almost all
realizations of the drift the distributions of the processes {x,(¢)},.,, €¢> 0
converge weakly in the space of probability measures on the path space
C([0, +=); R?) to the law of a Brownian motion with generally enhanced
variances called the effective diffusivity. This limiting process eliminates the
inhomogeneity of {x_(¢)},. o, £ > 0 and is thus called homogenization.

If one is only concerned with the boundary value problems associated with
the generator #° of (5):

1 /x x
(7 Zu,= -;b(;) -Vu,(t,x) + Au (t,x) =V (I + H(;))Vus,
then it has long been shown [Papanicolaou and Varadhan (1982)] that the
weak convergence to the corresponding boundary value problems associated
with the Laplacian with the effective diffusivity as coefficients holds for
bounded stream matrices.

However, many important examples of random drifts, such as Gaussian
fields, do not fall into the category of bounded coefficients. For generalization
to unbounded coefficients, Oelschliager (1988) proves that probabilistic ho-
mogenization holds for coefficients with finite second moments in b(x) and
H(x) in addition to the usual linear growth condition on the first derivatives
of the drift. However, the convergence is defined in the sense of a Vasserstein
metric on the space of d-dimensional random proceses with continuous
trajectories, which is weaker than the metric associated with the weak
convergence of probability measures [see Oelschlager (1988), page 1090].
Avellaneda and Majda (1991) generalize the PDE aspect of homogenization to
unbounded coefficients with finite pth moment, p > d, in H(x) and finite gth
moment, ¢ > d/2, in b(x). The PDE aspect of homogenization is roughly
equivalent to the convergence of finite dimensional distributions of the pro-
cesses and should require less regularity on b(x) or H(x) than would the
almost sure convergence in law studied in the present paper. Indeed, it turns
out that only the square integrability for the stream matrix is necessary for
the convergence of the semigroups [Fannjiang and Papanicolaou (1996)].
Fannjiang and Papanicolaou (1996) also prove the probabilistic convergence
in measure but not almost surely. To this end they obtain the crucial
resolvent estimates by the variational principles.

The obstacle to proving usual almost sure (with respect to the ensemble of
random drifts) convergence is law has been, as observed by Oelschlager
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(1988) on page 1085, the lack of Nash—Aronson estimates in the case of
unbounded coefficients. In this paper, we take up the martingale approach
initiated by Osada (1982) which consists essentially of the decomposition of
the trajectory x(#) into a martingale part y,(¢) and a “corrector” part z ().
We show, by Moser’s iterative scheme, the vanishing of the corrector z(t) in
the limit ¢ — 0 and obtain the weak convergence of distribution of the
processes {x,(t)};, , £ > 0 to the limiting Wiener measure. The strengthen-
ing of the sense of convergence is due to the corrector estimates stated in
Lemma 3. The almost sure convergence then follows from a standard martin-
gale invariance principle [see Brown (1971) and Helland (1982)].

Our key assumption, in addition to the standard ones, is that the stream
matrix is homogeneous and has finite pth moment E[H|? < « where p > d.
In addition to stronger convergence results, our method is also considerably
simpler than that of either Oelschlager (1988) or Fannjiang and Papanicolaou
(1996).

2. Notation and formulation of results. Let us start with some cus-
tomary notation from linear algebra and vector calculus. For a pair of vectors
a,b € R?, we shall denote by a ® b the tensor given by the matrix
[a;b,]; j-1,... 4» Where a =(a;,...,a,), b=(by,...,b,). Let A= [a;], B=
[5; j] be two d X d matrices. We shall make use of the notation (a,b) and
(A, B) for the standard scalar product of vectors and matrices, respectively;
that is, (a,b) =X% ,a,b;, and (A,B) =tr AB”. For a vector field f =
(fi,-os [, V-£=L{_, 9, f,; for a function f, Vf = (4, f,..., 3, f).

Let us denote by (), 7", P) a probability space. The expectation computed
with respect to probability measure P will be denoted by E. Let b(x; w) be a
d-dimensional random vector field defined on R? We shall assume that it
satisfies the following conditions.

(BD) For any w € , b(x; ) has C'-smooth path realizations and it grows
linearly. That is, there is C(w) so that |b(x; w)| < C(w)X1 + |x).

(B2) The field b is strictly homogeneous, zero mean and square integrable.
That is all its finite-dimensional distributions do not depend on transla-
tions in R%, Eb(0) = 0 and E|b(0)|® < +x.

(B3) The field b satisfies V- b(x) = Ij._, 9, b,(x) = 0.

REMARK. Condition (B1) suffices to claim the global existence of solutions
of relevant stochastic differential equations.

As is well known [see, e.g., Rozanov (1969)], under these conditions there
exists a family of transformations defined on the probability space 7,: ) — (,
x € R?, such that we have the following.

(T1) 7y =Idg, and 7., , = 7,7y for all x,y € R%.
(T2) P[,(A)] = P[A], for x € R%, A € %, where &% is the o-algebra gener-
ated by b(x; w), x € R4,
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(T3) The mapping (w,x) — 7,(w) is B ® Bre to & measurable. Here Bya
denotes the o-algebra of Borel subsets of R¢.
(T4) b(x; w) = b(0; 7, (w)).

In addition to these properties we will assume that the field b is ergodic,
which is reflected in the following property of the flow of transformations.

