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| Outline |

e Introduction to the Birkhoff polytope
e Our formula for the volume of the Birkhoff polytope

e Theories behind the proof
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| Birkhoff polytope and its faces I

Definition 1. The Birkhoff polytope, B,,, is the set of all doubly-stochastic matrices,

that is, the real nonnegative matrices with all row and column sums equal to one.
: : : : 2 :
We consider B, in the n?-dimensional space R"" = {n X n real matrices }.

Faces of B,, :

e The vertices of B,, are the n X n permutation matrices. The vertex set V' (B,,) can

be considered as .S,,, the set of all the permutations on [n] = {1,2,...,n}.

e B, has n? facets: for each pair of (7, j) with 1 < 4, 7 < n, the doubly-stochastic

matrices with (¢, j )th entry equal to 0 is a facet.

e In general, if S is the union of the nonzero indices of a set of permutation matrices,
then the set of doubly-stochastic matrices M with M (i, j) = Ofor (i,j) & Sis a

face of B,,, and every face arises this way.
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‘ Example: faces of Bj I

* 0 0 1 00 1 00
oS=10xx|=]l010|Uf o001
0 x % 0 0 1 010

Hence Bs N{M | M(1,2) = M(1,3) = M(2,1) = M(2,3) = 0} is a face

of Bg.
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‘ Example: faces of Bj I

* 0 0 1 00 1 00
o S=]10x«|=l010]|JU]O0O0OT1
0 x % 0 0 1 0 10
Hence Bs N{M | M(1,2) = M(1,3) = M(2,1) = M(2,3) = 0} is a face
of Bs.
* x 0
o S = 0 x * | cannot be described as the union of nonzero indices of a set of
0 x %

permutation matrices.
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‘ Example: faces of Bj I

* 0 0 1 00 1 00
o S=]10x«|=l010]|JU]O0O0OT1
0 x % 0 0 1 0 10
Hence Bs N{M | M(1,2) = M(1,3) = M(2,1) = M(2,3) = 0} is a face
of Bs.
* x 0
o S = 0 x * | cannot be described as the union of nonzero indices of a set of
0 x %

permutation matrices.

0 %« 0 0 10 0 10
eS=]100x+|=]1001].Hence| 0 0 1 | = (123)isa vertex of
* 0 0 1 00 1 00
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‘ Example: faces of Bj I

x 0 * 1 00 1 00 00 1 00 1
o S=| %« xx|=1lo1o0o Ul oo1 Ul 100Ul o010
x * *x 00 1 01 0 010 1 00

BsN{M | M(1,2) = 0} is a facet of Bs.
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‘ The volume of B, I

Why do we care about the volume of 5,,? It turns out if we can calculate the volumes

of each face of B,,, then one can generate doubly-stochastic matrices uniformly at

random.
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‘ The volume of B, I

Why do we care about the volume of 5,,? It turns out if we can calculate the volumes

of each face of B,,, then one can generate doubly-stochastic matrices uniformly at

random.

Some work on the volume of 5,, and its faces:
e Bona gave a lower bound for Vol(B,,).

e A special face of B,, : the volume of the Chan-Robbins-Yen polytope is a product of

Catalan numbers.

e Beck-Pixton calculated Vol(B,,) up to n = 10.
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| Our result |

Our goal is to give a combinatorial formula for Vol(B,,).
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| Our result |

Our goal is to give a combinatorial formula for Vol(B,,).

We present closed formulas for all coefficients of the Ehrhart polynomial i(B,,, m).

In particular, the volume of B,, looks like this

1 o) (n-1?

(n — 1) Z Z

ceS,=V (B

Vol(B,,) =

The rational function summands are indexed by combinatorial data.
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| Arborescences |

e A directed spanning tree with all edges pointing away from the root n an arborescence.
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| Arborescences |

e A directed spanning tree with all edges pointing away from the root n an arborescence.

e The set of all arborescences on the nodes [n] = {1,2,...,n} wil be denoted by

Arb(n). Itis well known that the cardinality of Arb(n) is n" .

