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Abstract

We consider several types of scaling limits for the Wigner-Moyal equation
of the parabolic waves in random media, the limiting cases of which include the
standard radiative transfer limit, the geometrical-optics limit and the white-noise
limit. We show under fairly general assumptions on the random refractive index
field that sufficient amount of medium diversity (thus excluding the white-noise
limit) leads to statistical stability or self-averaging in the sense that the limiting law
is deterministic and is governed by one of the 6 different types of transport (Boltz-
mann or Fokker-Planck) equations depending on the specific scaling involved. We
discuss the connection to the statistical stability of time-reversal procedure and the
decoherence effect in quantum mechanics.

1. Introduction

The celebrated Schrodinger equation

v K2
ih— 4+ —AV +oV(E, )V =0, W(0,x)=VYy(x)
ot 2m

describes the evolution of the wave function W of a quantum spinless particle in a
potential —o V where o is the typical size of the variation.

A similar equation called the parabolic wave equation is also widely used to
describe the propagation of the modulation of a low-intensity wave beam in tur-
bulent or turbid media in the forward scattering approximation of the full wave
equation [20]. In this connection the refractive index fluctuation plays the role of
the potential in the equation. Nondimensionalized with respect to the propagation
distances in the longitudinal and transverse directions, L, and L, respectively, the
parabolic wave equation for the modulation function W reads
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where k is the carrier wavenumber, ¥ the amplitude modulation and A the Lapla-
cian operator in the transverse coordinates x. Here we have assumed the random
media has a constant background. In what follows we will adopt the notation in (1).

In this paper we study the scaling regimes where the wave beam experiences
both longitudinal and transverse diversity of the random medium, represented by
V, whose fluctuation is assumed to be weak. This gives rise to a random spread of
wave energy in the transverse directions.

Atmospheric turbulence is an example at hand. A widely used model is a Gauss-
ian refractive index field V with the modified von Kadrman spectral density [20]

—H-3/2
OE k)~ (Lg2 + kI +82)  expl-B(kE £, @)
&k eR, H=1/3

with a slowly varying background mainly depending on the altitude. Here the
positive constants Lg and £( are the outer and inner scales, respectively. Our method
and results can easily be adapted to the case of slowing varying background. For the
simplicity of presentation, however, we will focus on the case with constant back-
ground. Self-averaging of the wave beam is expected when L, L, are both much
larger than Lg, which is roughly the correlation length. We will see that as far as
the self-averaging effect is concerned, the rapid decay in (2) at high wavenumbers
&% + [K|? > £, can be significantly relaxed, cf. (10) below.

To fix the idea, let us choose the units of the longitudinal and transverse coor-
dinates such that the correlation length of V equals Lo = O(1) in both directions
and that

L,~ L, > L. (€)]

There is no loss of generality in assuming the isotropy in the numerical values of
the correlation lengths since their units may be different; analogously there is no
loss of generality in the choice of the hyperbolic scaling (3), cf. Remark 2 below.

In addition to (3) we adjust the intensity o of the medium fluctuations, depend-
ing on the actual length scales and anisotropy of the medium, in order to obtain
a nontrivial limit. Below we digress to discuss the quadratic transformation of the
wave field, called the Wigner distribution, and its connection to time-reversal oper-
ation and quantum mechanics. The Wigner distribution will play an essential role
in our analysis of the scaling limits.

2. Wigner distribution and time reversal
There has been a surge of interest in the radiative transfer limit in terms of

the Wigner distribution (see below) because of its application to the spectacular
phenomena related to time-reversal (or phase-conjugate) mirrors [4, 3, 8,9, 17].
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The Wigner transform or distribution of the wave function W is defined as
1 i y y
Wz x,p) = ’P'y\y(,x -)w*(,x—-)d
(z,x,p) (2n)d/e LX+ 3 z 5 )4y

1 —ip(yi— yity:
= W//e Py <X— ) PO Y2)dyidy2,

where p(y1,y2) = V(y1)V*(y2) is called the two-point function or the density
matrix. As is apparent from the definition, the Wigner function contains all the
information about p. The Wigner distribution has the simple properties

/W(z,x, p)dxdp = W3, Wl = Qm)~9?||w3.

This is the case of pure-state Wigner distribution. What is the more pertinent for us
is the so called mixed-state Wigner distribution.

Let us briefly review how a mixed-state Wigner distribution arises in the time-
reversal operation. Let Gy (0, X, z, y) be the Green function, with the point source
located at (z, y), for the reduced wave (Helmholtz) equation for which the Schréding-
er equation is an approximation. By the self-adjointness of the Helmholtz equation,
G g satisfies the symmetry property

Gu0,x,2,y) =Gpu(z,y,0,x).

The wave field WV, received at the mirror is given by
e %) = xa0) [ G0, %2, %) WX,

= XA(Xm)fGH(Z, Xs, 0, X)) Wo (x5)dXy,

where x4 is the aperture function of the phase-conjugating mirror A.
After phase conjugation and back-propagation we have at the source plane the
wave field

\IJB(Za X k) = / GH(Z’ X, Os Xm)GH(Zv XSa 0’ Xm)XA (Xm)lpo(XS)dxdeS'

In the parabolic approximations the Green function G g (z, x, 0, y) is approximated
by ¢/¥2G 5(z, X, y) where G 5(z, X, y) is the propagator of the Schridinger equation.
Making the approximation in the above expression for the back-propagated field,
we obtain

\I'B(Z’ X; k) = / Gs(z, X, X)) Gs5(2, X, X)) Wo (Xg) x4 (X)) dXy d X

= / P Xy <Z, X J;XS : p) Wy (X;)dpdx;, 4)
where the Wigner distribution W is given by
Wz, x,p)

= (27[)[1 /e—iP'YGS(Z, X+y/2, Xm)GS(Z, X — y/2’ Xm)XA(Xm)ddem (5)
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This is a mixed-state Wigner distribution. In general, the integral in (4) should be
interpreted in the distributional sense.
The Wigner distribution in (5) has the initial condition

_ xA(x)
@)

W(0.x,p) (6)

and can be treated as a generalized function on R?“. Indeed, for any ® € C o0 RY)
we have

(v, 0) = f f W (. r. p)O(r. p)drdp. ™)
where the function © is defined as

o(r, p) = 2¢ / O (y)e 2P0/ Gy (2r = ydy.

If for instance W € CX° (RY), then it is easy to see O (y, p) is compactly supported
iny € R? and decays rapidly (faster than any power) in p € R?. As a result we can
always approximate to arbitrary accuracy the distributional initial data such as (6)
by square-integrable initial data.

The fluctuations of the back-propagated wave field is thus determined by the
fluctuations of the Wigner distribution. The statistical stability or self-averaging of
the Wigner distribution in turn explains, modulo the scaling limit, the persistence
and stability of the super-focusing of the time-reversed, back-propagated wave field
observed experimentally and numerically.

Our main results show that under various scaling limits, sufficient amount of
spatial-transverse diversity experienced by the propagating wave pulse results in
self-averaging and deterministic limiting laws.

From the perspective of the quantum stochastic dynamics in a random environ-
ment, our results say that, due to the spatio-temporal diversity experienced by the
wave function of the quantum particle, the quantum dynamics has in the scaling
limit a classical probabilistic description which is independent of the particular real-
ization of the environment. The transition from a unitary evolution to an irreversible
process is, of course, the outcome of the phase-space coarse-graining by the test
functions. The results presented below are a rigorous demonstration of decoher-
ence, a mechanism believed to be responsible for the emergence of the classical
world from the quantum one [13, 21].

3. Assumptions
Let V,(x) = V(z, x) be a z-stationary, Xx-homogeneous square-integrable pro-

cess with the (partial) spectral measure V(. dq) which is an orthogonal random
measure

E[V (z,dp)V (z, dq)] = 8(p + q)Po(p) dpdq
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and gives rise to the (partial) spectral representation of the refractive index field
V:(0) = V(%) = /exp (ip- 0V (z dp).

In case where V(x),x € Rt is, an x-homogeneous square-integrable random
field with the full spectral density given by ® (£, k) we have the following relation:

®0(p) = /cb(w,p)dw.

We also have the following relation between the partial and full spectral measures:

V.(dp) =/eizw‘7(dw,dp)
such that

E[V, (dp) ¥, (dq)] = / FO D (w, p) dw 8(p + q) dpdgq
= &(s — z, p)3(p + q) dpdaq,

where
(s, p) = /e"%(w, p) dw.

Since ® (k) = ®(—k), Vk € R?*+! we know in this case that
d(w,q) = ®(~w,p) = ®(w, —p) = P(~w, —p) YweR, peR? (8)

so that CiD(s, p) is real-valued and CiD(s, p) = <i>(—s, p)- The property (8) is related
to the detailed balance of the limiting scattering kernels.
First we assume

Assumption 1. The spectral density is such that
@5, k) € CORMD, ©)

and

0@ < K (142K +2¢7) (10)

for some positive constants K, £, £, and sufficiently large exponent { depending
on the dimension d.

The actual exponent ¢ is not high for, e.g., d = 2, but we will leave the interested
reader to keep track of the best exponent allowed by our analysis.

