Time Scales in Noisy Conservative Systems

Albert Fannjiang

Department of Mathematics, UCLA, Los Angeles, CA 90024-1555, USA.

August 7, 1996

1 Introduction

A dynamical system, continuous or discrete in time, is conservative if it preserves an invariant measure with smooth density. The invariant measure is not unique unless the dynamical system is ergodic. For concreteness, we present the discussions and results mostly for the classical systems [1] for which the state space is a periodic domain M in R^d and the continuous time system dx(t) dt = u(x(t)) (1.1)

preserves the Lebesgue measure, namely

∇ · u(x) = 0. (1.2)

The vector field u(x) is assumed to be bounded. We consider small white noise perturbation dx_ε(t) = u(x_ε(t))dt + √ εdw(t) (1.3) where √ ε is the noise magnitude and w(t) is the d−dimensional Brownian motion. The random perturbation is chosen as to preserve the same invariant measure of the dynamical system.

There are clearly many possible choices of noises depending on the actual physical contexts from which the dynamical system and noise arise. To fix the idea, we think of (1.1) as the Lagrangian description of the incompressible fluid flow u(x) and ε as the molecular diffusivity of some passive scalar particles. In this context, it is of considerable interest to consider the annulus, the strip or the cube as the state space with reflecting boundaries( to preserve the total number of particles) since most fluid dynamical experiments have such set-ups (see, e.g., [11], [20]).

In another situation of solid state physics where particles (e.g. electrons) move in a potential force field (e.g. electric field), the Hamiltonian flow u(x) on the phase space preserves the invariant Lebesgue measure (Liouville theorem) which is not finite in view of the fact that the momentum variables are effectively unbounded. In that case, the more reasonable random processes of modeling the microscopic collisions are those possessing some finite invariant measures. One such candidate is the Ornstein-Ulenbeck process which leaves invariant the Maxwellian distribution. The motion of a particle in a potential force field under the small perturbation of the Ornstein-Ulenbeck process will be addressed in a separate paper.

In general, different noises give rise to different results on the problems addressed in this paper. But we expect those results are stable within each type of noise according to the correlation properties, invariant measures,.... etc and are not sensitive to the details of the random noises.

In the mathematical apparatus developed in [7], the perturbation ε plays the role of parametrization of time in the following sense. The unperturbed skewsymmetric operator u · ∇ generates an unitary group of transformations e^tu^{·∇} so that the L^p norm is unchanged with time , for all 1 ≤ p ≤ ∞, ||e^tu^{·∇} − ⟨·⟩||_{p→p} = 1, ∀1 ≤ p ≤ ∞. (1.4) Here ⟨·⟩ is the average w.r.t. the invariant measure and || · ||_{p→q} , for 1 ≤ p, q ≤ ∞, is the operator norm from L^p to L^q. (1.4) reflects the reversibility of the unperturbed system (1.1) and the progression in time is not observable in the sense of operator norm. Of course, if a weaker notion of measuring the evolution is used, then the time progression may be observable. The perturbed generator

L^ε = ε 2 Δ + u(x) · ∇ (1.5)

gives rise to a semi-group of contractions P^ε_t = e^{tL”} with a positive decay rate N_ε(t) such that ||P^ε_t − ⟨·⟩||_{2→2} = e^{−N”(t)}. (1.6) The semi-group property of P^ε_t implies immediately that N_ε(t) is a superadditive function of t

N_ε(t + s) ≥ N_ε(t) + N_ε(s), ∀t, s ≥ 0 (1.7)

with N_ε(0) = 0, ∀ε > 0. In particular, N_ε(t) is a increasing function of t. We could consider more general || · ||_{p→p} norm in (1.6) too. But || · ||_{2→2} seems most natural in view of its relation with the usual definition of dissipation rate d dt ⟨(P^ε_t f − ⟨f⟩)^2⟩ = −ε⟨(∇P^ε_t f)^2⟩. (1.8)