2 2 2
°

(T) (To) (To)
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| Arborescences |

e A directed spanning tree with all edges pointing away from the root n an arborescence.

e The set of all arborescences on the nodes [n] = {1,2,...,n} wil be denoted by

Arb(n). Itis well known that the cardinality of Arb(n) is n" .

/ |
. \3 / 03 .1:
(T, (Ty)

A B (TC)

2

e Forany ' € Arb(n), we denote by E'(T') the set of edges of T'. The cardinality
of E(T)isn — 1. Hence, there are (n — 1) (directed) edges not in £(T).
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| Arborescences |

e A directed spanning tree with all edges pointing away from the root n an arborescence.

e The set of all arborescences on the nodes [n] = {1,2,...,n} wil be denoted by

Arb(n). Itis well known that the cardinality of Arb(n) is n" .

/ |
. \3 / 03 .1:
(T, (Ty)

A B (TC)

2

e Forany ' € Arb(n), we denote by E'(T') the set of edges of T'. The cardinality
of E(T)isn — 1. Hence, there are (n — 1) (directed) edges not in £(T).

e Forany e ¢ E(T), there is a unique oriented cycle, denoted by cycle(T + e), in

T + e. We associate an x n (0, —1, 1)-matrix W< to it.

Bay Area Discrete Math Day Page 8



The volume of the Birkhoff polytope Fu Liu

W1+ The matrix associated to  cycle(T + e)

2 2 2
[ ]
/ \ / . .-
1 3 1 3 1 3
(T,) (Ts) (To)
e The edges in cycle(T', e) all have the same orientation: choose T4 and e = (1, 3),
-1 0 1
WTA7(173) — 1 -1 0
0o 1 -1
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W1+ The matrix associated to  cycle(T + e)

2 3 2
/\3 / .3 .1 = 3
(T,) (T) (To)

e The edges in cycle(T', e) all have the same orientation: choose T4 and e = (1, 3),
-1 0 1
WTA7(1>3) — 1 —1 0
0 1 -1

e There are two vertices s, ¢ in cycle(T, e) such that all the edges are directed from

stot:choose Tgande = (2, 1),

0 0 0
WT07(271) — 1 —1 0
—1 1 O
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| Our main result |

Theorem 2 (Deloera—L—Yoshida). The volume of the Birkhoff polytope B,, is given by

the formula

Vo) = (G~ 2 2 He@ ;VT,@-

" oEeSs, TeArb(n

2 ; .
In the formula ¢ € R™ is any vector such that (c, W1*“c) is non-zero for all pairs

(T, e) of an arborescence T'and anedge e ¢ E(T)andallo € 5.

We can for instance choose ¢ = (1,2,4,8, ..., 2”2_1) to obtain a completely

explicit formula.
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| Lattice points I

Any point in 7% is called a lattice point. An integral polytope is a convex polytope

whose vertices are all lattice points.

Bay Area Discrete Math Day Page 11



The volume of the Birkhoff polytope Fu Liu

| Lattice points I

Any point in Z% is called a lattice point. An integral polytope is a convex polytope

whose vertices are all lattice points.

Definition 3. For any polytope P C R? and some positive integer m € N, the mith
dilated polytope of P ismP = {mx : x € P}. We denote by

i(m, P) = |mP N Z"

the number of lattice points in mP.
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| Lattice points I

Any point in Z% is called a lattice point. An integral polytope is a convex polytope

whose vertices are all lattice points.

Definition 3. For any polytope P C R? and some positive integer m € N, the mith
dilated polytope of P ismP = {mx : x € P}. We denote by

i(m, P) = |mP N Z"

the number of lattice points in mP.

Example:
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| Volume/area and lattice points enumerator I

Pick’s theorem : For any integral polygon ():

area(Q) = |Q N Z2| — %\8(@) N7 - 1.
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| Volume/area and lattice points enumerator I

Pick’s theorem : For any integral polygon ():

area(Q) = |Q N Z2| — %\8(@) N7 - 1.

If P is an integral polygon, then so is m P.

i(P,m) = area(mP) + %|5’(mP) NZ +1

1
area(P)m?* + §|5’(P) NZ%m + 1
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| Volume/area and lattice points enumerator I

Pick’s theorem : For any integral polygon ():

area(Q) = |Q N Z2| — %\8(@) N7 - 1.