We can interpret £, and £, as the ultraviolet cutoff scales for the longitudinal and
transverse coordinates, respectively. This is a slower decay at high wavenumbers
€2£% + ¢2|k|* >> 1 than stipulated in (2).
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Let F, and fz‘" be the sigma algebras generated by {V; : Vs < z} and {V; :
Vs 2 z}, respectively. Define the correlation coefficient

p() = sup sup  E[hg]. 11
heF; gE]:j:H
E[h]=0,E[h2]=1 E[g]:(),ﬁ[g%:l

Assumption 2. The correlation coefficient p(¢) is integrable.
When V, is a Gaussian process, the correlation coefficient p(¢) equals the linear

correlation coefficient (¢) which has the following useful expression:

r(f) = sup / Ot — 11 — 1, Kgi1 (11, K g (n, Kdkdtdn,  (12)
81.82
where the supremum is taken over all g1, g € L>(R?*!) which are supported on
(=00, 0] x R? and satisfy the constraint
/ci:(z — 1, K)gi1(t,K)g (¢, K)dtdi'dk = 1, (13)
fcb(t — 1, K)g(t, K@ (', K)didt'dk = 1. (14)

There are various criteria for the decay rate of the linear correlation coefficients
in the literature. For example, according to [12, Chapter VI, Theorem 6], a special
class of spectral-density functions give rise to exponentially decaying correlation
coefficients.

Secondly, we assume a 6th order sub-Gaussian property: Let

Ulx) = Vi(x), UZx) =E[V](x), 52z

Assumption 3. For any choices of o; € {1,2}, j = 1,2, ..., N and a set of linear
operators {7}, there exists a finite constant C such that

N
E|[]nuscpi| =0, N=3.5
j=1

N

E|[]mus cpt|| £ [ [E[TnUS &) LUZ x)]|. N =4,6

j=1 i

where the summation is over all possible pairings {/n} among {1, 2, ..., N}.
Finally we assume

Assumption 4. There exists a constant C such that, for Theorem 1, 2, 3 (i), (iii)

and 4 (i), (iii),

- CcC_ .
lim Efsup |£3013] = —EIL5013, Y6 € CZ°(R™),  Vzo < o0;

2<20 &



Self-Averaging Scaling Limits for Random Parabolic Waves 349
and for Theorem 3 (ii) and 4 (ii),

C -
lim E[sup |£503]1 £ —EIL50]5, VO € COR™), Vzq < 00;
80!

e=>0  z<z

c
lim E[sup [|£ELE0113] < —Enﬁﬁ@n%, VO € CO(R*™),  Vzp < o0;

£—> z7<z0

where Ei is defined, respectively, by (70), (94), (100) and (119) and @ € (0, 1) as
specified in the statements of the theorems.

Assumption 4 is readily satisfied for Gaussian random fields. This can be seen
by first observing that £€ 6 is a Gaussian process and £5 £€ 6 is a y2-process and,
secondly, by an apphcatlon of Borell’s inequality [1] Wthh says that the supremum
over z < 7o inside the expectation can be over-estimated by a log (1/¢) factor for
excursion on the scale of any power of 1/¢:

1
Efsup [£5013] < Clog( )EIILSGIIQ, (15)
<20
1
Efsup [££5013] < Clog2< )Enﬁ%eeng. (16)
Z<<Z0

4. Main results
In the standard scaling, we set
1
L,=L, =—>>1 o=c¢. (17)

To describe the small-scale wave energy we consider the scaled version of the
Wigner distribution,

1 . &2 &2
W = g [ (s ) w (x5

— 1 //e—ip-(yl—yz)/825 X — yi+ya
Q2m)d 2

xp(y1, y2)dyidy>. (18)

The Wigner distribution W*¢ has a limit as certain measure, the Wigner measure,
introduced in [16] (see also [11]). But as remarked in the introduction, we always
consider a uniformly L? initial condition induced by a mixed-state density matrix
0.

The Wigner distribution satisfies the Wigner-Moyal equation

IWE k
8; +%-VW§+E£§W§:0 (19)
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with W (x, p) = W¥(z, X, p). Here the integral operator L is given by
LEWE(x, X, p)
. iq-X ~/ Z
=i / UK [WEx, p+q/2) — Wk p—q/2)] V (8—2 dq) . (20)
with = xe™2¢ ¢ = 1.
The more general case with & € (0, 1) can be derived from a somewhat differ-

ent scaling (cf. the scaling leading to Theorem 2): We probe a highly anisotropic
medium V (z, 2729x) with the strength

with a wave beam composed of waves of lengths comparable to that of the medium,
so we replace k by ke?~2%:

k —> k>~ (21

in the parabolic wave equation. We then use the following definition of the Wigner
distribution to resolve the wave energy:

1 . 20 2a
Gy /e—’P'YxIJ (z, x+ & 2y> W <z,x _¢ 2y>dy. (22)

The difference in scaling between (22) and (21) is, of course, due to the rescaling
of coordinates (17).

Since the proof of convergence is the same for « € (0, 1] they are treated
together. Equation (23) and its variants studied below are understood in the weak
sense and we consider their weak solutions with the test function space C2° (R2d)y.
We find W¢ € L?([0, 00); L*(R??)) such that | W |l> < [|[Wol2, ¥z > 0, and

Weé(z,x,p) =

(WE,0) — (Wo,0) = k™! /Z

z
A (Wf,p-vxe)ds+§f0 (We, £86)ds. (23)

We shall use the notation
N N z
Vg =V (5.da). ViR =V (5.x).
Taking the partial inverse Fourier transform

Flox,y) = / ePYO(x, p)dp

we see that F; 1[,? 6(x,y) acts in the following completely local manner:
Fy ' LE0(x, %, y) = —i8: VE& Y)F, 0%, y), (24)
where
VX y) =V, X+y/2) -V (X—y/2) (25)

with X = xe¢ 2%, The operator L¢ is skew-symmetric and real (i.e., mapping real-
valued functions to real-valued functions).

Since our results do not depend on the transverse dimension d we hereafter take
it to be any positive integer.
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Remark 1. Since (23) is linear, the existence of weak solutions can be established
straightforwardly by the weak-x compactness argument. Let us briefly comment on
this. First, we introduce truncation N < o0;

Vn(z.x) =V(z.x), V(x| <N

and zero otherwise. Clearly, for such bounded Vy the corresponding operator £¢
is a bounded self-adjoint operator on L?(R??). Hence the corresponding Wigner-
Moyal equation preserves the L2 norm of the initial data and produces a sequence
of L?-bounded weak solutions. Passing to the limit N — oo we obtain a L2-weak
solution for the original Wigner-Moyal equation if V is locally square-integrable as
is assumed here. However, due to the weak limiting procedure, there is no guarantee
that the L norm of the initial data is preserved in the limit.

We will not address the uniqueness of solution for the Wigner-Moyal equa-
tion (23) but we will show that as ¢ — 0 any sequence of weak solutions to (23)
converges in a suitable sense to the unique solution of a deterministic transport
equation.

We state our first result in the following theorem.

Theorem 1. Let Assumptions 1, 2, 3 and 4 be satisfied. Then the weak solution W¢ of
the Wigner-Moyal equation (23), and (20), with the initial condition Wy € L*(R2?)
converges in probability as the distribution-valued process to the deterministic limit
given by the weak solution W of the radiative transfer equation

IW..(x,
% + % VW, (x,p) = K2LW, (X, p)

with the initial condition Wy and one of the following scattering operators L:

Case 1):0<a <1,

LW, (x,p) = 277/ ®0,q-p)[W,(x,q) — W,(x, p)ldq; (26)
Case (ii): o = 1,
EWZ(Xv P)

B lql* — Ip|* _
=27 [ (= a-PIW(x @ - W:(x, pldg;  (27)

Case (iii): @ > 1,
LW, =0. (28)

The case of @ = 0 corresponds to the so-called white-noise scaling whose limit is
a Markovian process [6].

Equation (27) has recently been obtained in [3] for strongly mixing z-Markovian
refractive index fields with a bounded generator.

In order to obtain a nontrivial scattering kernel for « > 1 we need to boost up
the intensity of V (cf. Theorem 3).
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Next we consider a second type of scaling limits which starts with the highly
anisotropic medium V (z, £2722x%) . We then set

Ly=L.=¢2% o=¢*"! 0<a<l (29)

under which the parabolic wave equation becomes

owe
lkfla_ + 271k7282Aq}8 + 82a73V(Z872, ngzol)\ll€ — O,
Z
e (0, x) = Yo (x). (30)

The radiative transfer scaling (17) is the limiting case &« = 1. The time-evolution
of the Wigner function (18) is governed by the Wigner-Moyal equation (23) with
the following operator L:

LEWE(x, X, p)
= f el AX 22 [W;(x, p+eiq/2) — WEx, p — 52*2“(1/2)]

xVE(dq), 31

with X = xe~2%. The partial Fourier transform of L£6 is now given by (24) with
the following 4,V :

S VERY) = e 2 [VEG+ye ) - VIR -y /D). (D)

We now state the result for the scaling limit (29), (30).

Theorem 2. Let 0 < o < 1. Let Assumptions 1, 2, 3 and 4 be satisfied. Then
the weak solution W} of the Wigner-Moyal equation (23), and (31), with the ini-
tial condition Wy € L*(R*?), converges in probability as the distribution-valued
process to the deterministic limit given by the weak solution W, of the following
Fokker-Planck equations with the initial condition Wy:

oW,
0z

n % VW, = k*Vp - DV W, 33)

with one of the following diffusion tensors D:

—a€(0,1):

D~ / ®(0, )4 ® qdg; (34)

—o > 1:
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For o = 1 the limit is the same as that in Theorem 1 Case (ii); « = 0 gives rise to
the white-noise limit for the Liouville equation. The Fokker-Planck equation (33)
can be obtained from (26) under the geometrical optics limit of the latter.