From (1.6) and (1.8), we get

e^{−N”(t)} = 1 − sup_f {∫_t 0 ds ε⟨(∇P^ε_s f)^2⟩ ⟨(f − ⟨f⟩)^2⟩ } . (1.9)

We are going to characterize a number of time scales in Section 2 in terms of the asymptotics of N_ε(t) as ε → 0 coupled with t → ∞. One of the time scales discussed in Section 2 is the dissipation time t_{diss} which is the least such that N_ε(t) → ∞, ∀t ≫ t_{diss}, (1.10) as ε → 0. Namely, it is the time scale on which the evolution P^ε_t stablizes. Because the stability is measured in the operator norm, the asymptotic behaviours of (1.3) beyond t_{diss} are essentially independent of initial positions. t_{diss} can be substantially smaller than^1_ε and when this happens, it is called the phenomenon of convection enhanced dissipation. The idea is that the unperturbed system (1.1) may create small spatial scales in relatively short time on top of which the small diffusion ε can act effectively and smooth out the initial distributions rather quickly. Examples of this kind are given in Section 3.

Another important time scale t_m, called the martingale time in Section 4, is one beyond which the Markov process (1.3) behaves like martingale when looked at from suitable reference frames. The perturbed process (1.3) is conviently decomposed into a martingale and a fluctuation with the former capturing the final state of diffusion. The martingale time is defined by the ratio of the fluctuation to the per unit time variance of the martingale.

The noise contaminates the system completely on the diffusion time which is roughly the martingale time independent of initial points. This approach to the final state of diffusion is stated in Section 5 as the limit theorem for the perturbed system (1.3) on the diffusion time scale. This is quite different from the usual central limit theorem in that the convection enhance diffusion generally occurs which alters the scaling drastically. Examples of this kind are given in Section 6 and more examples can be found in [9] and [10].

The dissipation time characterizes the mixing mechanism and the martingale time characterizes the vanishing of the non-transporting fluctuation. Together with the diffusion time scale, they and their relations constitute the major part of this paper.

Finally, we comment on the transient crossover times. Contrary to traditional belief, the transient dispersion may take place well beyond the dissipation time t_{diss}, if t_{diss} ≪ t_m, and consequently the transient dispersion in this case is initial point independent.

This paper is a brief account of the full blown version [7]. Before we entering next section, let us set up some notations. Given two sequences of positive numbers a_ε, b_ε, we say that

a_ε^<∼ b_ε if lim_{ε→0} a_ε b_ε < ∞; (1.11) a_ε^>∼ b_ε if lim_{ε→0} a_ε b_ε > 0; (1.12) and a_ε ∼ b_ε if both (1.11) and (1.12) hold. Also

a_ε ≪ b_ε if lim_{ε→0} a_ε b_ε = 0; (1.13) a_ε ≫ b_ε if lim_{ε→0} a_ε b_ε = ∞. (1.14)

2 Decay Rate and Dissipation Time

First of all, the following theorem provides general upper and lower bounds for N_ε(t) Theorem 2.1 Cε ≤ N_ε(t) t ≤ −Re(μ_ε), uniformly in t ∈ [0, ∞), as ε → 0, (2.1)

where μ_ε (possibly not unique) are the nonzero eigenvalues with the largest real part of L^ε.

The lower bound is proved by the Trotter product formula and the upper bound follows immediately from the theorem of spectral radius [21].

Moreover, these bounds are realizable on the initial and final time scales in the following sense.

Theorem 2.2 There exists a time t_{sp} ≥ 0(probably divergent as ε → 0) such that N_ε(t) ∼ −Re(μ_ε)t, ∀t ≫ t_{sp} (2.2) and N_ε(t) ∼ εt, uniformly in t ∈ [0, T ], ∀T < ∞ (2.3) if u is continuously differentiable.

(2.2) is again part of the spectral radius theorem [21]. For bounded time interval, (2.3) is a regular perturbation problem and is proved by a theorem of Blagoveshchenskii and Freidlin [7].