If P is an integral polygon, then so is m P.

i(P,m) = area(mP) + %|5’(mP) NZ +1

1
area(P)m?* + §|5’(P) NZ%m + 1

Ehrhart's theorem : Let P be a d-dimensional integral polytope, then i( P, m) is a

polynomial in m of degree d, with the leading coefficient the volume VOI(P) of P.

Therefore, we call i( P, m) the Ehrhart polynomial of P.
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| Multivariate generating function I

For any polyhedron P &€ Rd, we define the multivariate generating function (MGF)

of P as
f(Pz)= )Y =z
ac€PNZa
where 2z = 21" 257 - - - 2.
One sees that by setting z = (1,1, ..., 1), we get the number of lattice points in P

if PP is a polytope.

Example: Let P be the polytope with vertices v1 = (0,0),v2 = (2,0) and v3 = (0, 2).
(0,2)
P : f(Pz) = 2928 4+ 2{2) + 2720 + 2023 + 2123 + 2029

(0,1) (1,1) — 1+21+Z%+22‘|—2122—|—Z§.

(0,0) (1,0) (2,0)
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| Why MGF? |

It turns out that f (P, z) can be written as a rational function, for any rational polyhe-
dron P.

Lemma 4 (Brion, 1988; Lawrence, 1991). Let P be a rational polyhedron and let V' ( P)

be the vertex set of PP. Then, considered as rational funtions,

f(Pz)= ) f(C(Pv),2),

veV(P)

where C'( P, v) is the supporting cone of P at v, i.e., the smallest cone with vertex v

containing P.
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| Why MGF? |

It turns out that f (P, z) can be written as a rational function, for any rational polyhe-
dron P.

Lemma 4 (Brion, 1988; Lawrence, 1991). Let P be a rational polyhedron and let V' ( P)

be the vertex set of PP. Then, considered as rational funtions,
f(Pz)= Y f(C(Pv)2),
veV (P)
where C’(P, v) is the supporting cone of P at v, i.e., the smallest cone with vertex v

containing P.

Remark: We only need to find the MGF for one of the vertices of 55,,, then apply the
action of symmetric group to get the others. We will do this at the vertex associated to

the identity permutation matrix, denoted by /. We denote by C,, the supporting cone of
B, at 1.

Our goal is then to find f(C,,, z).
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| Unimodular cones |

If K is a d-dimensional cone in R, generated by vectors {r; }1<;<4 such that the
r;i’s form a Z-basis of the lattice span({r;}) N Z¢, then we say K is a unimodular
cone.

Lemma 5. If K is a d-dimensional unimodular cone at an integral vertex v generated

by the vectors {7; }1<;<q, then we have

d

f(K7Z):ZUH—

1=1
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| Example of the lemmas I

Bay Area Discrete Math Day Page 16



The volume of the Birkhoff polytope Fu Liu

| Example of the lemmas I

Example: Let P be the polytope with vertices v; = (0,0), vy = (2,0) and v3 = (0, 2).

Recallthat f(P,z) = 1 + 21 + 27 + 20 + 2129 + 25.
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| Example of the lemmas I

Example: Let P be the polytope with vertices v; = (0,0), vy = (2,0) and v3 = (0, 2).

Recallthat f(P,z) = 1 + 21 + 27 + 20 + 2129 + 25.

A unimodular cone generated by vectors 1 = (1,0) and 7 = (0, 1).

f(C(P, Ul>, Z) = Z(O’O) H2 1 1

1=1 1—z"i (I—21)(1—22)"
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| Example of the lemmas I

Example: Let P be the polytope with vertices v; = (0,0), vy = (2,0) and v3 = (0, 2).

Recallthat f(P,z) = 1 + 21 + 27 + 20 + 2129 + 25.

A unimodular cone generated by vectors 1 = (1,0) and 7 = (0, 1).

f(C(P, Ul>, Z) = Z(O’O) H2 1 1

1=1 1—z"i (I—21)(1—22)"

A unimodular cone generated by vectors 71 = (—1,0) and ro = (—1,1).
4

2 1 23 _ 21
FC(P, v2),2) = z*") [1i= T2~ (1-2 (-2 "22)  (z1-D(21—22)"
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| Example of the lemmas I

Example: Let P be the polytope with vertices v; = (0,0), vy = (2,0) and v3 = (0, 2).