Let us consider yet another type of scaling limit parametrized by . We first
assume a highly anisotropic medium V (¢2~%#z, x) and set

Ly=L.=¢2% o=c¢, (35)
i.e., the standard radiative transfer scaling. The Schrodinger equation then becomes

L OWE

e + 27 %22 AW 4+ eV (ze 7P xe ) WE =0,
Z

ik~
U0, x) = Yo(x),  (36)
and the corresponding Wigner-Moyal equation is

ow?
0z

+ 2wy Seewe=o (37
with
LEWE (X, X, )
= igh! / AU [WE(x, p+ q/2) — WEx, p— q/2)] V (8% dq). (38)

with X = xe 2.

Equation (38) is a borderline case of the following family of scaling limits. Let
us consider probing an anisotropic medium

V(2P Z, 77 %), a, B >0,

with a wave beam composed of waves of lengths comparable to that of the medium,
so we switch to (21) and (22) for the formulation of scaling limits.
Three situations arise: Case (i) « < B, Case (ii) « > g and Case (iii) @ = S.
In the first case @ < B we set the strength of the medium fluctuation to be

The resulting equation is (37) with
LIW] (x,X, p)

—i / X [WEX, p +q/2) — W, p — q/2)] V (8%3 dq) , (39)

with X = xe 2%, In the second case « > B we set the strength of the medium
fluctuation to be
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The resulting equation is (37) with
LEWE(X, X, p)
. B— iq-X S <
=jgf / S [Wix,p+q/2) — Wix,p—q/2)]V (87,3 dq) ,  (40)

with X = xe~2¢,

In the third case @ =  the strength of the medium fluctuation is
o =¢g".

The resulting equation is (37) with Ei given by either (39) or (40).
We have the following theorem.

Theorem 3. Let o, § > 0. Let Assumptions 1, 2, 3 and 4 be satisfied. Then the weak
solution WZS of the Wigner-Moyal equation (37), with (39) for a < B or with (40)
fora > B, and the initial condition Wy € L*>(R??) converges in probability as the
distribution-valued process to the deterministic limit given by the weak solution W,
of the transport equation with the initial condition Wy:

oW,
0z

+ g VW, = K2LW,, (41)

with one of the following the scattering operators L.

Case (i): o < B,

LW.(x. p) = 27 / ®0.q—p) [V @ - W.(x.p)] dg.  (42)

Case (ii): 1 <a/B <4/3,d = 3,

2 1n2
LW, (x,p) :271/8(%) |:/<I>(u),q—p)dw:|

x [W.(x, @) — W.(x, p)] dq. 43)
Case (iii): @ = 8,

lq> — |pI?

5r 4P [W.(x,q) — W.(x,p)] dq. (44)

LW, (x,p) =27 f D(
Theorem 3 (i) probably holds for d = 2 and «/8 > 4/3 but we do not pursue it
here in order to keep the argument as simple as possible.

Earlier [19], [5] have established the convergence of the mean field EW? for
z-independent Gaussian media and d = 3. Their transport equation can be viewed
as a limiting case of (41) in which & (&, k) is a §-function concentrated at £ = 0.
See also [18] for mean-field results for z-finitely dependent potentials.
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Unlike the transport equations (27), (26), the scattering kernel (43) is elastic
in the sense that it preserves the kinetic energy of the scattered particle so that the
incoming and outgoing momenta q, p have the same magnitude.

Finally let us consider two other types of scaling limit starting with the slowly
varying, anisotropic refractive index field V(SZ_Z’6 Z, 52_2"‘x), o, B €(0,1). Inthe
first case

B>a, O<a<l, 45)
we set
Ly=L,=¢2% o=¢*"F (46)
under which we have the parabolic wave equation

IWe
ik —— 4 2722 AWE 4 222y (2672 xe T2 WE = 0,
Z

Ve(0,x) = Wo(x), (47)

and the corresponding Wigner-Moyal equation (37) with

Li WZE(X, i, p) — i/eiq-i82a—2|:wzs(x’ p+ 82—20((1/2)

~Wixp - eV (S5.da), @)
€
with X = xe 2%,
In the second case
a>pB, O<a<l, (49
we set
Ly=L.=¢2% o=2¢" (50)

After rescaling, the parabolic wave equation reads as follows,
1 0W° 12 2 A e o 02 2B =20\ \yE
ik a—+2 ke AV® 4+ ¢ V(ze ,Xe “HYE =0,
b4
W0, x) = Wo(x), (51)
and the corresponding Wigner-Moyal equation takes the form of (37) with
LEWE(x, %, p) = ief™® / ‘7(8%, dq)e' %22
x [WEep+e22q/2) - Wik p— 2 q/2)|  (52)
Z ’ Z ’

with X = xe~2¢,
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In the third case,
a=p, ac@1l), (53)
we set
o =c¢g".
The resulting equation is (37) with either (48) or (52).

Theorem 4. Let o, B € (0, 1). Let Assumptions 1, 2, 3 and 4 be satisfied. Then the
weak solution W¢ of the Wigner-Moyal equation (37), with (48) for o < B or with
(52) otherwise, and the initial condition Wo € L*(R??) converges in probability as
the distribution-valued process to the deterministic limit given by the weak solution
W, of the Fokker-Planck equation (33) with the following diffusion tensors:

Case (i) — (45), (46):
D=nr [ &0, q)q ® qdq. (54)

Case (ii) — (49), (50): d =2 3, 1 < /B < 4/3,
D(p) = nklp|~" / U D (w, pL)dw} pL®pLdpL (55)

wherepy e R p; -p=0.
Case (iii): @ = B,

D) =nf<1><k—1p-q, Ve ®qdq (56)

The Fokker-Planck equation with (54), (55) and (56) are the geometrical optics
limit of the transport equations (43) and (27), respectively. The limiting case of
a = 0 gives rise to the white-noise model of the Liouville equation [6]. We believe
that the result for Case (ii) can be extended to d = 2 and 8/« € (0, 1).

Remark 2. Taken together, our results have roughly covered all the super-parabolic
scaling

Ly > /L,.
To see this, let us set
L,~Ll =%, 0<y<2

and define the Wigner transform as

1 . 82 32
W(z.x,p) = W/e"”\l!(z, X + Ty)\p*(z, X — TY)dy

! —ip-(y1—y2)/& yit+y
- (Zn)d/fe PO (x = Z—2)p(y1, ¥2)dyidy
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with the new parameter

g=¢g277
and analyze analogously the preceding scaling limits as parametrized by €. For an
alternative treatment of scaling limits resulting in a transport equation, see [7].

Our approach is to use the conditional shift [14] to formulate the correspond-
ing martingale problem parametrized by ¢ and adapt the perturbed test function
technique to the probabilistic setting to establish the convergence of the martin-
gales. It then turns out that after subtracting the drift and the Stratonovich correction
term the limiting martingale has null quadratic variation (see Proposition 6) imply-
ing that the limit is deterministic. The perturbed test functions constructed here (see
e.g., (73), (83) and (84)) are related to those in [2], [3] but our analysis is carried out
in a more general framework as formulated in [6] and provides a unified treatment
of a range of scaling limits from the radiative transfer to the geometrical optics
limit and the white-noise limit.

5. Proof of Theorem 1

5.1. Martingale formulation

We consider the weak formulation of the Wigner-Moyal equation:

w0}~ owo.00] =&

z z
O<W?P-V@dw+§A(Wi£%%h (57)

for any test function 6 € C° (R24). which is a dense subspace in L2(R2?). The
tightness result (see below) implies that for L? initial data the limiting measure P
is supported in L>([0, zo]; L2(R??)).

For tightness as well as identification of the limit, the following infinitesimal
operator A® will play an important role. Let V7 = V(z/ 2,-). Let F¥ be the
o -algebras generated by {V;°, s < z} and E{ the corresponding conditional expec-
tation with respect to Y. Let M? be the space of measurable function adapted to
{F;,Vt} such that sup,_, E[f(z)| < co. We say f(-) € D(A?), the domain of
A? and A° f = gif f, g € M® and for f%(z) = 8_1[E§f(z+6) — f(2)] we have

supE| f°(z2)| < oo,
z,6
mE|f°(2) = ¢(@)] =0 Vz.
Consider a special class of admissible functions f(z) = ¢((WZS , 9)), fl(z) =

@' ((WE,0)), V¢ € C(R). We have the following expression from (57) and the
chain rule:

&

1 k
A f(2) = f'(2) [E (We p- Vo) + — (W2, E‘.j@)} . (58)
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In the case of the test function 6, which is also a functional of the media, we have
A® =f Liwe A\ K e L6 WE, A%6 59
f(z)_f(z) z(Wzvp )+E(Wza Z>+< 7 > ) ( )

and when 6 depends explicitly on the fast spatial vasriable

% =x/e

the gradient V is conveniently decomposed into the gradient with respect to the
slow variable Vy and that with respect to the fast variable V:

V = Vy + & V.

A main property of A® is that
Zz
f@) — /0 Af f(s)ds isa F-martingale Vf € D(A®). (60)
Also,

Z

E f(2) — f(s) =/ EEA®f(v)dt Vs <z ae. 61)
)

(see [14]). We denote by A the infinitesimal operator corresponding to the unscaled

process V.(-) = V(z, ).

5.2. Tightness

In what follows we will adopt the notation

f@=¢(W:,0), f'@) = ¢ (W, 0), f"(2) = ¢" (WS, 6)), ¥p € CC(R).

Namely, the prime stands for the differentiation with respect to the original argu-
ment (not £) of f, f/ etc.