Now, if we also know that

−Re(μ_ε)^<∼ ε (2.4) there would be no problems with time scales: t_{sp} can be set to zero and N_ε(t) ∼ εt, uniformly in t ∈ [0, ∞). (2.5) But in general, Theorem 2.2 fails for time scales tending to infinity when −Re(μ_ε) ≫ ε (2.6) i.e. when the interaction of convection and diffusion is so significant that εΔ is no longer a regular perturbation to u · ∇. It becomes a singular perturbation problem of the secondary eigenvalues and results in a nontrivial dependence of t_{sp} on ε. The coexistence of multiple time scales and asymptotics prohibits one from extracting directly global time information from the local ones such as one can for symmetric Markov processes via the logarithmic Sobolev inequalities. Here we want to emphasize that the eigenvalue μ_ε is only an indicator of the split of different time scales, but knowing μ_ε alone would not help much in understanding the dissipation mechanism, unless t_{sp} is also known, and even that may not tell us the important quantities such as the time scale beyond which the noise takes over, for t_{sp} may be too large such that t_{sp} ≫^{−1}Re_{(μ”)} and N_ε(t) → ∞ long before t_{sp}.

Let us define the dissipation time scale t_{diss} to be the one beyond which the perturbed semigroup stablizes, i.e. N_ε(t) → ∞, as ε → 0, ∀t ≫ t_{diss}. (2.7) We take t_{diss} to be the least of those times for which (2.7) holds.

Since the decay rates of the initial and final phases are ε and −Re(μ_ε) respectively, we have − 1 Re(μ_ε) ≤ t_{diss} ≤ 1 ε . (2.8) We call it the phenomenon of convection enhanced dissipation when the dissipation time is much shorter than^1_ε t_{diss} ≪ 1 ε . (2.9) Convection enhanced dissipation (2.9) is related to “convection enlarged spectral gap” (2.6) at least in the following way

Proposition 2.1 If the convection enhanced dissipation (2.9) takes place, then

−Re(μ_ε) ≫ ε. (2.10)

Thus convection enhanced dissipation (2.9) is an precursor of (2.6) and the coexistence of multiple time scales for the rate function N_ε(t). But the converse of Proposition 2.1 may not be true unless one can also show t_{sp} ∼ t_{diss} (2.11) , and if this is the case, then the natural guess would be t_{diss} ∼ − 1 Re(μ_ε)

. (2.12)

But, in general, neither (2.11) nor (2.12) is true in view of the recent studies of the evolution processes of nonnormal operators such as L^ε(see [17] and the references therein). The evolution P^ε_t typically has various transient behaviors which sometimes show up on the most interesting time scales and the eigenvalues such as μ_ε do not necessarily provide the relevent information. What (2.6) does tell us is the existence of initial-data sensitive, transient behaviours taking place before and up to the dissipation time t_{diss}.

The summary of this section is that on the order one time scale the rate function behaves like εt and on the longest time scale it is like −Re(μ_ε)t. In between, there is the dissipation time scale t_{diss} that tells us when the evolution stablizes.

3 Examples of Convection Enhanced Dissipation

Let us begin with a negative result of when (2.9) does not occur.

Theorem 3.1 If the unperturbed system (1.1) is not ergodic and it has a nonconstant invariant measure with twice continously differentiable density, then t_{diss} ∼ 1 ε . (3.1)

We do not know any continous time systems for which (2.9) does occur. The problem simply is that nontrivial ergodic flows are hard to write down. Note that ergodicity alone is not sufficient to have (2.9). For instance, take u(x) = (u_1, u_2, ..., u_d) in d-dimensional torus, where u_i are rationally independent constant. In this example, nothing intersting is going on; one has

−Re(μ_ε) ∼ ε (3.2)

(cf. [14]) and thus t_{diss} ∼ 1 ε . (3.3) Some notion of mixing or hyperbolicity seem relevent as indicated in the next example (Theorem 3.2).