Recallthat f(P,z) = 1 + 21 + 27 + 20 + 2129 + 25.

A unimodular cone generated by vectors 1 = (1,0) and 7 = (0, 1).

f(C(P, Ul>, Z) = Z(O’O) H2 1 1

1=1 1—z"i (I—21)(1—22)"

A unimodular cone generated by vectors 71 = (—1,0) and ro = (—1,1).

2 1 23 _ 21
FC(P, v2),2) = z*") [1i= T2~ (1-2 (-2 "22)  (z1-D(21—22)"

A unimodular cone generated by vectors 71 = (0, —1) and o = (1, —1).
2 4

f(C(P, U3>, Z) — Z(0,2) H2 1 — Z5 _ 25

i=11—2"i — (1-2z,)(1-21251)  (22—D(z2—21)"
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| Example of the lemmas I

Example: Let P be the polytope with vertices v; = (0,0), vy = (2,0) and v3 = (0, 2).

Recallthat f(P,z) = 1 + 21 + 27 + 20 + 2129 + 25.

A unimodular cone generated by vectors 1 = (1,0) and 7 = (0, 1).

f(C(P, Ul>, Z) = Z(O’O) H2 1 1

1=1 1—z"i (I—21)(1—22)"

A unimodular cone generated by vectors 71 = (—1,0) and ro = (—1,1).

2 1 23 _ 21
FC(P, v2),2) = z*") [1i= T2~ (1-2 (-2 "22)  (z1-D(21—22)"

A unimodular cone generated by vectors 71 = (0, —1) and o = (1, —1).
2 4

f(Cf(P7 U3>, Z) — Z(0,2) H2 1 — Z5 _ 25

i=11—2"i — (1-2z,)(1-21251)  (22—D(z2—21)"

Z1—R2 —Zil V) Zg —Zz1 _ _
Z?zl f(C(Pa Ui)az> — ( (1—)z1 (gl ))—I— 1 ) =1 + <1 + Z% + ) + 149 + Z%— f(P, Z).

—z2 (21—22)
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| Barvinok’s algorithm I

e Barvinok gave an algorithm to decompose a cone C' as a signed sum of simple

unimodular cones.

e Using the Brion’s polarization trick, we can ignore the lower dimensional cones. This

trick involves using the dual cone of C' instead.
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| Barvinok’s algorithm I

e Barvinok gave an algorithm to decompose a cone C' as a signed sum of simple

unimodular cones.

e Using the Brion’s polarization trick, we can ignore the lower dimensional cones. This

trick involves using the dual cone of C' instead.
Algorithm: Input a cone C' with vertex v
i. Find a dual cone K to C.

ii. Apply the Barvinok decomposition to /{ and get a set of signed unimodular cones
K;.

iii. Find dual cone C; of each K;. (Note C; is unimodular as well.)

iv. f(C,z)=>_.¢€f(C;,2z),where ¢ is the sign of Cj.
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Apply the algorithmto (),

For step (ii) in the algorithm, we show that any triangulation of the dual cone of C),
gives a set of unimodular cones. Therefore, instead of using Barvinok’s method, we use

the idea of Grobner bases of toric ideals to produce triangulations.
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‘ Apply the algorithmto (), I

For step (ii) in the algorithm, we show that any triangulation of the dual cone of C),

gives a set of unimodular cones. Therefore, instead of using Barvinok’s method, we use

the idea of Grobner bases of toric ideals to produce triangulations.
The multivariate generating function of C,, is given by

f(CmZ): Z z' H 1

TeArb({,n) e¢E(T

ZWTe)
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‘ The MGF of the dilation mDB5,, I

We get the multivariate generating function of B,,:

DS

0€S, TeArb({,n) e¢E(T

ZWT 60)
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‘ The MGF of the dilation mDB5,, I

We get the multivariate generating function of B,,:

J(Bn,2) = Z Z H 1—HZWT60)