Let D([0, c0); L%] (RM)) be the L2-valued right continuous processes with
left limits endowed with the Skorohod topology. A family of processes {W?¢,0 <
e < 1} € D([0, 00); L2 (R?%)) is tight if and only if the family of processes
{(W?,0),0 <& < 1} C D([0, 00); L2 (R??)) is tight for all & € C° [10]. We
use the tightness criterion of [15, Chapter 3,Theorem 4] namely, we will prove:
Firstly,

lim limsupP{sup [(W/,0)| = N} =0 Vzo < o0. (62)

N—oo o0 z<20 '
Secondly, for each ¢ € C°°(R) there is a sequence f¢(z) € D(A?) such that
for each z9 < cof{A°f(2),0 < ¢ < 1,0 < z < zo} is uniformly integrable
and

lirr%)IP’{sup 1f5@) —p(WE, 0D =8} =0 V8> 0. (63)

&> 7<20
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Then it follows that the laws of {(W¢,60),0 < & < 1} are tight in the space of
D([0, 00); R).

First, condition (62) is satisfied because the L2 norm is uniformly bounded.

Let

Lo %, p) =ie / f SN0, p+ q/2) — O(x. p — q/2)]

sk SRV RE e (4q) s, (64)

Note that the operator ﬁ? maps areal-valued function 6 to areal-valued z-stationary

random function [Zi@
We have the following estimate.

Lemma 1. The following inequality holds:
< 12
K [@9] (X, p)
00 2
= [/0 P (s)ds] / [6x.p+a/2) —6(x.p — q/2)]’ D (&, qdEdq. (65)

Proof. Consider the following trial functions in the definition of the maximal cor-
relation coefficient

h = hs(x, p)

=i f AT (x, p + q/2) — O(x, p — q/2)]e’F CTIPVEEE Ve (dq),
g =&, p)

=i / I O(x, p + q/2) — 0(x, p — q/2)]eF IRV Ve ().

It is easy to see that

hS € LZ(P’ Qa ‘7:‘9*22)7
g eel*P,Q FF,)

and their second moments are uniformly bounded in X, p, ¢ since

E[h2](x, p) < El[g2](x, p), (66)
Elg?](x, p) = / [0(x, p+q/2) — O(x, p— q/2)* @ (¢, q)dedq,  (67)

which is uniformly bounded for any integrable spectral density &.
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From the definition (11) we have

[ELhs (% DA (3, @]
< p(e72t = EV [2x P | BV [l v ).

Hence by setting s =, x =y, p = ( first and the Cauchy-Schwarz inequality we
have

E[22(% p] € P22 — ) Elg2x, p)]
and

|E [hs(x, s (y. Q)|
< p(e 2t — 2))p(e (s — DE g7 (x, PIEV*[gZ(y, Q)]

Vs,t 2 z,VX,y. Hence

o]

00 00 2
e / f Elhy (x. p)g:(x. p)ldsds < Elg2](x. p) [ / p(s)ds}
4 b4 0
which together with (67) yields (65). O

Corollary 1. The following inequality holds:
V)
Elp-vilio] xp
00 2 )
< [ / p(s)ds] [l v+ a2 —p- Vo p - a/2)]
x®(§, q)dEdq. (68)
Inequality (68) can be obtained from the expression
P VxLi0(x, X, p)
S . ~
=i f f e'Tp - y[0(x,p+4q/2) — 0(x, p — q/2)]
Z
=l . 20 A
xet T CTIPUEEREVE (dq)ds

as in Lemma 1.
The main property of ££6 is that it solves the corrector equation

6720 V- 4] 220 = 72120, (69)
Equation (69) can also be solved by using (24), yielding the solution
Fy ' LO(x,R.Y)

R Po—2a—1 o
— 872/ ek (52 Vy Vg []Ei [58 Vse]]_—z—le:l x, %, y)ds, (70)

b4
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where
S VEX, ) =ViE+y/2) - ViE—y/2).

Recall that Vi and Vy are the gradients with respect to the fast variable X and the
slow variable x, respectively. _
We will need to estimate the iteration of £f and £%:

LELEO(X, X, P)

o0
2_872/ / VE(dQES[VE (dq))]eld™eld ik G-apa/e™
Z

201)

x{160x p+d/2+0/2) — 0(x, p+q//2 — q/2)]e™ I/ Ce

—[0x,p—q/2+q/2) —0(x,p—q/2— q/z)]e—""‘l<S—Z>q"‘l/<282">} ds,

Eiﬁi@(x, X, p)
4 o0 o0 R R
= e f f / B2 [V (da) B[V (dg)]
z Z
Xeiqieiq’-ieik’l (s—z)p-q/e2® eik" (t—z)p-q’/e2*
x {[G(X, P+d/2+0a/2) —0(x, p+q/2—q/2)]elt 6949/

20()

—H0(x,p—q'/2+4q/2)—0(x,p—q'/2 - q/2)]e_”‘71(S—Uq“q/(%z“)} dsdt.

Their second moments can be estimated as in Lemma 1 by using the 6th order
sub-Gaussian property (Assumption 3). In order to carry out the same argument,
we need to approximate the terms of non-product form such as 0(x,p + q'/2 +
q/2)e’* " 6=94"a/2*) by the sum of the terms which are a product of functions
of variables that are statistically coupled in the pairing.

Since we do not need the pointwise estimate such as stated in Lemma 1 we
shall demonstrate a simpler approach based on the inverse Fourier transform:

7! {Lﬁﬁ;e} (x, %, y)

o
— 872/ Ssvzsefls*Zak*I(S*Z)Vy-vi I:EZ[SEVAS]]_-QIQ:I (x, %, y)dS, (71)
z

7! {E;Ege} (x,%, y)
R PO
:_874/ omie kT =0 Vy Vg
Z

x {]Ez[sg Velemie kT 6= Vy Yy [Ez[ag Vf]]-‘;le]} (x, %, y)dsdt. (72)
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Lemma 2. For some constant C independent of €,

00 2
E|I:£5013 < 8C ( / p(s)ds) B[V,

y / [0 p+q/2) — 6(x. p — 4/ P&, )dedxdqdp.

1% 4
EILEL5013 < 8C (/ p(s)ds> E[V,]?
0

x [10.p+a/2) ~ 0x.p - 4/2)P 0. @dédxdadp.
Proof. Let us consider [ﬁﬁﬁg@ The calculation for £§£~§9 is analogous and

simpler.
By the Parseval theorem and the unitarity of exp (it Vy - Vi), 7 € R,

EII£ELE013

-8 e (1—7)Vy
=c /E / e 't (1=2)Vy-Vx
Z

x {Ez[ag VElemie kT (=) Vy Vs [Ez[ae Vf]f;‘@]} (X, %, y)dsdt

o0
=21
x/ P8k =) Vy Vg
z

X [EZ[(SS Vﬁ]eié‘_20{k—l(s/_z)Vy'vi I:]Ez[asvé;]fz—le]] (X, iv y)ds/dt/] dxdy

N
_ S—S/E {/OO e 2k (=1 /29y V5
Z

X {]Ez[a5 VIS]e—iS*ZOtk*I(S—Z)Vy-vy‘( I:EZ[ngsS]fz—]e:I} (X, i, y)del
RO PR DY
X/ o€ 2k (1=1) [2Vy Vg
Z
x {EZ[SS Vel kT =) VeV [EZ 8¢ vj/]fz—le]} (x, %, y)ds/dt/} dxdy
o0 R, P - _ 5
:g‘S/E{f {Ez[sgvf]e—“f 2k (5= Vy Vg [EZ[SEVSE]FZ 19]} (x, %, y)dsdt
Z
o0 Fa—20 ] — ! - _ -
x / [Ez[agvﬁ]e"‘f 2k (5" —2) Vy Vg [Ez[sgvj]fz 19]] (x, %, y)ds/dt/}dxdy
2 o
<ce8 / / ‘E{]Ez[sgvf]e—"fz"k‘]<H>Vy'vi[Ez[sgvf]fz‘le]} x, %, y)’dsdt
Z
o0 Fe—20p,—1 o/
x f ‘E {IEZ[SE VEleie T 6 =) Vs [Ez[asvj]fz—le]] (x, %, y)‘ds’dt’dxdy
Zz
8 o0
+Ce™ / / |E [E:[8 VS TE- [8: V5 1]|
V4
—ie7 2k~ (s—z)Vy- Vg e —1 <
x E{e v [IEZ[SS VEF, 9] x,%,y)

wel€ kT (5 =) Vy Vi [EZ [5e vj,]fz—le] x, %, y) ] ‘ dsdids'dr' dxdy.
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The last inequality follows from the sub-Gaussian assumption. Note that in the x
integrals above the fast variable X is integrated and is not treated as independent of
X.

Let

g(t) =6 V/
and
hs) = e OOV (5, e o]
N N
The same argument as that for Lemma 1 shows that for ¢, ¢, s, s" 2 z,

|E[E.[g(DIE[h()]]] £ EY[E.[g()*IE?[E.[A(s)]*]

< pe 2t — 2)p(e (s — )E2[g* OIE 2[R (9)];
|E[E.[g(DIE [g(t)]]] < EV[E.[g)*IEY[E [g(t)]*]

< ple™2(t — )pe 2t — D)EV 2B (g2 (1)];
|E[E.[h()IE[A(sH]]| £ EV2E[h(s)PIEV[E, [h(s)]*]

< pe (s —2)p(e 2 (s" — )E[R*()IE2[h* ().