(T5) The group {r},cp« is ergodic. That is, if for a certain A €.%,
P[7,(A)a A] = 0 (o here means the set operation of symmetric differ-
ence) for all x € R? then P[A] =0 or 1.

Given 1 < p < =, let us denote by L?(Q) the space of all %-measurable
random variables X: Q — R such that [,|X|? dP < 4+ with norm defined as
X, =(/u|X|? dP)“P. In cases when p = +w, the space consists of
random variables with finite essential supremum with the norm

Il X Il = esssup|X|.

Consider the group of unitary linear operators defined on the space L*(Q})
by the formula U*f(w) = f(r,(w)). The group has d anti-self-adjoint genera-
tors D,: 9, > L*(Q), k=1,...,d, corresponding to the subgroups U‘,
teR,k=1,...,d wheree; =(1,0,...,0),...,e; = (0,...,0,1). There exists
a spectral measure % defined on o-algebra %« with values in the space of
orthogonal projections on L2(()) such that

D, = fiAk?/(d)\), k=1,...,d,

U* = [e™®%(d)), xR,

where the integrals are understood as spectral integrals (see Dunford and
Schwartz (1988)]. According to Rozanov (1969) we can write the field b in the
form of a stochastic integral

(8) b(x) = U*b = [ ¥b(dN),

where b = (640),...,5,(0) and b is a d- dlmensmnal random vector-valued
measure such that for any set A € Bpa, b(A) = (?/(A)bl, ,%(A)b,). The
structural measure S of b(A) defined as S(A) = E[b(A) ® b( A)] is a nonneg-
ative symmetric matrix-valued measure which is the spectral measure of the
field b [see Adler (1981)]. We can write then also

R(x) = [e'®S(dN),

where R(x) = E{b(x) ® b(0)} is the correlation matrix of the field b. The
~ measure E given on %y by

E(A) = [Ad,\fm:Au S(d\)
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is called [see Chorin (1994)] the power-energy spectrum of the field b. We
define also a stream matrix H(x; w) = [ H;;(x; )]; ;-1 . 4 as a random anti-
symmetric matrix-valued field defined on R? such that b = V-H. More
precisely,

(H1) H;(x;0) = —Hy(x;w) fori,j=1,...,d,
d

(H2) Y GH (x0) =b(xw), i=1,..,d.
j=1

We shall also assume that H is homogeneous, zero mean and has pth
absolute moment for some p > d, that is,

(H3)(a) H(x; 0) = H(r()),
where H(w) = H(0; w),

EH -0
and
(H3)(b) E|H|? < 4+ for some p > d.
Finally we suppose that
(H4) H(x; @) is C%-smooth P a.s.

Consider now {x(2)},. ,, the solution of the following It6 stochastic differ-
ential equation:

dx(t) =b(x(t)) dt + V2 dw(2),
x(0) =0

Here w(t) is the standard Brownian motion defined on another probability
space (3, .#,Q) and v € R? is a constant vector. Let us denote by M the
expectation calculated with respect to the probability measure Q. The expres-
sion {x(¢)},,, is considered a stochastic process on the product probability
space (A X 3, 7®.#, P ® Q). The scaled trajectories are defined by x_(¢) =
ex(t/&?) for ¢ > 0, the scaling parameter. We shall consider the following
two families of measures on the Polish space 2= C([0, +«); R?). First, Q2 is
the family of probability distributions of the trajectories x2(¢; o) = x,(¢;
w, d), where o0 €3 and with o € Q fixed. The second family, which we
denote by @,, is the family of probability laws of the processes {x,(¢)},.
considered over the space 3 ® (. We will suppress the subscript for the
processes {x{(+)}, . o and {x(£)},, .

. DEFINITION 1. We say that a family of continuous trajectory stochastic
_processes satisfies the invariance principle if their probability laws converge
weakly over the space 2 to a Wiener measure.
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The main results of our paper are stated in the following theorem.

THEOREM 1. Suppose that a vector field b satisfies assumptions (B1)—(B3)
and its stream matrix H meets assumptions (H1)-(H4). Then the following
hold:

(i) For P almost every w € Q, the limits
xP(t)x(¢t
lim NV RAQLIEO) )t’( ) .

£1 +

i i,j=1,...,d
exist and are deterministic constants.

(ii) For P almost every w € ), the family of processes {x2(t)},.,, € >0
satisfies the invariance principle with the limiting Wiener measure having the
covariance matrix equal to D = [d,.].

(iii) The family of processes {xs(Ji,‘)}t2 0> €> 0 considered over the product
probability space (Q X 2, 7®.4#, P ® Q) satisfies the invariance principle
with the limiting Wiener measure as in (ii).

REMARK. Next we explain how to construct H that are suitable for Theo-
rem 1 without using the second (or higher) moment of velocity.

First, we can point to homogeneous Gaussian stream matrices which have
finite moments of all orders. Condition (b1) also follows from some elemen-
tary properties of Gaussian random fields [see, e.g., Adler (1981)].