But for discrete time systems such as the iterated maps perturbed by convolutions, (2.9) can manifest in a rather dramatic manner for the alternating baker’s maps [1]. Let F, F^′ denote the usual baker’s map and its^π_2 −rotated version acting on the period cell [0, 1]^2:

F (x, y) = (2x, 1/2y) mod 1, if 0 ≤ x < 1/2 (2x, 1/2(y + 1)) mod 1, if 1/2 ≤ x < 1

(3.4)

F^′(x, y) = (1/2x, 2y) mod 1, if 0 ≤ y < 1/2 (1/2(x + 1), 2y) mod 1, if 1/2 ≤ y < 1

(3.5)

Define the unperturbed system P^0_t as

P^0_t = (P^0_1 )^t, with P^0_1 = F ∘ F^′. (3.6)

Let (3.6) be perturbed by convolution with heat kernel with variance ε

P^ε_t = (P^ε_1 )^t, with P^ε_1 = H_ε ∗ (F ∘ F^′) (3.7)

where H_ε(x) =^1_{2πε} e^{−|}x^{|2/2ε}. We have

Theorem 3.2 For (3.7), t_{diss}^<∼ log 1 ε . (3.8)

Faced with the two extreme situations of Theorem 3.1 and 3.2, one may wonder where the generic cases lie. Is Theorem 3.1 or Theorem 3.2 exceptional? The word generic or exeptional becomes meaningful by putting a topology or a measure over the group of transformations. Without entering the discussion in depth, let us simply remark that the ergodicity is generic and the mixing is exceptional in the weak topology for the general abstract dynamical systems (namely, not restricted to the classical systems such as (1.1))[13].

4 Martingale Time and Diffusion Time

As demonstrated in [16] and [15], it is very useful to decompose the sample path x_ε(t) into a martingale ρ^ε(x_ε(t)) and a fluctuation χ^ε(x_ε(t))

x_ε(t) = ρ^ε(x_ε(t)) − χ^ε(x_ε(t)) (4.1)

where χ^ε(x) = (χ^ε_1(x), . . . , χ^ε_d(x)) is the zero mean, periodic solution of L^εχ^ε = u − ⟨u⟩. (4.2) Here ⟨·⟩ is the average w.r.t the invariant measure. χ^ε is called the corrector in homogenization theory whose significance can be seen from the identity (cf. [2],[9])

σ_ε(e_i) = ε + ε 1 |M| ∫ M dx(∇χ^ε_i )^2 = ε 1 |M| ∫ M dx(∇ρ^ε_i )^2, ∀i (4.3)

where σ_ε(e_i) is the effective diffusivity in the direction e_i which is supposed to be the variance per unit time of the sample path x_ε(t) on the longest time scale. For simplicity, let us assume, from now on, that {e_i} is a complete set of orthornormal eigenvectors of the effective diffusivity. This time scale can be legitimately called the diffusion time. The asymptotic behavior of (4.3) as ε → 0 has been studied in detail in [9] for periodic flows and in [10] for random flows. But actually how long the diffusion time is, the homogenization theory does not tell us.

It is easy to check from (4.1) and (4.2) that ρ^ε is harmonic w.r.t. L^ε so that ρ^ε(x_ε(t)) is a martingale. Moreover, it is a stochastic integral ρ^ε(x_ε(t)) = √ ε ∫_t 0 ∇ρ^ε(x_ε(s))dw_s + ρ^ε(x_ε(0)). (4.4) so that the variance Ex { (ρ^ε)^2(x_ε(t)) } = (ρ^ε)^2(x_ε(0)) + ε ∫_t 0 ds Ex { (∇ρ^ε)^2(x_ε(s)) } . (4.5) Before the sample path x_ε(t) reaches its final state of diffusion signified by the effective diffusivity σ_ε, it has to attain the state of martingale represented by ρ^ε(x_ε(t)) first and the condition for this is that the non-martingale fluctuation is small relative to the martingale component in a uniform manner, lim_{ε→0} Ex [ (χ^ε_i )^2(x_ε(tτ) ] ε ∫_t 0 ds Ex {(∇ρ^ε)^2(x_ε(s))} = 0, , ∀t ≫ t_m(x, e_i) (4.6)

uniformly in τ ∈ [τ_0, T ], ∀0 < τ_0 < T < ∞, ∀i, in view of (4.5). Here Ex denotes the average w.r.t. the Wiener process.

