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| Outline |

e Preliminary: Basic definitions of polytopes
e Motivation: Permutohedra and the Braid fan

e Nested permutohedra and the nested Braid fan (joint work with Castillo).
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PART I:

‘ Preliminary |

Page 3



Combinatorics of nested Braid fan Fu Liu

| Polytopes |

Let V' be a d-dimensional real vector space (or affine space), and V' * the dual space

of V' consisting of all linear functionals on V. This defines a perfect pairing (-, > :
V*xV =Ry (a,x)=a(x),fora € V andx € V.
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| Polytopes |

Let V' be a d-dimensional real vector space (or affine space), and V' * the dual space

of V' consisting of all linear functionals on V. This defines a perfect pairing (-, > :
V*xV =Ry (a,x)=a(x),fora € V andx € V.

Definition (Convex-hull defintiion). A polytope P C V is the convex hull of finite many
points {v1,...,v,}inV:

P := conv(vy,...,v,) = {Z Av; ooall A, >0, and Z)‘i — 1} .
=1 1=1
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| Polytopes |

Let V' be a d-dimensional real vector space (or affine space), and V' * the dual space

of V' consisting of all linear functionals on V. This defines a perfect pairing (-, > :
V*xV =Ry (a,x)=a(x),fora € V andx € V.

Definition (Convex-hull defintiion). A polytope P C V is the convex hull of finite many
points {v1,...,v,}inV:

P := conv(vy,...,v,) = {Z Av; ooall A, >0, and Z)‘i — 1} .
=1 1=1

By the Minkowski-Weyl Theorem, we also have the following equivalent definition.
Definition (Inequality description). A polyhedron P C V is the solution set of a system
of linear inequalities:

P=Ax:{a;,x) <b,iel}
where [ is some indexing set, a; € V" and b; € R.

A polytope is a bounded polyhedron.

Page 4



Combinatorics of nested Braid fan

Fu Liu

| An example: Cube I

A 3-dimensional cube defined as:
(0,0,0), (0,0, 1), (0, 1,0), (0, 1, 1),
(1, 0, O), (1, 0, 1), (1, 1, O), (1, 1, 1)

conv

Alternatively, it can be defined by 6 inequalities:
<—€Z',SE> — —I; S O, <€i,$> —= T S 1, 1= 1, 2,3
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| Faces |

Definition. Let u € V™. Define ¢, := maxycp(u,y). The set

Fy:={x € P : (u,x) =c,}

is a face of P.
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| Faces |

Definition. Let u € V™. Define ¢, := maxycp(u,y). The set
Fy:={x € P : (u,x) =c,}

is a face of P.

Hence, we have that

(u, ) < ¢, is satisfied for all points € P.

and Fo=Pn{x eV : (u,x) =cy},

Fu Liu
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| Faces |

Definition. Let u € V. Define ¢,, := maxycp(u, y). The set
Fo={xeP : (u,x)=cy}

is a face of P.

Hence, we have that
(u, ) < ¢, is satisfied for all points € P.

and Fu:pm{ggev: <’U,,£E>:Cu}7

The dimension of a face is the dimension of its affine hull: dim(F') := dim(aff (F")).

The faces of dimension 0, 1, and dim(P) — 1 are called vertices, edges, and facets.

Fu Liu
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Example:

v=(1,1,1)

A 3-dimensional cube has:
8 vertices,
12 edges,
0 facets.

Fu Liu
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Example: v=(1,1,1)

8 vertices,

12 edges,
0 facets.

i. The vertex v = (1,1, 1) can be obtained by choosing
(@ u=(1,1,1)and ¢, = 3, or
(b) u = (1,2,3) and ¢, = 6.

A 3-dimensional cube has:

Fu Liu
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Example: v=(1,1,1)

A 3-dimensional cube has:
8 vertices,

12 edges,
0 facets.

i. The vertex v = (1,1, 1) can be obtained by choosing
(@) u=(1,1,1)and ¢, = 3, or
(b) u = (1,2,3) and ¢, = 6.

v = F, ifand only if u = (u1, us, u3) has all positive entries.