To give non-Gaussian examples, we begin with any random stationary,
zero mean, skew-symmetric matrix H with finite pth moments satisfying the
condition

EIHij(x + h) — H,’j(x)la

(12) c/h*?
< -
llog|h| [**™

for n > a > 0. This is the case, for example, when the covariances of all
entries are C2¢*1-smooth and have zero derivatives up to the 2dth order.
Then the random field H is uniformly continuous sample-wise [see Theorem
3.2.5 and Corollary in Adler (1981)]. Without loss of generality, we may
assume that H; j(O) = 0. Using the sample-wise uniform continuity of H, by
covering the line between the origin and x with sufficiently small balls, it is
easy to show that H satisfies the linear bound

(13) ‘ IH;;(x)| <c(1+Ix]) for|x|>1,Vi,j.

for sufficiency smallh, V i, j

Our goal is to modify the sample stream matrix so that it satisfies (H4) and
its derivatives satisfy condition (B1). To improve the regularity of the stream
matrix, we apply twice the Steklov averaging procedure consisting of inte-
grating the sample matrix at any point X over a unit ball centered at x. The
" sample matrix gains one differentiability with one local averaging procedure.
Hence the twice locally averaged stream matrix is twice differentiable
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sample-wise. To check (B1), simple calculus shows that the modulus of the
derivatives, that is, the velocity field, at point x is bounded by a constant,
independent of the sample and the location, times the maximum of the
moduli of the stream matrix H in the disk centered at x with radius two.
Thus (B1) follows from the linear bound (13) on H.

An alternative to the local averaging for ensuring that the velocity field
has property (B1) is via the covariances of the stream matrix. Starting with a
CZ%smooth stream matrix H with finite pth moments, suppose that the
covariances of the entries of H are C2¢*3.smooth. Then the covariances of the
velocity field, which are the second derivatives of those of the stream matrix,
are C2?*Lsmooth. In view of the remark made after (12), we know that the
velocity is C! and uniformly continuous sample-wise and consequently has a
linear bound like (13).

3. Proof of main results. We start with the following lemma stating
the existence of a random change of variables such that the motion in the
new set of coordinates is a martingale.

LEMMA 1. There exists a random change of variables y: Q X R? —» R¢,
y = (y1,--.,¥4), such that we have the following:
(Y1) Ay + (b(x),V,)y =0,
0)=0,
(Y2) y(0)
V. y(x; 0) = V,¥(0; 7,(w)) forPa.s. o

and
EV,y(0) =L
(Y3) For any R > 0,
lim sup |y,(x) —x/|=0, Pa.s,
el0 |x|<R

where y (x) = ey(x/¢).

ProoF. Let R > 0 be fixed. The existence of such coordinates y(x) satisfy-
ing (Y1), (Y2) and (Y3'):

lim |ly,(x) — xll2B, = 0
el0

and
lim sup IV, y,llz2B,, < +%°, P as.
- el0
is standard and its proof is postponed until Section 5.
We will show now the transition from (Y3') to (Y3), which is the major
obstacle to be overcome. By the classical Sobolev embedding theorem [see
Gilbarg and Trudinger (1983)],.(Y3’) implies that

(14) lim sup lly,llz2e8,, < +,
el0
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where g = p/(p — 2). Denote z(x) = y(x) — x and z,(x) = ¢z(x/¢). It is easy
to see that the k£th component of z,, z*), satisfies the equation
V. [T+ H(x/s), %zP(x))] = Y, Hy(x/¢),
where H, = (H,,,..., H,,) and £ = 1,...,d. Note that
(15) lim [ |H(x/&)|” dx = |Bgl IIHII}
€ 4R

by the ergodicity of H(x; w). Now the gap between (Y3') and (Y3) can be
bridged by the following lemma.

LEMMA 2. For arbitrary r > 0 there exist constants C > 0 depending only
ondandrandy>0,1> u> 0, depending only on d such that for all &> 0,

(16) lz, =, < C[l + ”H€||LP(BZ,)]y”Zg”fqu(BZ,)-
Here H,(x) = H(x/&) and g = p/(p — 2).

From the second statement of (Y3') and the classical compact embedding
theorem [see Gilbarg and Trudinger (1983)] from W2!(B,z) to L'(Byg),
r < 2d/(d — 2), it follows that the family {z°} is compact in L'(B.g). Its
limiting points in L’ (B,) coincide with those in L?*(B,z), namely, 0 [the first
statement in (Y3')]. Note that

2p 2d
<
p—2 d-2
since p > d. Thus we have that the right-hand side of (16) tends to zero in
the limit ¢ | 0 and from this (Y3) follows. O

(17)

PRrOOF OF THEOREM 1. Proof of part 1. Since the field b(x) is divergence-free
the process {V, y(x(¢))};, , is strictly stationary and ergodic if considered on
the product probability space (Q X 3, 7®.#, P ® Q) [see Papanicolaou and
Varadhan (1982), Oelschliger (1988), Osada (1982) and Port and Stone
(1976)]. This implies that

1 4
L st St

tends to e(V,y,(0), V,y,(0)) both in L' and in the almost sure sense with
respect to the measure P ® @, when ¢ 17 +. An application of It6’s formula
then leads to

(x® (x* 2
s w2 (t))ty’( (t))=? [

Y, 2:(x°(5)) Ve 3(x°(5))) ds.