Combining the above estimates we get

E| L5013

<2 ( p(s)ds) E[g(Z)]zlE[h(Z)]zdxdy

<2 (0 p(s)ds) Els: VPR [e /e T 00V Vx [ngf}"z_lé]]zdxdy
<3

4 . 2
( ,o(s)ds) E[VE? / i (D)W, [5 vEFy! H dxdy
0

o0
§sc</0 ,O(S)ds) IE[VE]/ [e9%0x.p +a/2) — 6x.p - 4/2)]
<ok s—2p-a/e™ Qf(dq)} dxdp
00 4
<sc ([ pws) miver
0

x / [0(x.p+a/2) — 6(x. p — 4/2)2® (€, Q)dédxdqdp 0
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Equation (72) is convenient for estimating the second moment of p - Vy ES ES
and £¢ L€ ££0 which by (72) and (24) have the following expressions:

7737 %
7! {p : ingige] (x, %, )
o0
_2V Vy / e—is’zak’l(t—z)vyvi
S AR T [Ez[aavf]fz‘le]}(x, y)dsds
2/00 ie7 2k (1—7)Vy V.
x i]EZ[38‘/té‘]e—lefzotk*l(s—z)vy-vi [Ez[vy&;‘/sg] . f;lvxg:“ (X, y)dsdt

. =2 oo —iem 2~ (1—7)Vy Vi
+ie e YTEX
Z

x {B1Vy 8, V1 et 0% s [ g, vt 7y w6 || x, ydsa

YA A4
a1
—18*455Vf(f<,y)/ e ek =) Vy Vg
Z

x [Eelsevitemie T 0m0n s R (6, vi 17510 | (x, wdsar.

{ﬁ%%g } (%, %, y)

The same calculation as in Lemma 2 yields the following estimates:

Corollary 2. For some constant C independent of ¢,

Ellp - VxLELEOI3
00 4
<32C </ ,o(s)ds)
0
x { E[Vy VET? / [Vxf (X, p+q/2) — VxO(x, p — q/2)*® (&, q)dédxdqdp

+ E[VS]? / [Vx0 (X, p+ q/2) — Vb (x, p—q/2) ] [p|> D (£, q)dédxdqdp} ;

7T

00 4
ENLELELE013 < 32C (/ p(s)ds) E[VET*
0
x / [0, p+a/2) — 0(x, p — a/2)Pb (&, qdédxdqdp.
Let
FE(2) = ke f'(2) (W;, Z§9> (73)

be the 1st perturbation of f(z).
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Proposition 1. The following results hold:

lim sup E| f{(z)| =0, lirr%) sup | f{ (z)] =0 in probability.
E—>

e—0 7<20 <20

Proof. We have
E[1 £ @)1 < ell f llo | Woll2EILLEO 2
and

sup | /1 (2)] < &l flloo | Woll2 sup 12562

<20 <20

365

(74)

(75)

The right-hand side of (74) is O(e) while the right-hand side of (75) is o(1) in

probability by Chebyshev’s inequality and Assumption 4.
Proposition 1 now follows from (74) and (75). O

Set f°(z) = f(z) + f; (z). A straightforward calculation yields

A ff = ef'(z) (W;, p- vx£§9> +ef"(2) (W, p- Vx9><W§, ES@}

2 ') (W, £E220) + K £ @) (W 20) (W, £2o)

k
/'@ (We, c2o)
and hence,
1
A fo@) = L@ (W p- Vb))

1) (WE, LL256) + K2 (W, oo (e, £26)

o[£/ (WEp - VeLi0)+ () (e, p - Vo) (We, £26))]

= Aj(2) + AT(2) + A5(2) + R{(2)
where A{(z) and A% (z) are the O (1) statistical coupling terms.
Proposition 2. The following result holds:

lim sup ]E|R‘1€(Z)|2 =0.

E—> 7<20

Proof. We have

(76)

IRI1 < & (IS Nl Woll3 1D - Va0 £56112 + 1L.£ oI W 12D - VA(£50)112 ]

Clearly
lim sup E|RS(z)|> =0

£—> 7<20

by Lemma 1 and Corollary 1. O
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For the tightness criterion stated in the beginnings of the section, it remains to
show

Proposition 3. The sets {A° f¢,0 < & < 1} are uniformly integrable.

Proof. We show that {A?},i =0, 1, 2, 3 are uniformly integrable.
For this we have the following estimates:

1
1AG ()| = z”f/”oo”WO”Z”p‘Vx9||2,

AT @) S K21 ool Woll2 L5 L2612,

Z

IAS] < K2 oo IWO I3 ILEO 12 1ILEO 2.

The second moments of the right-hand side of the above expressions are uniformly
boundedas e — 0by Lemmas 1 and 2 and hence A(z), Aj(z), A5(z) are uniformly
integrable. By Proposition 2, R{ is uniformly integrable. O

5.3. Identification of the limit

Our strategy is to show directly that, in passing to the weak limit, the limiting
process solves the martingale problem with zero quadratic variation. The unique-
ness of the limiting deterministic problem then identifies the limit.

For this purpose, we introduce the next perturbations f5, f5. Let

AV () = / ¥ (x. 2)Q1 (0 ® O)(x. p. ¥, OV (. @) dxdpdyda,  (T7)

AP = [ Qo pyxp dxdp vy L@, (78)
where
QO ®O)(x. Py, O =E[ L0 PLOY. 0] 19)
and
Q6(x,p) =E [Lgige(x, p)] .
Clearly,
AV () =E [(w, £50) <¢, f3§9>] . (80)
Let
020 ®)(x.p.¥. q) = E[£:0x IIL0(y. |
and

Q,0(x,p) =E [iiﬁi@(x, p)] .
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Let
AP ) = / Y (x, p) Q0 ® )X, p,y, DV (Y, q) dxdpdydq,  (81)
AP ) = [ Q. pw(x.p) dxdp. (82)
Define
& e2k? 1" & pfe 2 2) &
f@=5-1"G) [(Wz,cze> — A§ (WZ)} (83)
i) = ﬁf’(z) [(W EWZ%) - A<2>(Wf)] (84)
3 2 7' ~z%z 1 z :

Proposition 4. The following equalities hold:

lirrz) sup E| f5 (2)| =0, lirr:) sup E| f5 ()| = 0.
£—>

e—>Uz<zo 7<20

Proof. We have the bounds

sup E| £5 ()] = sup k21 loo [ I WolBEI £5613 + ELAP (W1 ]

<20 <20
sup E| f5(2)] = sup ek f oo [ IWOILEIZ2 L2611 + ELAT (W]
z2<z0 <20

The right-hand sides of both tend to zero as ¢ — O by Lemma 1 and 2. O
We have
A f5@) = 1@ [ = (e, 20) (e, £20) + a8 W | + R5 @),
AL @) =K@ [ (we, £ 20) + AP + R @)
with

k

"
I
Ri(z)=82k2¥ [_ (W2 p- Vxb)+—

- (W, Ej@)} [(w;, Z§9>2 - A;”(w;)}

5 1 ~ k ~
272
+e2K2 £ () (W £2o) |:z<Wzg,p-Vx(£§9))+ E<W§,£§£§9>}
1 k
—22 () [% (weop-va(GP W)+ = (we, 226 W}} . (89)
where G ((92) denotes the operator

G2y = / Q50 ®6)(x. p. y. YV (. ) dydq.
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Similarly

R5(2)

4 F ARG A4

1 o x k o
= 212 f'(2) [E (we.p- Vi(£iLe0) + - (. £?£?£?8>}

k* 1 k o
2 " & & pe e pepepg\ A @D e
+62 2 ) [z(WZ,p-V,ﬁ)—}-g(WZ,ﬁZQ)] [(we. 22 2560) — AP W)
1 k
—2k f'(2) [E (WE.p- Vu(Q0) + - (W2, EﬁQ'z@)} : (86)

Proposition 5. The following equalities hold:

lirrb sup E|R5(2)| = 0, lirrz) sup E|R5(z)| = 0.

e—>0z7<zg e—=>Vz<zo

Proof. Part of the argument is analogous to that given for Proposition 4. The addi-
tional estimates that we need to consider are the following.
In R5: First

sup ¢’E ’<Wf, p- Vx(Géz) W£)>‘

Z
<20

=’ / E[W:x pW: (v, ] E[p- VaLio(x, pILI6(, @) | dxdydpda

< / E[W (x, p)WE(y. @] EV2[p - Ve £o0(x, p)

xE!2[L501(y, q)dxdydpdq,

whichis O (¢?) by using Lemma 1, Corollary 1 and the fact E [ W (x, p) Wi (y, @)] €
L?(R*) in conjunction with the same argument as in proof of Lemma 1; Secondly,

sup ¢E ‘(WZE, EEG(?) W;>

<20

2
= sup e[| WolLEILSGS WE I

<20

sup e | Woll2EIICZE | £56 @ £50] We 2

<20

sup e[ Woll Bl F5 ' 2B | 75 220 @ 757 £o | 75 We L.

<20

Let

hs _ e_ik—]8—201(s—z)vy‘v;‘ [85 ‘/s“,‘fz—le].
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We then have
EIF L [ 55 Lo @ 7y B0 | 7y WE I

=

) 12
x Fy ' WE X, y’)dx’dy’dsdt‘ dxdy}

ool

x / E'2[h,(dx', dy)?|Fy ' WE X, y)|dx' dy dsdt

ool

% ( / E[h, (dx/, dy’)]zdx’dy’> < f |WE (X, p’)|2dx’dp’> dsdt

- / f 8. VE (%, Y)E [Exlhs (x. Y)IE: [ (dx, dy)]]

g™ / 18:VE(X, Y)lpe (s — 2)p(e 2 (t — 2)EV?[hs(x, y)1?
Z , 5
dxdy}

g™t / 18: VEX, Y)|p(e™2(s — 2)p(e2(t — 2)EV 2 [hy(x, y)1?