Page 7



Combinatorics of nested Braid fan Fu Liu

Example: v=(1,1,1)

A 3-dimensional cube has:
8 vertices,

12 edges,
0 facets.

i. The vertex v = (1,1, 1) can be obtained by choosing
(@) u=(1,1,1)and ¢, = 3, or
(b) u = (1,2,3) and ¢, = 6.

v = F, ifand only if u = (u1, us, u3) has all positive entries.

ii. The facet I’ can is obtained by choosing u = (1,0,0) = e; and ¢, = 1.
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Example: v=(1,1,1)

A 3-dimensional cube has:
8 vertices,

12 edges,
0 facets.

i. The vertex v = (1,1, 1) can be obtained by choosing
(@ u=(1,1,1)and ¢, = 3, or
(b) u = (1,2,3) and ¢, = 6.

v = F, ifand only if u = (u1, us, u3) has

ii. The facet I’ can is obtained by choosing u = (1,0,0) = e; and ¢, = 1.

F = F, ifand only if u = e; (up to a scalar), or equivalently u € Cone(ey).
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Example:

v=(1,1,1)

Fu Liu

A 3-dimensional cube has:

8 vertices,
12 edges,
6 facets.

i. The vertex v = (1,1, 1) can be obtained by choosing

(@) u=(1,1,1) and ¢, = 3, or

(b) u = (1,2,3) and ¢, = 6.

v = Fy ifand only if u = (uy, us, u3) has all positive entries.

ii. The facet F' can is obtained by choosing u = (1,0,0) = e; and ¢, = 1.

F = F, ifand only if u = e; (up to a scalar), or equivalently u € Cone(ey).

Note that ey is an outer normal vector of F.
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| Descriptions of polytopes |

Suppose P is a full-dimensional polytope in V.

i. P can be described as the convex hull of its vertices: P = conv(vert(P)).

ii. P? can be described by an inequality description in the form of
(ap,x) < bp, I € facet(P).

Here ar is an outer normal vector of F'.

A 3-dimensional cube defined as:

(0,0,0), (0,0,1), (0,1,0), (0,1,1),
(1,0,0), (1,0,1),(1,1,0),(1,1,1)

conv

Alternatively, it can be defined by 6 inequalities:
<—€Z',SE> — —T; < O, <€i,$> — I; < 1, 1= 1, 2,3
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P):={ueV* : F'=F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example:
ncone(F, P) = Cone(ey)

Fu Liu
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example:
ncone(F, P) = Cone(ey)

FACT 1: If F'is a facet, then ncone( F, P) is the cone spanned by its outer normal.
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)
ncone(F, P) = Cone(ey)
ncone(v, P) = Cone(ey, es, e3)
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)
ncone(F, P) = Cone(ey)
ncone(v, P) = Cone(ey, es, e3)

FACT 2: If a face F' lies on facets I, . . ., F},,, then ncone(F, P) is the cone

spanned by outer normals ap,,ar,,...,ar, .
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)

| ncone(F, P) = Cone(ey)

: ncone(v, P) = Cone(ey, es, e3)
P 5 F ncone(F, P) = Cone(ey, €3)

FACT 2: If a face F' lies on facets I, . . ., F},,, then ncone(F, P) is the cone

spanned by outer normals ap,,ar,,...,ar, .

Fu Liu
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.

The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)

| ncone(F, P) = Cone(ey)
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P) :={u e V* : F = F,}.
The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)

| ncone(F, P) = Cone(ey)

: ncone(v, P) = Cone(ey, es, e3)
P 5 F ncone(F, P) = Cone(ey, €3)

FACT 3: F'is (d — k)-dimensional if and only if ncone(F, P) is k-dimensional.
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P):={ueV* : F'=F,}.
The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)

| ncone(F, P) = Cone(e;)

: ncone(v, P) = Cone(ey, es, e3)
P 5 F ncone( E, P) = Cone(eq, e3)

The normal fan X( P) of P has:
8 3-dimensional cones,

12 2-dimensional cones,
0 rays, i.e., 1-dimensional cones.

FACT 3: F'is (d — k)-dimensional if and only if ncone(F, P) is k-dimensional.