According to Papanicolaou and Varadhan (1982), n“(t) = Tye,, (@) is a
Markov process on an abstract state space (2, ¥). Osada (1982) guarantees
that P%, = x4, for all ¢t >0 iff P(A) =0 or 1, where P’, t >0, is the
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L*(Q, #, P) semigroup of Markov operators associated with the process; that
is, the measure P is ergodic. Thus, by the ergodic theorem of Birkhoff and
Khinchine,

1
7/0 P*f(w)ds - Ef

P as. and in consequence the right-hand side of (18) converges to
2E(V, y,(0)V, y,(0)) P almost surely, when ¢ 1 + ». Note that for almost all
weE,

(19) lim sup M

Ix(2)?
£ +eo ¢

Indeed, we can write that

xe()F _(1xe(e)l x“(2)"
M———= M{—_t_an“(t)lz% +M Tt Xoxewi<ih
(20) 2
Ix(2)l 3
< M{——t—anw(t)lz‘Vt_] + 1/‘/2

To estimate the first term on the right-hand side of the inequality in (20)
let us observe that

Ix“(t)]? Ix(¢) — y(x“(2))?
. Xixewi=¥ = 7 Xiixe)l =31
2(y(x“(1)),x(¢) — y(x“(¢)))
(21 + P X{ixeo)l =31

ly(x“(2))?
+ P Xixew)l > Y1

However,
1x°(8) — y(x*(2))I*
t X[IX“’(t)Iz‘Qi/t—]
(22) 2|X“’(t)|2
< sup sup |z (x)] T Xixewi= 3
0<e<1/3{/t- lxl<1

Using (21) and (22) we can write that

Ix“’(t)l2 2lx“’(t)l2
t X[Ix“’(t)lz?i/t_] = sup s sup 'ZS(X)I t X[Ix“’(t)lz?{/t_]
0<e<1/Vt Ixl<1
(23) 2l(y(x“(2)),x“(¢) — y(x“(2)))l
+ P Xiixewi> el

, ly(x“(2))I”
: + P X{ixe)l =31 -
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Moving over the first term on the right-hand side of (23) to the left-hand side,
we obtain

Ixe(¢)? L1
— |- swp  sup 12, ()| Xpixe =36
0<s<1/3;/t_ Ixl<1
(24) 2l(y(x“(t)),x°(¢) — y(x“(¢)))I
= ¢ X lixe)l =31
ly(x“(2))I”
+_—t———_x[|x‘°(t)|z‘"}/{]-

The superscript + denotes as usual the positive part of an expression.
According to part (Y3) of Lemma 1 for P a.s. w, we can find ¢,(®) such that
for all ¢ > t,(w) we have
sup  sup |z (x)°> < L.
0<e<1/F IXIST

After performing simple algebraic manipulations in (24) and then applying
M and averaging we obtain the following estimate, valid for all ¢ > ¢,():

M{Ix“’(t)l2

t X[Ixm(t)lz?i/t—]}

(y(x(t)), x“(t) —y(x*(¢)))I
< 4M{ (y(=*(%)) (t Yx*(2))) anwmnz%}

ly(x“(2))?
t

+2M X[Ix‘"(t)lz?;/t'l}'

Applying Schwarz’s inequality to estimate the term involving the scalar
product, we can write that

I(y(x“(¢)),x“(t) + y(x“(¢)))I
M{ A t ? X[IX‘”(t)Iz?{/t—]}
(25) 9 11/2 9 1/2
ly(x“(2))l |x“(t) — y(x“(¢))l
= [M ul : ) } {M{ f( ) anw(mz%]}} .

Using (22) again, we can write that the left-hand side of (25) is less than or
equal to

I(y(x“(2)),x“(t) — y(x“(2)))I
M{ (v ; Y ) X[lxwu)lz%}

1/2

[

< sup sup |z, (x)

M’IY(x“’(t))Iz }1/2{M|X“’(t)|2
0<s<1/3{/t_ Ixl<1 t

; X[Ix"’(t)lz?\’/t_]}




1882 C. A. FANNJIANG AND T. KOMOROWSKI

The above estimate allows us to rewrite (20) in the following form:

: 1/2
lxe(t)I? x°(t))
M———( ) < 1/%/?+4 sup  sup |z°(x)| M———ly< ()
¢ 3~ |x|<1 ¢
0<e<l/Vt
1/2 9
|x(¢)I? ly(x“(t))!
X{M_§_>} t oM Lp_) ,

Allowing ¢ to be large, we can make an estimate of the second term on the
right-hand side of the above inequality, using again part (Y3) of Lemma 1, by

Mly(xwt(t))lz II/Z{M[ |X“’£t)|2 ]}1/2,

where o > 0 can be chosen arbitrarily small. This clearly proves the state-

ment made in (19).
Note also that

M{_QL)_} M{ [=£(2) —yi(xw(t))llx,?’(t) - y(x(2)) }

t =

40

+

M{ [yi(x“’(t))][xj‘f’(t) —yj(x“’(t))] }
t

+

M{ [(x*()][#2(2) = 3(x"(1))] }
t

N M{ yi(X“’(t))tyj(X“’(t)) }

Similarly to the preceding analysis, the first term can be estimated by

max[l/?/z, sup  sup Izs(x)lz}M{x_“.(l:;ﬁ_)-}‘
0<e<1/Y; XI=t

The second and the third terms can be estimated correspondingly. Thus the
sum of the first three terms tends to 0 when ¢ tends to infinity. The first part
of the theorem follows from the remark we made at the beginning of the

proof.
Proof of parts 2 and 8. Consider the following two families of stochastic

processes:
t
v2(2) =3y(x“’(—2)), e>0
e
and

ORI BT L] R
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Obviously x2(¢) = y“(¢) — z°(¢). By It0’s formula [see, e.g., Karatzas and
Shreve (1991)]

ve(t) = aj:/gz(ny(x“’(s)),\/Edw(s)).