2

dxdy} .
Recall that || W72 < [|[Woll2 and
/ Elh, (dx, dy')]*dx'dy’

- / [6(x. p+q/2) — (x. p — q/2)1°® (&, Q)dEdqdxdp < o0
so that
EIF LR [ 55 Lo @ 7y L0 | 7 WE I

o0
< | Wol2BY2||hg | 3E2 {/ 874/
Z

X 8V W)lp(e ™2 (s — )p(e 2 — )E P hs (x, y)]zdsdtf dxdy}

o0
< [ Woll2EY2 1113 (SHPE[SS V;F) g8 / p(e2(s — 2))p(e2(t — 2))
X,y b4

xp(e (s — 2)p(e 2 (1" — B2 kg I5E || hy |3dsdtds’dt’
2
< Q.

o0
< | Woll2 B2 g3 (supE[asva) ‘ / p(s)ds
X,y 0

Recall from (67) that

Elhyl3 = /[Q(X, p+4q/2) —0(x,p— q/2)*® (&, q)dEdqdxdp < oo.
Hence

sup ¢E KW;, £§Géz)W§> = 0(e).

<20




370 ALBERT C. FANNJIANG

In R3:

sup ¢E KW;, 582858(9)( < el Wolla sup E|£ELE 2501

limtdnd 4 27~z
<20 <20

which is O (¢g) by Corollary 2.
The two other terms in R§ are

’E [(WE, p - Vx(Q50))| < &2||Woll2llp - VXELLELEON 2
which is O (g?) by Corollary 2, and
eE |(WE, £5Q50)| < ellWollEIILERILELE01
< el|Woll2E N\ F5 ' [LERLF, ' LELEOTII

Z

2 ~ ~
< e Woll2 (suplE“2 |6V | )E”Znﬁcien%
X’y

which is O(¢) by Lemma2. 0O
Consider the test function f€(z) = f(z) + f{(z) + f5 (z) + f5 (z). We have

A f(2) = %f’(z) (WE, p- Vb)) + K2 () ASD (WE) + k2 f/ A (W)
+R{(2) + R5(2) + R3(2). (87)
Set
R*(z) = R{(2) + R5(2) + R5(2). (88)
It follows from Propositions 3 and 5 that

lim sup E|R®(z)| = 0.

e—>0z<z

Proposition 6. The following equality holds:
lim sup sup A% (y)=0.

£20z<20 Iy lo=1

Proof. We have
1
AW =3 / ¥ (% )2} (0 ® 0)(x. p. ¥, ¥ (y. ) dxdpdydq

with the symmetrized kernel

1(X, P, Y, Q)
=010®0)(y,.q.x,p) + 210 ®O)(X,p, Y. q)

o0
Zf de dp/d’)(s’p/)eip’»(x—y)/sz"‘e—ik_]spp/sz_z"‘
—00
x[0x.p+p/2)—0x,p—p/D][0@.a+P/2) —0@y.q—p/2)]
=27 / PN/ [(x, p+ ' /2) — 6(x.p — P/2)]

x [0(y,q+p/2) —6(y,q—p'/2)] @k 'p-p'e? >, pHdp,
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which, because of Assumption 1, tends to zero outside any neighborhood of x =y
while staying uniformly bounded by the functions of the kind f(x,p,y,q) =
cf |9(x,p:|:p//2)9(x,q:i:p//2)| ® (0, p')dp’ for some constant c. We know
that f(x,p,y,q) has a compact support in x,y while decaying like
(pl + 19D?=%, |pl, Iq| > 1 and hence is square integrable.

Therefore the L? norm of Qf tends to zero by the application of the dominated
convergence theorem and the proposition follows. 0O

Similar calculation leads to the following expression: For any real-valued, L?-
weakly convergent sequence ¢ — 1/, we have

. 1
Iim A
fim AT

o0 ey —2a
—1lim | ds f dqdxdp ¥¢(x, p)d(s, e~k spac®
0

e—0

y [efik*‘s|q|262*2°‘/2 [0, p+q) —0(x,p)]

—ek a2 [ (x ) — 0(x,p - @)] .
Note that the integrand is invariant under the change of variables:
s —> —s, q— —q.
Thus we can write
lim A" (y)
e—0
20

e—0

= lim % ds / dqdxdp ¥ (x, p)d(s, qe ™ P
% [e—ik*ls|q|252—2a/2 [0, p+q) —6(x,p)]
KR g x, p) — 6, — @)

= lin})n/dqudp Ye(x, p)
x{oE k" p+4/2)- 0.9 [60x p+9) — 0(x. P)]
~oE 2 o - a/2) - q. 9 [60x D) ~ 0. p — )]}

= lim rr/dqudp ve(x, p)

e—0
2 2
« {q» (SZ—M%, q- p> [6x, @ — 6(x, p)]
2 2

= lim 27 / dqdxdp ¥ (x, p)

e—0

2 a2
x® <82‘2"‘%, pP- q) [0(x, q) —0(x, p)].
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Clearly, we have

. 2oog la1? — Ip?
lim | dq[é(x,q) —0(x,p)]P(e"™ " ————,q—Pp)
e—0 2k
2 102
q)(lql 2k|I’| ’q_p)7 o =1
=/dq[9(xvq)—9(x, p)] x 1 ®(0,q — p), O<a<l1
0, a>1

in L2(E24). Therefore,
lim A (%)
= /dqudpw(x, pIlox, q) —0(x, p)l

22
(b(lql 2k|P| ,q_P), a=1

X 41®0,q—p), O<a<l1
0, a>1
= A ().

Recall that
ME@) = f2(2) - fo CAf(s) ds
=f@Q+ @+ @)+ fi@)— [OZ %f’(@(Wf, p- Vb)) ds
- /O Zkz[f’%s)A;”(W:>+f/<s)A§“<W;)]ds - /O R)ds (59)

is a martingale. The martingale property implies that for any finite sequence 0 <
nn<m<z3<---<zp Sz, C2-function f and bounded continuous function A
with compact support, we have

E{h (W, 0).(W5.0). - . (W,.0)

x [MI 0) —M:O)]} =0 Vs>0, z1Sz2<---<z,=Zz. (90)

Let
_ 1 _
Af @) = f'(s) [% (W2, p- Vxb) + szl(Wz)i| .

In view of the results of Propositions 1-5 we see that f°(z) and A® f¢(z) in (89)
can be replaced by f(z) and A f (z), respectively, apart from an error that vanishes
as & — 0. With this and the tightness of {W?} we can pass to the limit & — 0 in
(90). We see that the limiting process satisfies the martingale property that

E{h ((W.,,0), (W, 0), -, (W,,,0)) [Me15(0) — M (0)]} =0 Vs >0,
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where

z -
M.(0) = f(2) —/0 Af(s)ds. on
Then it follows that
E[M150) — Mo(O)[Wy,u S 2] =0 Vz,5 >0

which proves that M, (6) is a martingale given by
4 1 -
M (0) = f(z) - /0 {f’(S) [% (W, p - Vxb) +k2Al(Ws):| }ds. 92)
Choosing f(r) = r and rZ in (92), we see that

M O) = (W, 0) - /O [% (Ws.p- Vxb) +k2fi1(ws)] ds
is a martingale with the null quadratic variation
[M“)(e), M“K@)]Z —0.
Thus

f @) - /Z {f’(S) [% (W, p - Vx0) +k2A1(Ws)} }ds = f0) Vz>0.
0

Since (W£, 6) is uniformly bounded,
(WE, )] < IWoll211612,
we have the convergence of the second moment
. e n\2 2
hrr%)E {(W2,9> } = (W, 0)
£—> ’

and hence the convergence in probability.

6. Proof of Theorem 2

6.1. Tightness

Instead of (64) we use the corrector
pe < i[> iqx ik~ (s—z)p-q/e2*
LIOX,X,p) = 2 i e'Te '

x g2 =2 [é(x, p+e22q/2) — O(x,p — 82’2"‘(1/2)]

xEEVE(dq) (93)
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which satisfies the corrector equation (69). Its inverse Fourier transform is given
by
15 ~
Fy LIO(x,X,y)

_ 2 [T i vy v el -1
= f e B [5: Vi ] F 0| oxoyds. 94)

Z

Instead of Lemma 1, Corollary 1, Lemma 2 and Corollary 2 we have

Lemma 3. The following inequality holds:

. 12 00 2
1imsupﬂ«:[£§9] (x,p) < [ /0 ,o(s)ds] f [q- Vob(x. )] ® (€, q)dédq.

e—0

Corollary 3. The following inequality holds:

- 2
limsup E [p : VXEEQ] (x, p)

e—0
00 2
= |:/0 ’O(S)ds] / [p- Vxlq - Vpo(x, p)]]2 (€, q)dédq.

Lemma 4. For some constant C,

limsup E[£5£563

e—0

00 2
<8c ( f p(s)ds) E[V.]? f [q- V0 (x, p)PD(E, q)dédxdqdp
0

lim sup E[| £ £56|13

e—0
00 4
<8C (/0 p(s)ds) E[V,]? /[q - VpO(x, P)I*® (&, Q)dEdxdqdp.
Corollary 4. For some contant C,

lim sup E[| £8£E L2013

777
e—0

o0 4
<32C ( / p(s)ds) E[V.]* / [q- Vpo(x, p)I*® (&, q)dédxdqdp;
0

limsup E|lp - VxLELE|3

e—0
o0 4

<30 ( / p(s)ds> {E[vyvzf / [q- V,Vx6(x, p)PD(E, Q)dedxdqdp
0

+ E[V,]? f [Vxq - VpO(x, P) I [pI* @ (£, q)dédxdqdp} .