Fu Liu
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| Normal cones and normal fan |

Definition. Given any face F' of P C V', the normal cone of P at F'is

ncone(F, P):={ueV* : F'=F,}.
The normal fan 3(P) of P is the collection of all normal cones of P.

Example: v=(1,1,1)

| ncone(F, P) = Cone(e;)

: ncone(v, P) = Cone(ey, es, e3)
P 5 F ncone( E, P) = Cone(eq, e3)

The normal fan X( P) of P has:
8 3-dimensional cones,

12 2-dimensional cones,
0 rays, i.e., 1-dimensional cones.

FACT 3: F'is (d — k)-dimensional if and only if ncone(F, P) is k-dimensional.

In particular, vertices <— maximal cones
facets <— rays

Fu Liu

Page 9



Combinatorics of nested Braid fan Fu Liu

PART Il

‘ Motivation: Permutohedra and the Braid fan |
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For the rest of this talk, we have

d+1
V=<{xeR¥ . in:M
i=1

for some fixed M, so
V*=R™"/(1,1,...,1)
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| Usual permutohedra |

Definition. Given a strictly increasing sequence o = (aq, v, - - - , ag1) € RO

forany m € G441, we use the following notation:

d+1 d+1
U 1= (), Qr2) 7 Q) = ) An€i = ) (.
1=1 1=1

Then we define the usual permutohedron

Perm(a) := conv (v2 1 7w € Ggy1).
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| Usual permutohedra |

Definition. Given a strictly increasing sequence o = (aq, v, - - - , ag1) € RO

forany m € G441, we use the following notation:

d+1 d+1
U 1= (1), Q)5 Ana) = ) Qn€i = ) Qi)
1=1 1=1

Then we define the usual permutohedron

Perm(a) := conv (v2 1 7w € Ggy1).

o lfax=(1,2,...,d,d+ 1), we obtain the regular permutohedron I1,.

Fu Liu

Page 12



Combinatorics of nested Braid fan Fu Liu

Example. 15: (1,2.3)

(3.2,1)
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Example. 115: (L2.3)

(3.2,1) o

Observation.

e Any usual permutohedron Perm(a) in R is d-dimensional, and so is full-dimensional
ian{azeRdJr1 1 T I ol P | :Ofl—l—"'—I_Ofd_|_1}.
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Example. 15: (1,2.3)

(3.2,1)

Observation.

e Any usual permutohedron Perm(a) in R is d-dimensional, and so is full-dimensional
inV:{ngd—H 1 T I ol P | :()51—|—°-°—|—()éd+1}.

® VY =) e 1 are vertices of Perm(cx).
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| Generalized permutohedra |

Definition (Postnikov). A generalized permutohedron is a polytope obtained from a

usual permutohedron by moving the facets without passing vertices.
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| Generalized permutohedra |

Definition (Postnikov). A generalized permutohedron is a polytope obtained from a

usual permutohedron by moving the facets without passing vertices.

Ford = 2 :
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| Generalized permutohedra |

Definition (Postnikov). A generalized permutohedron is a polytope obtained from a

usual permutohedron by moving the facets without passing vertices.

Ford = 2 :

regular permutohedron

usual permutohedra

generalized
permutohedra

Fu Liu
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| Generalized permutohedra |

Definition (Postnikov). A generalized permutohedron is a polytope obtained from a

usual permutohedron by moving the facets without passing vertices.

Ford = 2 :

regular permutohedron

generalized
permutohedra
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| Nonexample I

Example. Start with P = I3 = Perm((1, 2, 3,4)). By pushing all squares inward,

—

u

AN 1

N

1~

() = conv(Perm((1,3,3,3)) UPerm(2,2,2,4))).

we obtain a 3-dimensional cube

() is not a generalized permutohedron.
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| Alternative definition |

Let V* = R4 /(1,1,...,1). The Braid fan denoted by Bry, is the complete fan
in V'* given by the hyperplanes

r; —x; =0 foralli # j.

Proposition (Postnikov-Reiner-Williams). A polytope P & R js a generalized per-

mutoheron if and only if its is refined by the Braid fan Br,.
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| Alternative definition |

Let V* = R4 /(1,1,...,1). The Braid fan denoted by Br, is the complete fan
in V'* given by the hyperplanes

r; —x; =0 foralli # j.