Therefore {y,*(¢)},,, are continuous local martingales, for fixed » and all
&> 0. In fact, we can easily show that they are continuous martingales for P
a.s. w. To see that, it suffices to show that there exists a set N such that
P(N) =0 and for v &€ N,

(26) M [ "1V, y(x*(t))I* dt < + for arbitrary T = 0.
0

The martingale property of the relevant stochastic integrals follows then from
the definition of the stochastic integral for the class of square integrable,
nonanticipative processes [see Karatzas and Shreve (1991), page 139, Defini-
tion 2.9)].

To prove (26) let us observe that according to the statement made in the
proof of part 1, the process {V,y(x(¢))},., is strictly stationary over the
product probability space (Q X 3, 7 ®.#, P ® Q) and it has a second absolute
moment. That is,

EM|V, y(x(¢))I* = E|V,y(0)|> < + for all ¢.
Hence

EM [ 1V, y(x(t))? df < +,
0

for arbitrary T > 0 and (26) follows from the Fubini theorem combined with
some elementary measure theoretic considerations.

Notice that the quadratic variations of the martingales {y“(¢)},.,, € > 0
are equal to

(¥ = ezfot/gz(ny(x“’(s)),ny(x“’(s))) ds for w & N.

Consider now, for a fixed w, a family of processes
§o(t) =D7V2y2(2),

where

(27) D = E[V,y(0)(%y(0))"] = L

Let v,,v, be arbitrary fixed vectors in R?. Then for » ¢ N and arbitrary
e> 0, (y°(),v,) and (y“(¢),v,) are zero mean, square integrable martin-
gales whose joint quadratic variation equals )

<(5’ew(')’ Vl)(S’ew(') > V2)>t

(28 /e r
(28 = 82](‘)/ (D“ley(x"’(s))(ny) (x“(s)), v, ® V2) ds
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Since the process {V, y(s(¢))}, . , is strictly stationary and ergodic if considered
on the product probability space (Q X 3, 7 ®.#, P ® Q), we obtain therefore,
by the ergodic theorem of Birkhoff and Khinchine, that the limit of the
expression on the right-hand side of (28) as ¢ |0 is equal to ¢(v,,v,), both
P ® @ a.s. and in the L' sense. We have immediately from this that

lim ((5,°(), )3, v2))e = £V, v,)

both a.s. and in the L' sense over the probability space (Q,%7, P). By
Theorem 5.4. of Helland [(1982), pages 92 and 93], we obtain that the family
{(§.2(2)}, . , satisfies the invariance principle P a.s. with the standard Wiener
measure as its limit when &0, which in turn implies that {y“(#)},.,
satisfies the invariance principle with the limiting Wiener measure having
correlation matrix D for P almost sure w.

Helland’s theorem asserts the convergence of measures over the Skorokhod
space D([0, +); R%) equipped with Stone’s topology [see Port and Stone
(1976)]. However, a simple application of Lemma 5 given in the Appendix
allows us to extend this result to the case of weak convergence of measures
over the space C([0, +); R?) as claimed in the assertion of Theorem 1.

Denote by 75 , the exit times of x?(¢) from the ball By. Using condition
(Y3), we can easily establish that

(29) lim sup |z2(t)l=

el0 o<t<rf

Let £o(w) be such that for £ < £o(w) we have sup,_, ..z  12;(¢) < 1. We see
that for those &,

Q| sup Ix2(2)l = N] Qo< T]
0<t<T

= Q[TN 0 S sup ly(¢)l=N — 1]
0<tsT

sQ[ sup |y°(t)l =N - 1].
0<t<T

Since for P almost every o{y“(¢)},,, converges weakly to a nondegenerate
Brownian motion, we have that there exist constants y, C > 0 independent of
&, o such that

(30) limsup Q| sup [x2(¢)l > N] <Ce "N
|0 0<t<T

[see, e.g., Chung and Zhao (1995), Proposition 1.16, page 20]. We claim that

for almost every o,

"(31) lim Q[ sup |z2(¢)l = Q] =0.
10 0<t<T



HOMOGENIZATION OF UNBOUNDED RANDOM FLOWS 1885

Indeed, suppose that N > 0 is arbitrary. Then by (29) for almost every o,

limsup Q| sup |z2(t)l > Q]
el0 0<t<T

< limsup @ sup |zZ(¢)|> |+ limsup @| sup |x°(¢)|=N
el0 O<t<ty , el0 0<t<T

< Ce "V,

The last inequality in the expression above is a consequence of (30). Since N
can be chosen arbitrarily, this concludes the proof of our claim. The claim
combined with the fact that the family {y“(¢)},. ,, £ > 0 satisfies the invari-
ance principle P a.s. implies that also the family of processes {x2(2)},.,,
& > 0 satisfies the invariance principle P a.s. In particular, the weak com-
pactness of the probability distributions {x2(¢)},.,, > 0 over the space
C([0, +=); R?) implies that for arbitrary o, T > 0,

lim @ sup |x2(2) —x2(s)| = Q] =0, Pas.
510 0<s<t<T,t—s<8,e>0

[see Billingsley (1968), page 55, Theorem 8.2]. Averaging over all w € Q with
respect to the measure P, we have that also

limP @ Q sup Ix,() — x°(5)| > 9] -0,
810 O<s<t<T,t—s<8,&>0

which implies that {x,(¢)},.,, £> 0 is weakly compact. Since the limit
identification follows easily from the fact that the family {x2(¢)},,,, >0
satisfies the invariance principle P a.s. with the same limiting measure
independent of w, we can conclude the weak convergence of {x,(¢)},. ,, £ > 0
to a Wiener measure with the covariance matrix D as in (27). O

4. Proof of Lemma 2: Uniform bound on the correctors. In this
section we prove Lemma 2 in a slightly more general setting. We shall adopt
Moser’s iterative scheme [cf. Moser (1961)].