Condition (4.6) defines the initial-position-x sensitive martingale time scale t_m(x, e_i) which also depends on the direction e_i. To seek an initial-position independent martingale time t_m(e_i), one has to look beyond the dissipation time t_{diss} so that the condition becomes 1 t σ^{−1}_ε (e_i)⟨(χ^ε_i )^2⟩ → 0, ∀t ≫ t_m(e_i), (4.7) in view of (4.3). Thus it seems most natural to define the martingale time through the formula t_m(e_i) = max {σ^{−1}_ε (e_i)⟨(χ^ε_i )^2⟩, t_{diss}}, (4.8) beyond which the perturbed process (1.3) behaves like a martingale independent of the initial point x. It is easy to see that t_m(e_i)^<∼ 1 ε (4.9) since t_{diss}^<∼^1_ε and σ_ε(e_i) > ε 1 |M| ∫ M dx(∇χ^ε_i )^2 ≥ Cε 1 |M| ∫ M dx(χ^ε_i )^2 (4.10) which is an application of the Poincare inequality.

5 Limit Theorem

In the previous section, the diffusion time t_{dif f} is loosely defined as the time scale beyond which the perturbed process (1.3) approaches the final state of diffusion. In the following theorem, we give a precise estimate on how large d_{dif f} has to be. In order to state the result in its simplest form, we assume the manifold M to be the d−dimensional torus and we take the variables x in (1.1) and (1.3)to be the “extended” coordinates of the covering space R^d.

Theorem 5.1 The family of processes^1_{λ”} √ σ^{−1}_ε { x_ε(λ^2_ε t) − λ^2_ε⟨u⟩t } ·e_i converge in law to the one dimensional Brownian motion in [t_0, T ], ∀0 < t_0 < T < ∞, if λ^2_ε = λ^2_ε (e_i) ≫ t_m(e_i) and

lim_{ε→0} { N_ε(λ^2_ε ) + ( d 2 + 1) log (λ^2_ε ε) } = ∞. (5.1)

The convergence holds in measure with respect to the initial positions x ∈ M.

Several remarks concern the above theorem.

For experimental set-ups such as those of [11] and [20], the covering space is the infinite strip and has only one “extended” direction. So the limit theorem for this case is also limited to the extended coordinate.

The tightness of^1_{λ”} √ σ^{−1}_ε { x_ε(λ^2_ε t) − λ^2_ε ⟨u⟩t } requies the following stronger (than (1.6)) ultracontractivity estimate

Theorem 5.2 ‖P^ε_t − ⟨·⟩‖_{1→∞} ≤ C_δ (εt)^{d/2} e^{−N”(δt)}, ∀0 < δ < 1, ∀t > 0 (5.2) for some positive constant C_δ.

The estimate of (5.2) is obtained in [7] by the duality of P^ε_t and its adjoint P^{ε∗}_t whose generator is, because of the incompressibility (1.2), L^{ε∗} = ε 2 Δ − u(x) · ∇. (5.3)

Thus, in addition to Theorem 5.2, one also has

Theorem 5.3 ‖P^{ε∗}_t − ⟨·⟩‖_{1→∞} ≤ C_δ (εt)^{d/2} e^{−N”(δt)}, ∀0 < δ < 1, ∀t > 0 (5.4) for some positive constant C_δ.

The ultracontractivity estimates are clearly singular at t = 0 but the ε dependence in the denominators of (5.2) and (5.4) may not be optimal. And because of it, a logarithmic term is needed in the assumption (5.1) and so is the cut-off t_0.

In any case, if λ^2_ε (e_i) ≫ 1 ε (5.5) then (5.1) is automatically satisfied due to (2.8). The diffusion time and the martingale time are probably of the same order of magnitude. If this is the case, (5.1) at worst overestimates t_{dif f} (e_i) by a logarithm of^1_ε .