Rd+1

Proposition (Postnikov-Reiner-Williams). A polytope P & is a generalized per-

mutoheron if and only if its normal fan is refined by the Braid fan Br,.

regular permutohedron |

generalized
permutohedra
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| Alternative definition |

Let V* = R4 /(1,1,...,1). The Braid fan denoted by Br, is the complete fan
in V'* given by the hyperplanes

r; —x; =0 foralli # j.

Rd+1

Proposition (Postnikov-Reiner-Williams). A polytope P & is a generalized per-

mutoheron if and only if its normal fan is refined by the Braid fan Br,.

regular permutohedron |

generalized
permutohedra

Rd—l— 1

Fact. The normal fan of usual permutohedron in is Br.
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| Nonexample I

The alternative definition provides ways of verifying that a polytope is not a general-

ized permutohedron.

Recall our nonexample

() = conv(Perm((1,3,3,3)) UPerm(2,2,2,4))).

(i) Let o be the of () at the vertex (1, 3,3, 3). Itis not a coarsening of

cones in Brs.
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| Nonexample I

The alternative definition provides ways of verifying that a polytope is not a general-

ized permutohedron.

Recall our nonexample

() = conv(Perm((1, 3,3,3)) UPerm(2,2,2,4))).

(i) The “walls” in Br, are in the form of x; — x; = 0, which implies that edge directions
of a generalized permutohedron are in the form of €; — €;.
But in (), the vertices (1,3, 3,3) and (2,4, 4,4) form an edge whose direction is
parallel to

<—1, 1,1, —1) = €9 + €3 — e1 — éy.

Fu Liu
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| Motivation |

Question:
Can we extend the family of generalized permutohedra further to

allow edge directions of the form e; +~e;, — e — e/?
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| Motivation |

Question:
Can we extend the family of generalized permutohedra further to

allow edge directions of the form e; +~e;, — e — e/?

First (natural) attempt: Consider the complete fan defined by
$i+$j:$k+$£, Viajakagv

and define a family of polytope whose normal fans coarsen this fan.

Fu Liu
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| Motivation |

Question:
Can we extend the family of generalized permutohedra further to

allow edge directions of the form e; +~e;, — e — e/?

First (natural) attempt: Consider the complete fan defined by
xi—l_'fj:'fk—'_x& Viajakagv
and define a family of polytope whose normal fans coarsen this fan.

Does not work! The combinatorics is not nice.

Fu Liu
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Final solution (joint work with F. Castillo):

Nested permotohedra and the nested Braid fan
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PART llI:

‘ Nested permutohedra and the nested Braid fan |

e Definition and answer to the motivating question

e Other properties of permutohedra and the Braid fan that can be generalized
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| Usual nested permutohedra |

Definition (Informal). Replace each vertex of a usual permutohedron Perm(cx) by a

smaller dimension permutohedron Perm(/3) (in the correct orientation). We obtain the

usual nested permutohedron Perm(cx, 3).

(.

Figure 1: T3 and I13(4, 1)
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| Usual nested permutohedra |

Definition (Formal). Let = (a1, o, . .., gr1) € R and B = (B1, B2, ..., B4) €

R be two strictly increasing sequences such that eniries in o is sufficinetly larger than

entries in 3.

Forany (7, 7) € G411 X &y, we define
d+1 d
Uff;’m = Z Qj€r—1(;) + Z @'f:—l(i)a
i=1 i=1

Vv
(84
UTF

where for any permutation 7 € G4 1,

i = eripn) — ey, V1< <d.

Then
Perm(a, 3) = conv (’U(O"B)  (m,7) € Ggp1 X Gd).

™, T
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| Nested Braid fan |

Fact. Bry has (d + 1)! maximal cones, each of which is determined by ordering of

coordinates associated with a permutation m € G4, 1:

O'(7T) = {:13 ceV* . Lr—1(1) < Tr-1(2) <...< xﬁ—l(d+1)}.
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| Nested Braid fan |

Fact. Bry has (d + 1)! maximal cones, each of which is determined by ordering of

coordinates associated with a permutation m € G4, 1:

O'(7T) = {:13 ceV* . Lr—1(1) < Tr-1(2) <...< Qﬁﬁ—l(d+1)}.