First we introduce some additional notation. Let B and B denote a
closed ball in R? with center at 0 and radius R and the interior of the ball
respectively. When R = 1 we omit the subscript and write B for B,.

Suppose that a;: R >R, i,j=1,...,d is a family of Borel measurable
functions which satisfies the following conditions.

(A1) There exists A > 0 such that for all x € R? and £E=(&,...,&) R
we have

' d 2

' h a;;(x)&€ = A El°.

i,j=1
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Without any loss of generality we shall assume that A < 1.
(A2) For a certain p > d and R > 0,

d
AP,R=[ Yy /;Blaijlpdx

i,j=1 R

1/p
< oo,

We shall also consider a vector field f = (fy,..., f;): R > R? such that

() fise-es fa € WHP(Bg).
As is customary, W' ?(B2) stands for the space of those functions
f € L?(Bj) whose weak derivatives 4, f, ..., d;f € L?(Bg) with the norm

d 1/p
I £ll1,p, B, = {”f”{P(BR) + Y ||¢9kf||£P(BR)}
k=1
LEMMA 3. Assume that u is a classical solution of the equation

(32) - V- [A(X)Vu(x)] = V- f(x),
with A = [a,;] satisfying assumptions (A1) and (A2) and f satisfying condi-
tion (f). Then there exist constants C,v > 0 and 0 < u < 1 depending only on
d and R for which

lullzzBg ) < C(Ap, r + I€lLocag + 1) Nl foacy),

where
p

p—-2’

q =
and ||f||LP(BR) = {2%:1 ||fk||£P(BR)}l/p-

Proor. First we make the following reduction to positive subsolutions of
equation (32). By a subsolution v(x) of (32), we mean a function v(x) such
that

[ A® Vo), () + [ (Ex),d(x)) <0

for any nonnegative smooth function ¢ with compact support.
Any solution u(x) of (32) can be written as the difference of two positive
subsolutions v(x), w(x):

u(x) = v(x) — w(x)
v(x) = yu?(x) +1
w(x) = Yu?(x) + 1 — u(x).

Thus, to prove Lemma 3, suffice it to prove the statement for any positive
subsolution.

where

and



HOMOGENIZATION OF UNBOUNDED RANDOM FLOWS 1887

In the rest of the proof we assume that u is a positive subsolution of (32)
and, without loss of generality, that R = 1.
When d > 3 we set

1 1
@ =g T g
(33) @n = %( Qn + Qn+1)’
dp-2)|"
=|— =0,1,....
a, (d-2)p R n=0,1,

Let ¢ € C5(R) be such that 0 < ¢ <1, o(t) =1, for |t < 3, ¢(¢) =0, for
|t| > 3/4 and |¢'| < 2. Define ¢,(y) = ¢(2""1(|y| — 3)). Observe that {,(y) = 1
in B, = and {,(y) = 0 outside B; . Multiplying equation (32) by |ul>*"'¢?
and integrating by parts gives

39 [ (A, V() dx = [ (6 (el 7)) dx.

on Bgn

After a straightforward calculation, (34) yields

[, AN Glul™), Ve Gl ™)) dx = @, [ (1l 8, V(4 lul")) d

o 2a,—1
+ -2_;,1’:__{4/‘39"“1" {nf, Vx {n) dx

+[B (AV (&, lul*™), lul* V, &,) dx.

Using condition (A1) and the Hoélder inequality, we have that

AV ( fnlula")”%z(Bg,,)
< IV ( Lol Yl zza, [ ACR, DNl Y, Zllz200s,,) + @, £,1ul* Mz, )]

2a,-1
+ |f{n||Lp(Bp,,)|||u| TV G-,y

a, |
2, — 1

n
< v ( §n|u|a”)||L2(Bg,,)[ A(p,1)2"" 1”unzg”'""(Bg,,)

a,—1
+a,ll f”LP(BQ,,)”u”Lg(“n"l)q(Bgn)

@, 20,1
+ 2n+l -2_6;_::[ “f“Lp(Bgn)”u”LZJL(a,.—l/Z)(p—ZV(p—1)(Bg").
n
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By an elementary calculation we have that
IV, Loleal )l 2,

1 ;
< ~[A(p, 2" Yl Foecs,
35 an_l
(35) + a1 £l el Fient s,
n+1l 1/2
n 1/2 a,—1/2
+| f ul| z2acan-1/2xp-20/(p- 1) .
[ A(zan_l)} I£1325, el e oo v,

In the sequel we shall denote by C any generic positive constant depending
only on d and independent of n. It follows from the Sobolev inequality that

(36) I galul “ll2esa-2ep, ) < ClIV( &,lul*)zzs,,),
and from the fact

(37) ”u”L“(BQ,,) < C”u”L”(Bgn), l<acx<b,
that

(38) lullL2en-vacp,,) < Cllullz2enss, ),
(39) ||u||L2(a,.—1/2>q(p—2)/(p—1)(39n) < Cllullzzens(s, )-