0€S, TeArb({,n) e¢E(T

Theorem 6 (DeLoera—L—Yoshida). The multivariate generating function of m,, is given

by
§ § mao 1
f mBn7 Z Z H ) <1 o H ZWT,GO-) 9

o€S, TeArb({,n) e¢E(T
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| From MGF to Ehrhart polynomial and volume I

Corollary 7. The Ehrhart polynomial z'(Bn, m) of B,, is given by the formula

—1)2

i(B m Z gl Y Y (<C> U>>ktd(n—1)2—k({<ca WT’6(7>> € §é E(T)})

9 ' » W T.e )
= M S redman [egpy (e, Wheo)

The symbol td,;(S) is the j-th Todd polynomial evaluated at the numbers in the set .S.
The vector ¢ € R™ is any vector such that (¢, W) is non-zero for all pairs (T, e)

of an /- arborescence T and anarce ¢ FE(T) andall o € 5,,.
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| From MGF to Ehrhart polynomial and volume I

Corollary 7. The Ehrhart polynomial z'(Bn, m) of B,, is given by the formula

—1)?

B m Z k;l Y Y (<C> U>>ktd(n—1)2—k({<ca WT’€(7>> € §é E(T)})
= RS reimien [egrir)le. Whea)

The symbol td,;(S) is the j-th Todd polynomial evaluated at the numbers in the set .S.
The vector ¢ € R™ is any vector such that (¢, W) is non-zero for all pairs (T, e)

of an /- arborescence T and anarce ¢ FE(T) andall o € §,,.

As a special case, the normalized volume of 5,, is given by

C,O (n—1)*
VollB) = = 22 2 He; T

" oEes, TeArb(¢,n)
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| We can get more from the MGF I

Observation: If P is an integral polytope in R%O, and F'is a face of PP obtained by

setting a collection of variables {x; };cing to zero, i.e.,
F=Pn{(xy,...,zq) | z; =0,Vi € ind},

then
f(F,z) = f(P,z)evaluated at z; = 0, V7 € ind .
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| We can get more from the MGF I

Observation: If P is an integral polytope in R%O, and F'is a face of PP obtained by

setting a collection of variables {x; };cing to zero, i.e.,
F=Pn{(xy,...,zq) | z; =0,Vi € ind},

then
f(F,z) = f(P,z)evaluated at z; = 0, V7 € ind .

Example: Let P be the polytope with vertices v1 = (0,0), v, = (2,0) and v3 = (0, 2).

(0,2)

P : f(P,Z):1—’—21—|—Z%—|—22—|—2122—|—Z%.
F
(0,0) (2,0)
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| We can get more from the MGF I

Observation: If P is an integral polytope in R%O, and F'is a face of PP obtained by

setting a collection of variables {x; };cing to zero, i.e.,
F=Pn{(xy,...,zq) | z; =0,Vi € ind},

then
f(F,z) = f(P,z)evaluated at z; = 0, V7 € ind .

Example: Let P be the polytope with vertices v1 = (0,0), v, = (2,0) and v3 = (0, 2).

(0,2)

P : f(Pz)=14 21+ 27 + 29+ 2129 + 23.
F F=Pn{x;=0}and f(F,z) =1+ 25 + 2.
(0,0) (2,0)
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| We can get more from the MGF I

Observation: If P is an integral polytope in R%O, and F'is a face of PP obtained by

setting a collection of variables {x; };cing to zero, i.e.,
F=Pn{(xy,...,zq) | z; =0,Vi € ind},

then
f(F,z) = f(P,z)evaluated at z; = 0, V7 € ind .

Example: Let P be the polytope with vertices v1 = (0,0), v, = (2,0) and v3 = (0, 2).

(0,2)
P : f(Pz)=14 21+ 27 + 29+ 2129 + 23.
F F=Pn{x;=0}and f(F,z) =1+ 25 + 2.
v1 = PN{xy =0,29 =0}, and f(vy,2) = 1.
(0,0) (2,0)
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Ehrhart polynomials of faces of B,

Recall that every face of 3,, can be obtained by setting a collection of variables
{z; ;} to zero. Therefore, for each face F' of I3,, we can compute the MGF of each

dilation mF from f(mB,,, z), and thus we obtain the Ehrhart polynomial of F" as well.

Bay Area Discrete Math Day Page 22