The rest of the argument for tightness proceeds without changes.
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6.2. Identification of the limit

With straightforward modification on the estimates of the remainder terms R
and R5, the same argument for passing to the limit ¢ — 0 as before applies here.
In particular, Proposition 6 can be proved as follows.
Proposition 7. The following equality holds:

lim sup AV (y) =o0.
e=>0 )y =1

Proof. As in (89) we have

1
AP =5 [ VP by ¥y 0 dxdpdydy
with the symmetrized kernel

Q1(x,p.y. 9
=010®0)(y,q.x,p)+ 210 ®0)(X,p,y, Q

= /-oo f &)(s, p/)eip’-(x—y)/sz‘”e—ik*‘sp-p’azfza
0
xe® 2 [6(x, p+ 6279/ /2) — 0(x, p — &> p'/2)
xe™ =2 [0(y, q + e72p/2) — 0y, 4 — 72D /2)| b’ ds
_ glii%n / CD(k_lp . p/82—2a’ p/)eiph(x—y)/gh
xg2a2 [e(x, p+e22p'/2) — O(x, p — 82_20‘p’/2)]

xe® 2 [6(y, q + 62 7p/2) — (v, q — &> p'/2) | ap.
Note that

o202 [G(X, p+ 82—2ap//2) —0(x,p— 82—2ap//2)]

converges to p’ - Vpf(x,p) in CX (de). Thus the L? norm of Q] tends to zero
for the same reason as given in the proof of Proposition 6. O
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To identify the limit we have the following straightforward calculation: For any
real-valued, L?-weakly convergent sequence ¢ — 1/,

lim A" (y®)
e—0

00 ) o o
= lim ds/dwdqudp Ve (x, p)P(w, q)e* Ve Lspqe? T pdo—d
0

e—0

% [e—ik*‘s\qﬁs“*““/z [9 x,p+ &> %q) — 0(x, p)]
—e k2 g (x ) — 0(x, p — 7 g |

o0
= lim ds/dqudp UE(x, p)D(s, q)e ik spastT a4
0

e—0

x [e—fk"'S‘Q'ZS“"‘“/Z [9 (x,p + 2 2q) — 0(x, p)]
ik Islalet 42 [O(X, p) —O(x,p— 82—2aq)]:|
=7 / dqdxdp ¥ (x, p)®(0, q)(q - Vp)*0(x. p)
= A1 (¥)

for o € (0, 1). For « = 1 we have the same result as in Theorem 1 Case (ii); for
a > 1, the limit is identically zero.

7. Proof of Theorem 3

The proof of the result for Case (i) and (iii) is identical to that for Theorem 1,
Case (i) and (iii), respectively. So in what follows we focus on the second case
o> f.

Introducing a new parameter

F =gl ,
we can rewrite the equation as
aW? k
ot VW LW =0 95)

with
LEWE(x, X, p)
=ig!~/P / SR [WEx, p+q/2) — WEx,p—q/2)] VE(dq), B <1 (96)

with X = x672%/8 and

Vedq) =V (;—2 dq) L VE® =V (;—2 x) . 97)
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Note again that

Fylreo = —ig'=/Ps vE&, y)Fy 0 (98)
with
S VIXY) =V /X+y/2) - VX —y/2). 99)
We will work with (96) and (97) and construct the perturbed test function in the
power of &.

First we note that
E[£:6] (x, p)
_ g22p / (0% p+q/2) — 0(x. p — 4/ (&, Q)dédq.

Instead of (64) we define
Fepie o oy L [ iqg ik~ (s—z)p-q/ite/p
LZG(X,X,p)—w—a/ﬂ\/Z‘ /6 e
x[0(x, p+q/2) — 0(x,p — q/IEEVE (dq)
with ¥ = x&72%/8 which becomes, after the partial inverse Fourier transform,
FlLE0(x, %, y)

1 © -kfl(,i )V .vi~72a//3 —1 ~
— SH_W/Z ik =) Vy Vs [Eﬁ[asz]fz 9] (x, %, y)ds. (100)
The corrector equation holds again:

[5—2“//3% Vi AS] £0 = 52c50. (101)

Following the same argument as in the proof of Theorem 1 we have the follow-
ing estimates:

Lemma 5. The following estimate holds:
. 12
E [ﬁie] (x, p)
22 > ? 2
gl [ /0 p(s)ds] / [6(x.p+a/2) —6(x,p—q/2)]" @&, @)dédq.
Corollary 5. The following estimate holds:

E [p . VXLNEG]Z (x,p)

00 2
< g2/ |:/ p(s)dsi|
0

X / [p- Vx0(x,p+q/2) —p- VxO(x,p — t1/2)]2 @ (&, q)dédq.
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Lemma 6. For some constant C independent of e,
~ 0 2
E|L5L50115 < & */P8c ( f p(s)ds) E[V.1?
0

x / [6(x. p+q/2) — 6(x. p — q/2) P (&, @)dedxdqdp.

%) 4
E|LELE0)3 < */Pgc (/0 p(s)ds) E[V,]?

x / 0%, p+a/2) — 6(x. p — a/2) 2B (&, q)dsdxdadp.
Corollary 6. For some constant C independent of ¢,
Ellp - VxLiL015
00 4
< g4z ( / p(s)ds)
0
X {IE[Vsz]2 f[Vxe(x, P+4/2) — VxO(x, p — q/2)1 (&, q)dédxdqdp

+ E[V,]? / [Vx0(X, p+q/2) — Vs (x, p—q/2) ] [p|> D (&, q)dsdxdqdp} ,

7T

00 4
E|LELELEQ|3 < 800/F32C ( / p(s)ds) E[V,]*
0
< / [00x. p+q/2) — 6(x., p — /2P (&, Q)dedxdqdp.

As a consequence of the divergent factor £!~1/# in the above estimates the pre-
vious proof of uniform integrability of A°[ f (z) + & f{] (e.g., Proposition 3) breaks
down. For both the tightness and the identification we shall use the test function

Q=@+ @+ @+ 5,

where
f @) = ke ') (W £26), (102)
"‘2k2 5 2
fi@ =516 [(w;, Leo) — A(22)(W§)} : (103)
e &%k? / e pepe 2) &
f@ = =1 [<WZ , czcze) — AS (WZ)] , (104)

with Aiz), A;z) given as before.
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Following the same procedure as in the proof of Theorem 1 we obtain

1
A fo @) = 2 f @ (WEp - Vub) + K f" (ALY We) + k2 AP (we)

+R5(2) + R3(2) + A5(2), (105)
where
" 1 k
Ri(z) = 22t ;Z) [E (WEp- Vi) + z (ws, ﬁ%)}

~ 2
x [<W§,£§9> = Ag%(w;)}
~ 1 ~ k ~
+222 £ () (WE £z [% (weop- waZzo) + = we. Liﬁie)]
- 1 k
%2 f"(2) [; (we.p- va(GFwo))+= (we. £2Gf7 W;)] ,
(106)

) I .
RS(z) = 8%k f'(2) [; (we.p- Va(£iL20)
~-2k2 " 1 3

+é 7f (2) z(Wz,P'Vx9>+

—_—

+ §<WZ £§E§Z§9>]

[T

(ws. 20|

< [(we, 2e220) — AP wo)]

M| X

1
—&K f'(2) [% (W p- Vx(250)) + = (W], z::jQ’ze)} (107)

and A§, Aél), Aﬁl), Géz), Q’2 all have the same expressions as in the proof of The-
orem 1.

With the assumption o/ < 4/3, Propositions 1, 2, 4 and 5 hold true. Let us
remark that the most severe terms due to the divergent factor !~/ are

sup ZE |(We, £2GPWE)| = 0@ ), (108)
<20
sup 2 (W, £5£2250)| = 0(6* /) (109)

<20

(cf. Corollary 6).
To satisfy (63) we need to show

Proposition 8. The following convergence holds in probability:

lim sup |f; | =0, j=23.

e—0z<zg
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Proof. We have the estimates

~ A 2
sup |£5.1 < sup 821" o [ IWOIBIZE013 + A (WD) .

<20 <20

= Re F 2
sup | £5.1 = sup &2 'l [ I Woll2| Z222012 + AT (WD)
z<z0 <20

which vanish in probability by using Assumption 4, Lemma 5, 6 and Chebyshev’s
inequality. O

Proposition 9. The following equality holds:

lim sup sup AL (y) =0.

£>0z<z0 |y |,=1

Proof. As in (89) we have

1
AW =3 / ¥ (x. DO} (X, B. Y. Q¥ (7, @) dxdp dydq

with the symmetrized kernel

Q1(x,p,y.q
=010®6)(y,q,x,p)+ 216 RO)X,p,y, qQ

_ s2-2/p /Oo / (s, el ) ik lsppE2 2
0
x[0x.p+p'/2)—0x.p—p'/2)][0(.q+p'/2) —0(y.q—p'/2)] dp’ ds
_s2-2/p / ok p2 2B p)el -G
x[0x,p+p/2)—0x,p—p/D][0(y.q+p/2) —6(y.q—p'/2)] dp.

Taking the L? norm and passing to the limit we have
tim, [ axdpdyda |} (x.p.y. @)
e—>0

. . 224
- nmonzfdxdpdydqva(p P, [/ @(w,p/)dw] S0 (x—y) 52 20F

E—> k
x [0, p+P/2) —0x,p—p/ /][0, a+p'/2) —0(y.a —p'/2)] dp/|’

k . I
= nn})nz/dxdpdydq’/ ol Ucp(w,pl)dw] P L (x—y) /2 2e/P
P

e—>
x[0(x,p+pL/2) —0(x,p—pL/2)]

x [0y, a+pL/2) —0(y,q—pL/2)] dp.|?