Thus we have from (35)-(39) and the definitions of «, and g that

%n 1 ap a,—1
”u”L2qan+1(Bgn+1) < CXI:A(p, 1)2n+ lllu“Lzanq(Bgn) + an”f”LP(BQ,,)”u”Lz"‘ﬂq(Bg,,)
2", a,—1/2
| f 12 ull72en X
[/\(2 o = 1)] €17 (B, llull2ens(s, )
Since 2a,,,9 = 2a,d/(d — 2), the above inequality implies that if
lullg2ens(p,,) = 1, then

lleell L2aen YB,,, )

(41) { C2",
<
A

If, on the other hand, ||ullz2«9(s,,) < 1, we have

1/a,
1/2
[A(p,1) + £l + ||f||L/p<Bgn>]} el gzeenca, -

||u||L2"n+1'1(Bg,,)
(42) { 2na,
<C
A
where y, = 1 — 1/«,. These two estimates together imply that

(43) Ntllzzen sy < {C[A(D, 1) + I€locs, + I£1E25, + 1]} llulfooca)

for all n=0,1,.... Here 0 < u=TI;",%, <1, while v=X;”, k/a, and
¥, = 1if ”u”Lz"k‘I(Bpn) >1,0ry, =17y, if ”u”Lz"k‘I(Bgn) < 1. Passing to the limit
n — « in (43) we obtain the statement of the lemma for d > 3.

l/aﬂ
1/2
[A(p,1) + I€lLrcs,,) + ||f||/p<Bw)]} 14250,
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For d = 2, instead of (33), we set

a n
(44) an=(z) , n=01,23,...
for any o > 2q. The calculations up to (35) go without change. The Sobolev
inequality now takes the form

(45) [ {n|u|a"||L“(Bg") < C||Vx( §n|u|a")||L2(Bgn),

for any 2q < a < . With (45) and with 2d /(d — 2) replaced by sufficiently
large o > 2q, we can go through the rest of the calculations and complete the
proof. O

5. Proof of Lemma 1: existence of harmonic coordinates. Denote by
H'(Q) the space of all square integrable random variables X: Q — R such
that X €9, for k = 1,..., d. Define the scalar product on this space by the
formula

d
[X,Y]; =EXY + Y ED,XD,Y,
k=1

for any X,Y € H'(Q). It is easy to check that H' equipped with this scalar
product is a Hilbert space. For any X € H(Q) the standard norm is defined
as | X lg = [X, X132

Denote by L%(Q) the space of all d-dimensional random vectors

X=(X,...,X,):Q->R?

with the norm [|X|||2 = xd_, I Xk l5. By the symbol L2(Q) we denote the
subspace of gradient fields, that is, the L? closure of the vectors of the form
(D, ..., Dyv), where v € HY(Q).

Denote also by W () the subspace of L* consisting of those v € N§_;
for which

d
Mollwe==Mvlle + X lDylla < .
k=1

The following lemma holds.

LemMA 4. (i) The subspace . consisting of random vectors of the form
(Dy, ..., Dyv), where v € Wh*(Q), is dense in L2(Q) in the L* norm.

(i1) Suppose that ® = (D,,...,D,) is the random spectral measure of the
vector F = (Fy,...,F;) € L2 (Q) That is, F(r(w)) = [e!®MD(dN). Then for
any m,n=1,..., d we have AP, (dN) = )\nd)m(d)\). That is, for any Borel
measurable and bounded function o,

¥

(46) [ e(M) 2, 2,(dN) = [ e(A)A,D,(dN).
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PrOOF. In the first part of the proof we follow closely the argument
presented in Dedik and Subin (1982). From the definition of L2(Q) we
can see that it suffices only to prove that W >(Q) is dense in H l(Q) in H?!
norm. To see that, we choose arbitrary v € H}(Q). It is clear that v, =
g4 n(x/e)U*v dx, where n > 0 and 1 € Cj(R?), v, belongs to W1 “(Q) and
approximates v, as £ |0 in H' norm. Part (ii) follows from the fact that the
vectors in .7 satisfy (46) and they are dense in L2(Q). O

Consider now a family of bilinear forms on H(Q) given by
B"(u,v) = kl§1 E{(Sleku + Hf )Dku)Dlv} + AEuv,
where A > 0, nisa posi;;ive integer. Here
H® =H,, if|H,l<n
and

Hiy

kl

Consider also linear functionals
d
L,(v) = 2 E{H{’Dyv}.

By the classical Lax-Milgram lemma, one can find u{", € H(Q) such that
(47) Ly(v) = B{"(u{P,,v) forallv € H'(Q).
After substituting u{", for v into (47) we have that

d
Z IDuPlle < X M Hylls.
I,m=1
Letting first A tend to 0 and later choosing a suitable subsequence of n
tending to 4o, we obtain F® = (F{®, ..., F{®) € L2(Q) such that

Z E{(ﬁ F(k) + H(n)F(k))D v = E Eng qu for all v E Wl,oo(Q).
p,g=1 q=
Following Papanicolaou and Varadhan (1982), we set
l(x X) _ 1

¥ (X; @) =x;, — Zf NG ?/(d}‘)Fq(P).

Observe that the weak partials of y, satisfy
ei(h,x)

“#(dN)FP.