Definition. For each 0(77) in Br,, we subdivided it into d! cones by considering first

differences of coordinates associated with a permutation 7 € G, :
( Ay )

omr,7):=qx eV >

The collection of cones o (7, T), together with all of their faces, forms the nested
Braid fan, denoted by Br?.
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| A connection |

Recall that the Braid fan Br is the of any usual permutohedron Perm ().

Proposition (Castillo-L.). The nested Braid fan Br?i Is the of any usual

nested permutohedron Perm(ax, (3).
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| Generalized nested permutohedra |

As a consequence of this connection, one can give two different but equivalent defi-

nitions for generalized nested permutohedra.

Definition. A generalized nested permutohedron is a polytope obtained from a usual

nested permutohedron by moving the facets without passing vertices.

Definition. A polytope P € R is a generalized nested permutoheron if its

is refined by the nested Braid fan Br?.
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| Example I

Recall our nonexample

() = conv(Perm((1,3,3,3)) U Perm(2,2,2,4))).

Let o be the of () at the vertex (1,3, 3, 3). We showed that it not a

coarsening cones in Brs. However, it is a coarsening of cones in Brg.

(a) o in the Braid fan Brs

(b) o in the nested Braid fan Br§
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| Results on generalized permutohedra and Braid fan |

i. Explicity descriptions for usual permutohedra Perm(a):

e Convex hull of (d 4 1)! permutations of c.

o Inequality description.

ii. Two different but equivalent defintions for generalized permutohedra:
e Moving facets of usual permutohedra.

e Normal fan coarsens the Braid fan.

iii. Nice combinatorics of the Braid fan Bry; :

o k-dimensional cones in Br are in bijection with k-chains in the truncated Boolean

algebra BA; 1.

lv. Deformation cones of Braid fan.

o Submodular Theorem.
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| Inequality description of usual permutohedra I
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| Inequality description of usual permutohedra I

Notation. Forany S C [d+ 1] = {1,2,...,d+ 1}, we definees = > |, s €;.
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| Inequality description of usual permutohedra I

Notation. Forany S C [d+ 1] = {1,2,...,d+ 1}, we definees = > |, s €;.

Theorem (Rado). The inequality description of the usual permutohedron Perm(a) is

given by
(€gr1, ) =21+ +Tgp1 = a1+ +agp
d+1
(eg, x sz < Z a, YD#SC[d+1].
€S i=d+2—|S)|

Further, all those 2°! — 2 inequalities are facet defining.
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| Inequality description of usual permutohedra I

Notation. Forany S C [d+ 1] = {1,2,...,d+ 1}, we definees = > |, s €;.

Theorem (Rado). The inequality description of the usual permutohedron Perm(a) is

given by
(€gr1, ) =21+ +Tgp1 = a1+ +agp
d+1
(eg, x sz < Z a, YD#SC[d+1].
€S i=d+2—|S)|

Further, all those 2°! — 2 inequalities are facet defining.

Example. Let @ = (1,2, 3). Then Perm(a) = I, is defined by the following linear
system: (e, ) =21 + 29+ 23 =1+2+3 =6,

(e, ) =11 <3, (eg,x) =1x9<3, (e3,x)=ux3<3,
(ef12y, ) = x1+22 <5, (e, x) =x1+w3 <5, (€3}, x) = otz < 5.

Further, these 6 inequalities all define facets of 115.
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| Results on generalized permutohedra and Braid fan |

i. Explicity descriptions for usual permutohedra Perm(a):

e Convex hull of (d 4 1)! permutations of c.
e Inequality description, where inequalities are indexed by nonempty proper sub-
sets of [d + 1].
ii. Two different but equivalent defintions for generalized permutohedra:
e Moving facets of usual permutohedra.

e Normal fan coarsens the Braid fan.

iii. Nice combinatorics of the Braid fan Bry; :

o k-dimensional cones in Br, are in bijection with k-chains in the truncated Boolean

algebra BA . 1.

lv. Deformation cones of Braid fan.

o Submodular Theorem.
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| Consequence of Rado’s Theorem I

(i) Any generalized permutohedra on R can be defined by the linear system:

(€as1,®) = by
(es,x) < bs, VO#SC[d+1]

for some vector b = (bg : 0 #£ S C [d + 1]).
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| Consequence of Rado’s Theorem I

(i) Any generalized permutohedra on R can be defined by the linear system:

(€as1,®) = by
(es,x) < bs, VO#SC[d+1]

for some vector b = (bg : 0 #£ S C [d + 1]).