6 Examples of Convection Enhanced Diffusion

We note that the scaling in Theorem 5.1 is not the usual one of the martingale central limit theorem (cf. [6]) because the flow sensitive, effective diffusivity σ_ε generally satisfies the power law

σ_ε(e_i) ∼ ε^α, as ε → 0 (6.1)

with −1 ≤ α ≤ 1, (6.2) or possibly with a logarithm of^1_ε (cf. (6.10) and [9]).

When α < 1, (6.1) is called the convection enhanced diffusion and is studied in detail in [9] and [10] using variational methods. We begin with two examples of laminar Rayleigh-Benard convection: one is the square cellular flow in two dimension; the other, the hexagonal flow in three dimension, both of which are completely integrable (hence non-ergodic), so by Theorem 3.1, t_{diss} ∼ 1 ε . (6.3)

The cellular flow is given by the periodic stream function

ψ(x, y) = sin x sin y (6.4)

such that u(x, y) = ∇^⊥ψ(x, y) = (−ψ_y, ψ_x) and the trajectories of u are exactly the level sets of ψ. For (6.4), it was calculated in [3], [18], [19] and [9] that

σ_ε(e_i) ∼ √ ε, ∀i (6.5) and ⟨(χ^ε_i )^2⟩ ∼ 1, ∀i (6.6) so t_{dif f} (e_i) ∼ t_m(e_i) ∼ 1 ε (6.7) by (6.4), (4.8) and Theorem 5.1.

The hexagonal flow is given by

u_3(x) = sin z ∑ i cos (q_i · x) (6.8)

u_⊥(x) = 1 |q|^2 ∇^⊥ ∂u_3 ∂z (6.9)

where u_⊥ denotes the velocity in the x − y plane and the constant vectors q_i form an equilateral triangle in the x − y plane. It was calculated in [5] that

σ_ε(e_i) ∼ ε log 1 ε , ∀i (6.10)

and it can be shown that ⟨(χ^ε_i )^2⟩ ∼ 1, ∀i (6.11) hence (6.7).

As a contrast, let us consider the convection diffusion by the perturbed baker’s map (3.7). It was calculated numerically in [4] for the randomly perturbed single baker’s map (without the alternation) that

⟨(χ^ε_1)^2⟩ ∼ 1, (6.12) and σ_ε(e_1) ∼ √ ε (6.13) where e_1 is the direction of compressing and folding. With the combination of the baker’s map and its rotated version, we expect that

⟨(χ^ε_i )^2⟩ ∼ 1, ∀i (6.14) and σ_ε(e_i) ∼ √ ε, ∀i. (6.15) Thus the martingale time is much larger than the dissipation time t_m ∼ 1 √ ε ≫ t_{diss} (6.16) by Theorem 3.2.

7 Transient Dispersion

The first crossover time before the final state of diffusion is reached is the martingale time t_m(e_i) which may be substantially larger than the dissiptive time t_{diss} as we have seen in the example of alternating baker’s map.

When t_m(e_i) is indeed equal to t_{diss}, the crossover may happen before and up to t_{diss} and the transient dispersion is generally initial point sensitive. This is the case, for instance, when the fluid flow u is not ergodic and consequently t_{diss} ∼^1_ε . If, furthermore, the flow is laminar convective cells such as (6.4) and (6.8)-(6.9), then it was proposed that the ε independent anomalous diffusion takes place Ex{x^2_ε(t)} ∼ t^{1/2} (7.1) for 1 ≪ t ≪ 1 ε (7.2) and initial point x sufficiently close to the boundary of the convective cells (cf. [12],[22] and [5]). Here 1 in (7.2) represents the order of the turnover time.

But if t_m(e_i) ≫ t_{diss}, then the first crossover time is instead

σ^{−1}(e_i)⟨(χ^ε_i )^2⟩ (7.3) and an initial point x independent transient dispersion may take place between t_{diss} and t_m(e_i). In this case, there may be multiple transient regimes: some depend on initial points; others do not.