© o d
3, yp(x;0) =8, , + —_—
x,yk( ) r, k q;l Rd | )\|2
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However, from Lemma 4, we know that

ei()\,x)A A ei()\,x)AZ
q’'r q
————#%(d\)E® = #(dN)FE®,
R 'hlz ( ) q /;Ed IMZ ( ) r

Therefore
dx,yk(x; w) = ar,k + F;'(k)(Tx(w))’

which proves assertion (Y2) of Lemma 1.
Let n € C3(R ). For any v € W-*(Q) we have

d
0= Y /Rd n(x) de{qu[qu 9., Y1 (X; @) + H, (X; 0) O Y (X; w)]}
p,g=1
d
= E{vad &an(x)[(ﬁpq 9, ¥i(X; ©) + H, (X; ») 9, ¥i(X; w)]}dx.
p,g=1

Hence

d
b j;ed aan(x)[8pqupyk(x; w) + Hp o x; 0)0%, Vi (X5 w)] dx = 0.
p,g=1

From the classical theory of elliptic PDE’s, ¥; is the classical solution of

d
> &xq[ﬁpq&xpyk(x; w) +Hpq&xpyk] =0, k=1,...,d.
p,q=1
which ends the proof of (Y1). Using the notation from Section 3, we have, by
an application of the ergodic theorem, that

. 2 2
h}% Ve ¥ lz28,) = IF 12| Bgl < +0, P as.
&

Therefore, to end the proof of assertion (Y3') we need only to prove that for
any 7 € C5(Bg) we have

lim oY () n(x)dx = fR JXn(x) dx.
Following Kozlov (1985), we can write

d
[, v.(0)n(x) dx - x dx [0, y,(tx)x,m(x) di
(48) P

d

1

= dt| 4 tx X) dx.
PZ=:1'/(; LR xpy€( )xpn( )

Set o > 0 arbitrary. From the ergodic theorem we ‘obtain that for P as. w
there exists £(w) such that

’ o d ’
(49) sup | Y limf 9, ¥.(sx)x,m(x)dx —f xn(x)dx| < o.
o<e(w)|p=1240"By 7 Bg
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We can rewrite the right-hand side of (48) as equal to
d
e/e(w)
(50) > [T atf s, 3.,(tx)5,m(x)dx
p=1 0 BR

d
1
+ Y f dtf d Ve e(1X) 2,m(x) dx.
p=1 e/e(w) Bg
By virtue of (49) the second integral can be written as
f x,m(x)dx +r,,
Br

where |r,| < o for & < e(w).
As for the first integral notice that the integrand can be estimated by

1/2

1

2

IVy, , |l 2Bl x,mll 2B,y < |Bgl  sup (—df IVy, .l dX) |2, mll 2B -
o<1/s(w) 9" ’B,

Thus, the first integral can be estimated by &||Bgll/£(w). In conclusion, we
get that

<o

limsupf yg(x)n(x)dx—f x,m(x)dx
el0 Bp Bp

for arbitrary o > 0.

APPENDIX

A certain fact about weak convergence of measures. Let us denote
by C(0,T]; R?) and D([0,T]; R?) the space of all continuous functions and
the space of all functions having only discontinuities of the first kind corre-
spondingly, equipped with their respective topologies. The reader is referred
to Billingsley (1968) for the precise definition of these spaces. The following
lemma is the main objective of this section.

LEMMA 5. Assume that T > 0 is arbitrary. Suppose that {u,},., is a
sequence of Borelian probability measures given on the space D(0,T]; R?)
and supported in C([0,T1; R%). Assume also that {u,)}, ., converges weakly
over D([0, T]; R?) space to a measure u, supported in C(0,T]; R%).

Then {u,}, ., converges weakly to ., over C(0,T]; R?).

Proor. The sequence {u,}, ., is tight in D(0,T]; R?). Hence according
to Billingsley [(1968), Theorem 15.2, page 125], for any &, 0 > 0 we can find
A, 8 > 0 such that for all n > 0 the following holds:

(D) u,|x: sup |x(t)l=A| <&
' 0<t<T

(i) x5 0,(8) = 0] <&
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Here
w,(8) = 1nf Jnax o [to1,8]),

where the inf, is taken over all poss1ble partitions 0 <t¢; <,...,¢, <T,
k=12 . .of[OT]suchthatt—t > 6 and

o,([a,b]) = sup |x(¢) —x(s)l,
a<s<t<b
for a < b.
According to Billingsley [(1968), (14.11), page 111], we have

7 0,(8) < w,(8) < 0, (28),
provided that x € C([0,T]; R?). Here
(49) w,(6) = sup [x(t) — x(s)l.

0<s<t<T,t—s>8
Equation (49) together with conditions (i) and (ii) imply, by virtue of Theorem
8.2, page 55 of Billingsley (1968), that the sequence of measures {4,}, ., is
tight in C(0,T']; R?).
Observe also that the finite-dimensional projections

m(¢): C([0,T]; R?) - R?, te[0,T],

given by

(2)(x) = x(t)
are continuous on the support of w, for all ¢ € [0, T]. Therefore, the finite-
dimensional distributions of the measures u, converge weakly, over the

relevant finite-dimensional Euclidean spaces, to the corresponding finite-
dimensional distributions of u,. This concludes the proof of the lemma. O

Acknowledgment. T.K. thanks Professor Zhengfang Zhou for several
discussions on the subject of this paper.
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