)

wherep | -p =0, p1 € R?"!.In passing to the limit, the only problem is at the point
p = 0. But the integrand in the above integral is bounded by ¢|p|~2, ¢ = const.,
which is integrable in a neighborhood of zero if d > 3. Hence the L? norm of Q]
tends to zero by the dominated convergence theorem. 0O
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We have the following straightforward calculation: For any real-valued, L>-
weakly convergent sequence ¢ — ¥,

o0
= lim ds/dqudp Ve (x, p)D(s, q)g>2/P
0

e—0

% [e—ilfls(p+q/2)-q52’2‘”/'S [0x.p+q) —0(x,p)]

ik 's(p—q/2)-qz> /P [0(x,p) —O(x,p— ‘1)]]

= lim x [ dadxdp v e [0 B+ a/2) -0 g
x> 2/P [0(x, p + q) — O(x, p)]
~o (b - a/2) - g2, /P [6(x, ) — 6x.p — )] |

. lq|? — |p|?
— &
= gln})n/dqudp ¥e(x, p)[<D< T

xg2 2B g — p)éz’z‘)’/’3 [6(x.p+q) —6(x,p)]

o (197 =1PP 5 0 2-2a/p [, 0
Il G .q—p)é [0(x.p) —6(x,p— Q]

2 _inl2
:2n/dxdp ¥(x, p)/dch (%)

x [/ d(w, q— p)dw} [0x.p+q) —6(x,p)]
= A1 (¥) VO e CPR™M)

following from the strong convergence of

lq> — pl* ,_ 9
/[Q(%ez /b q—pE P [ox,p+q - 0(x,p)]

lal*> — [pI> ,_ o
—¢(%82 2B q—pE2 /P [o(x,p) — 0(x,p— @] | dq,

to the L2 function

lq*> — |pI?
dgs(———) | | ®(w.q—p)dw [0x.p+q@ — 0(x,p)]

which is square-integrable because of (10).
Proposition 10. The family of functions A¢ f*(z) is uniformly integrable.

This, of course, follows from the fact that each term in (105) has a uniformly
bounded second moment. Therefore we have completed the tightness argument.
Moreover, we have also identified the limiting equation.



382 ALBERT C. FANNJIANG

8. Proof of Theorem 4

Introducing a new parameter

B

M

’

the fast variable

—2a

L2
Il
N
™

and the rescaled process
e o(2 & <
Vg =V (5.dq). Vi =V (5.x).
we rewrite the equation as

ow?
0z

k
+§<—)-VW§+§£§W§:0
with, in Case (i),

LEWE(x, %, p)

=[R2 e xpe e a2 W p e /2] P .

and, in Case (ii),

L Ws(X, X, p) — ig‘lfol/ﬂ / €iq'i82a72

7z

x [WEep o+ e q/2) — Wik, p — 627 q/2) |

x V¥ (dqg).

Taking the partial inverse Fourier transform we get, in Case (i),

FyL0(x %, y) = —i8 VER. )F5 ' 0(x. y),
and in Case (ii),
FlLeox xy) = —ig' P, vE&, v F; 0(x,y)

with

5 VER,y) = e 2 [V; & + &2y /2) — VER — gH"y/z] .

(110)

(111)

(112)

(113)

(114)

(115)

(116)

The proof for Case (i) is entirely analogous to that for Theorem 2 and we will
focus on Case (ii) below. And we will work with (113) and (115) and construct the

perturbed test function in the power of &.
First we note that

e—0

lim sup & 2 T2¢/PR, [£§9]2 (x,p) = / [q- Vpo(x, pI*® (&, q)dedq.  (117)
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As in the proof of Theorem 3, we carry the analysis in the power of & = ¢#. We
consider the rescaled process (97) and its sigma algebras.
We use the corrector

LE0(x, %, p)
_ * iqx ik’l(s—Z)P'Q/gza/ﬂ‘?Za—z
= Fla/B | e e
x[0(x, p+ > q/2) — 0(x, p — ¥ q/DIEI V] (d),  (118)
which after the partial Fourier inversion becomes

F LEo(x, %, y)

i © ik (s—2) V. Ve /52008 . 5
= _§1+—a/ﬁ/ KOV R[5, VELF 0 (x, %, y)ds. (119)
Z

The corrector solves the corrector equation (101).
Following the same argument as in the proof of Theorem 1 we have the follow-
ing estimates:

Lemma 7. The following inequality holds:

.12
lim sup & 2 T2¢/PR [Eﬁ@] x,p)

§—0
00 2 )
s [/0 ,O(S)ds] /[q Vel (x, p)]” @&, q)dédq. (120)
Corollary 7. The following inequality holds:

~ 2
lim sup & ~2+2¢/P R [p . vx,cﬁe] (x, p)

£—0
00 2 ,
Lemma 8. For some constant C independent of ¢,

limsup & *T4/PE| L5 L5013

£—0

00 2
§8C(/ p(s)ds) E[V,]? / [q- Vpd(x, p)I*® (&, Q)dédxdqdp,  (122)
0

lim sup &~ +4/PE | £¢ L2013

£—0

00 4
<8C (/ ,o(s)ds) E[Vzlzf[q - Vpb(x, p) P @ (&, Q)dEdxdqdp.
0
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Corollary 8. For some constant C independent of €,
limsup &~ */PE|p . Ve LELEO)3

£—0
o0 4
<32C ( / p(s)ds) {E[vyvzf / [Vxq - Vo (x, p)I P (€, Q)dEdxdqdp
0
+ E[V.]? f [Vxq - Vpo (x, P[Pl @ (&, q)d&dxdqdp} :

lim sup &~ 0H6¢/PR | £ 28 203

- tnd dnd
£—0

00 4
<32C < / p(s)ds) Ev.1* f [a- Vpb (x, p)I (&, q)dédxdqdp.
0
The rest of the argument follows the general outline of that of Theorem 3 Case
(ii).
Let us now verify that the quadratic variation vanishes in the limit.

Proposition 11. The following equality holds:
lim sup sup A( )(w) =0.

e=>0z<z0 |y lo=1

Proof. To keep the notation simple we use ¢, instead of &, in the following calcu-
lation. As in (89) we have

1
AV = 3 / ¥ (x, ) (X, p, ¥, OV (¥, q) dxdp dydq
with the symmetrized kernel

Q1(x,p.y. Q)
=010 ®0)(y,q,x,p) + Q10 ®O)(X,p,Y, q)

— 22 /Oo/d’)(s’p/)eip’<(x—y)/82"‘e—ik Lipp/e2b-2
0
x g2 =2 [9(x,p+52 2ap'12) —0(x, p — 27 //2)]
xe 260y, g+ 2p'/2) — 0(y.qa — £ 2p/2)] dp’ ds
=nf 2620 gy (k= p . p/e2P =2 plyeiP V)
xg2t—2 [9(X,p+82 2ap'/2) —0(x, p — &2 //2)]

w22 [9(y,q+52 20 p'/2) — 6@y, q 22 //2)]

whose L? norm has the following limit:

0 = lim 712/ / kip)~! |:f D (w, PJ_)dwj|
e—0 pL-p=0

xg/PL =Y Iq - Vpo (x, p)|2dp1_‘ dxdp
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if d = 3 by the dominated convergence theorem because the integrand is bounded
by an integrable function behaving like c|p|~2 in a neighborhood of p = 0. O

To identify the limit, we have the following straightforward calculation: For
any real-valued, L2-weakly convergent sequence ¥¢ — v,
: M, e
lim A
Jm A7)
00 - —2a
— lim f ds / dqdxdp ¥ (x, p)d(s, qre— K spae? T 2p =2 Aa—d
e—0Jo
x I:e—ik_ls|q|282+2ﬂ—4a/2 I:G(X, p+ 82—2(1q) —0(x, p)]
_eik—ls‘q‘282+2ﬁ—4a/2 [Q(X’ p) _ Q(X’ p— 82_2aq)] ]
o0 - 2
= lim / ds / dqdxdp Ve (x, p)®(s, q)e K 'sprqe? T 2p—Da ha—4
e—0Jo
% I:e_ik—lslq|282+2ﬁ—4a/2 [Q(X’ P 4 82_2aq) _ Q(X’ p)]
ik slafet T2 [9(& p) — 6(x, p— 82—201(1)] ]
= lim 7 / g2 —2,2p— 20 [Cb(k_l(p +e2722q /2y . qe2P2 q)
e—0
st—za [6(X7 p + 62—2aq) _ Q(X, p)] _ d>(k_1(p _ 82—2aq/2) . q£2ﬂ—2a’ q)
xe22 [6(x,p) — 0(x, p — &>~ @) ] | ¥* (x. p)dqdxdp

=ﬂfq~Vp [S(k’lp-q) U@D(w,q)dw]mvp]@(x, p)¥ (X, p)dqdxdp

7T/klpl_1 [/ <D(w,pL)dW} (PL - Vp)20(x, p)Y (X, p)dp L dxdp

AL,

where p; € RY"!, p, - p = 0. Note again that
/ / ®(w,pL)pL ®prdwdpL < oo VpeR
ppL=0
because of (10) and that the function
el [ [ [ e, m)dw] (b1 Vp)20(x, p)dpL
pL-p=0

is square-integrable because of d = 3.
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Case (iil): o = 8,

lim A (y*)
=0
= lim 7 f dqdxdp * (x. p)
E—>
xgla—4 [q;(k*1 (p+7*q/2) - q,q) [O(X, p+e g — O(x, p)]

— ok p—*q/2) - 4, @) [60x. P) — 0x.p — 7]

v [ dadxp vix.pra- Vi [©4'p- a0 V| x )
A,
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