Each generalized permutohedron in R4+ determines a unique b € R 1. We

call the collection of these b’s the deformation cone Def (Br,) of the Braid fan Br,.
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| Consequence of Rado’s Theorem I

Rd+ 1

(i) Any generalized permutohedra on can be defined by the linear system:

(a1, ) = bjay]
(es,) < bs, VOASCIld+1],

for some vector b = (bg : 0 £ S C [d + 1]).

Each generalized permutohedron in R4 determines a unique b € R2" 1. we

call the collection of these b’s the deformation cone Def (Br,) of the Braid fan Br,.

Question 1. Can we determine Def (Bry)?

Fu Liu
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| Consequence of Rado’s Theorem I

(i) Recall that the of usual permutohedron in R%*! is Br,.
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| Consequence of Rado’s Theorem I

(i) Recall that the of usual permutohedron in R%*! is Br,.

Thus, Bry has 20+1_9 rays, i.e., 1-dimensional cones, indexed by nonempty proper

subsets of [d + 1] :
es, DASCd+1]
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| Consequence of Rado’s Theorem I

(i) Recall that the of usual permutohedron in R%*! is Br,.

Thus, Bry has 20+1_9 rays, i.e., 1-dimensional cones, indexed by nonempty proper

subsets of [d + 1] :
es, DASCd+1]

(1,3,2) ' (1,2,3)
(2,3,1) (2,1,3)

(3,2,1) + (3,1,2)
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| Consequence of Rado’s Theorem |

(i) Recall that the normal fan of usual permutohedron in R4+ is Bry.

Thus, Bry has 27t —2 rays, i.e., 1-dimensional cones, indexed by nonempty proper

subsets of [d + 1] :
es, 0#SCld+1]

€0 62N @12 €1

el
Question 2. What about other cones in Br;?
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‘ Description of cones in Bry I

Recall that the Boolean Algebra, denoted by 5A;, 1, is the poset consisting of all

subsets of [d + 1] ordered by containment. This poset has a minimal element 0=10

and a maximal element 1 = [d + 1].
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‘ Description of cones in Bry I

Recall that the Boolean Algebra, denoted by 5A;, 1, is the poset consisting of all

subsets of [d + 1] ordered by containment. This poset has a minimal element 0=10

and a maximal element 1 = [d + 1].

The truncated Boolean algebra, denoted by 5 A 1 is the poset obtained from BA ;11

by removing 0and 1.
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‘ Description of cones in Bry I

Recall that the Boolean Algebra, denoted by BA,. 1, is the poset consisting of alll

subsets of [d + 1] ordered by containment. This poset has a minimal element 0=10

and a maximal element 1 = [d + 1].

The truncated Boolean algebra, denoted by BA ;1 is the poset obtained from BA ;1
by removing 0and 1.

Fact. The /-dimensional cones of Br; are in bijection with £-chains in the truncated
Boolean algebra3A 1, i.e. sequences of the form () £ .S1 C Sy C -+ C S C [d + 1.

Hence, the (-dimensional cones are in bijection with maximal chains in BA 4.
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‘ Description of cones in Bry I

Recall that the Boolean Algebra, denoted by BA,. 1, is the poset consisting of alll

subsets of [d + 1] ordered by containment. This poset has a minimal element 0=10

and a maximal element 1 = [d + 1].

The truncated Boolean algebra, denoted by BA ;1 is the poset obtained from BA ;1
by removing 0and 1.

Fact. The /-dimensional cones of Br; are in bijection with £-chains in the truncated
Boolean algebra3A 1, i.e. sequences of the form () £ .S1 C Sy C -+ C S C [d + 1.