We plan to address this issue in a more systematic way in a separate paper.

References

[1] V. I. Arnold and A. Avez: “Ergodic Problems of Classical Mechanics”, Redwood City, Calif. : Addison-Wesley, 1989.

[2] A. Bensoussan, J. L. Lions and G. C. Papanicolaou: “Asymptotic Analysis for Periodic Structures”, North-Holland, Amsterdam (1978).

[3] S. Childress: Alpha-effect in Flux Ropes and Sheets, Phys. Earth Planet Inter. 20, 172-180(1979).

[4] S. Childress and I. Klapper:“On Some Transport Properties of Baker’s Maps”, J. Stat. Phys. 63(no.5-6): 897-914(1991).

[5] A. M. Dykhne, M. B. Isichenko and W. Horton:“Diffusion in Laminar Rayleigh-Benard Convection: boundary layers versus boundary tubes”, Physics of Fluids 6:7, 2345-51(1994).

[6] S. Ethier and T. G. Kurtz:“Markov Processes-Characterization and Convergence” , John Wiley & Sons, Inc., New York, 1986.

[7] A. Fannjiang:“Time Scales for Transport in Noisy Conservative Systems”, preprint.

[8] :“Time Scales for Dissipation in Noisy Conservative Systems”, to appear. [9] A. Fannjiang and G. Papanicolaou:“Convection Enhanced Diffusion in Periodic Flows”, SIAM J. Appl. Math. Vol. 54, No. 2, pp.333-408, 1994.

[10] A. Fannjiang and G. Papanicolaou: “Convection Enhanced Diffusion in Random Flows”, to appear.

[11] J. P. Gollub and T. H. Solomon:“Complex Particle Trajectories and Transport in Stationary and Periodic Convective Flows”, Physica Scripta 40 1989, 430-435

[12] E. Guyon, Y. Pomeau, J. P. Hulin and C. Baudet:“Dispersion in the Presence of Recirculation Zones” Nuclear Physics B (Proc. Suppl.)2, 271- 280(1987).

[13] P. R. Halmos: “Lectures on Ergodic Theory”, Chelsea, New York (1958). [14] Yu. I. Kifer:“The Spectrum of Small Random Perturbations of Dynamical Systems”, in Multicomponent Random Systems, ed. R. L. Dobrushin and Ya. G. Sinai, Advances in Probability and Related Topics G, Marcel Dekker, New York, 423-450(1980).

[15] S. M. Kozlov:“The Method of Averaging and Walks in Inhomogeneous Enviroments”, Russian Math. Surveys 40:2 (1985), 73-145.

[16] G. Papanicolaou, D. W. Stroock and S. R. S. Varadhan :“Martingale Approach to Some Limit Theorems” Conference on Statistical Mechanics, Dynamical Sustems, and Turbulence, Duke University, M. Reed ed., Duke Univ. Math. Series 3.

[17] S. C. Reddy and L. N. Trefethen :“Pseudospectra of the Convection- Diffusion Operator”, SIAM J. Appl. Math., to appear.

[18] M. N. Rosenbluth, H. L. Berk, I. Doxas and W. Horton: “Effective Diffusion in Laminar Convective Flows”, Phys. Fluids 30, 2636-2647(1987) [19] B. Shraiman: “Diffusive Transport in a Rayleigh-Benard Convection Cell”, Phys. Rev. A 36, 261(1987).

[20] T. H. Solomon, E. R. Weeks and H. L. Swinney:“Chaotic Advection in a Two-dimensional Flow: Levy Flights and Anomalous Diffusion”, preprint 1994.

[21] K. Yosida:“Functional Analysis”, Springer-Verlag, New York, 1974. [22] W. Young, A. Pumir and Y. Pomeau:“Anomalous Diffusion of Tracer in Convection Rolls” Physics of Fluids A (Fluid Dynamics)1:3, 462-9 (1989).