Hence, the (-dimensional cones are in bijection with maximal chains in BA 4.

d N
Y
N
N

3]

Y

1,2} & 1,3} D {2,3)

e 21 w3

€2 (3,2,1) 0 (8,1,2) €13} hR

|

|

|

:
€1
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| Results on generalized permutohedra and Braid fan |

i. Explicity descriptions for usual permutohedra Perm(a):

e Convex hull of (d 4 1)! permutations of c.
e Inequality description, where inequalities are indexed by nonempty proper sub-
sets of [d + 1].
ii. Two different but equivalent defintions for generalized permutohedra:
e Moving facets of usual permutohedra.

e Normal fan coarsens the Braid fan.

iii. Nice combinatorics of the Braid fan Bry; :

e k-dimensional cones in Br, are in bijection with k-chains in the truncated Boolean

algebra BA . 1.

lv. Deformation cones of Braid fan.

o Submodular Theorem.

Page 34



Combinatorics of nested Braid fan Fu Liu

| Submodular Theorem |

Theorem. The deformation cone Def(Bry) is the set of b € R2"' 1 satisfying the

following submodular property:
bang +baup < ba+bp, VA, BC|d+ 1]

where by convention we let by = 0.
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| Submodular Theorem |

Theorem. The deformation cone Def(Bry) is the set of b € R2"' 1 satisfying the
following submodular property:

bang +baup < ba+bp, VA B Cld+1],

where by convention we let by = 0.

Remark 1. One can show our nonexample
() = conv(Perm((1, 3,3,3)) UPerm(2,2,2,4)))

is not a generalized permutohedron by showing its corresponding b does not satisfy
the submodular property.
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| Submodular Theorem |

Theorem. The deformation cone Def(Bry) is the set of b € R2"' 1 satisfying the
following submodular property:

bang +baup < ba+bp, VA B Cld+1],

where by convention we let by = 0.

Remark 1. One can show our nonexample
() = conv(Perm((1, 3,3,3)) UPerm(2,2,2,4)))

is not a generalized permutohedron by showing its corresponding b does not satisfy
the submodular property.

Remark 2. Another motivation for our work was to give a natural combinatorial proof for
the Submodular Theorem.

Fu Liu
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| Idea of the Proof |

i. Each pair of adjacent maximal cones in Br; provide an inequality to describe the

deformation cone Def(Bry).

ii. Maximal cones are in bijection with maximal chains in BA;1.

Sit2

Si+1 = Sz U S{ and S@'_l = S@ M Sz/
— €Sy, T €5,_, = €5, t €g
— ZSii1 T 28, < Zs; T y

or equivalently  zs,us; + Zs,nst < Zs7 + 2,
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| Results on generalized permutohedra and Braid fan |

i. Explicity descriptions for usual permutohedra Perm(a):

e Convex hull of (d 4 1)! permutations of c.
e Inequality description, where inequalities are indexed by nonempty proper sub-
sets of [d + 1].
ii. Two different but equivalent defintions for generalized permutohedra:
e Moving facets of usual permutohedra.

e Normal fan coarsens the Braid fan.

iii. Nice combinatorics of the Braid fan Bry; :

e k-dimensional cones in Br, are in bijection with k-chains in the truncated Boolean

algebra BA . 1.

lv. Deformation cones of Braid fan.

e Submodular Theorem.
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| Results on nested versions |

i. Explicity descriptions for usual nested permutohedra Perm (o, 3):

e Convex hull of (d + 1)!d! points, corresponding to permutations of (a, 3).

o Inequality description, where inequalities are indexed by rerempty—propersub-
sets ordered set partitions of [d + 1].

ii. Two different but equivalent defintions for generalized nested permutohedra:
e Moving facets of usual nested permutohedra.

e Normal fan coarsens the nested Braid fan.

iii. Nice combinatorics of the nested Braid fan Br?i ;

o k-dimensional cones in Brg are in bijection with k-chains in the truncated Beelean

algebra-B-A -+ ordered set partition poset O, 1.

iv. Deformation cones of nested Braid fan.

o Submodular Theorem + A condition.
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THANK YOU!
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