
MAT 22A Problem Set 4 Solutions

1. Compute the inverse of the following matrices using Gauss-Jordan elimi-
nation and the augmented matrix:

(a)

[
2 1
3 2

]

(b)

1 0 1
0 1 1
2 0 1


(c)

 1 2 −1
1 4 1
−1 1 2


Solution.

(a) [
2 1 1 0
3 2 0 1

]
r2 − 3

2r1
=

[
2 1 1 0
0 1

2 − 3
2 1

]
r1 − 2r2

=

[
2 0 4 −2
0 1

2 − 3
2 1

]
1
2r1
2r2

=

[
1 0 2 −1
0 1 −3 2

]
so [

2 1
3 2

]−1

=

[
2 −1
−3 2

]
.

(b) 1 0 1 1 0 0
0 1 1 0 1 0
2 0 1 0 0 1


r2 − 2r1

=

1 0 1 1 0 0
0 1 1 0 1 0
0 0 −1 −2 0 1

 r1 + r3
r2 + r3

=

1 0 0 −1 0 1
0 1 0 −2 1 1
0 0 −1 −2 0 1


−r3

=

1 0 0 −1 0 1
0 1 0 −2 1 1
0 0 1 2 0 −1


so 1 0 1

0 1 1
2 0 1

−1

=

−1 0 1
−2 1 1
2 0 −1

 .
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(c)  1 2 −1 1 0 0
1 4 1 0 1 0
−1 1 2 0 0 1

 r2 − r1
r3 + r1

=

1 2 −1 1 0 0
0 2 2 −1 1 0
0 3 1 1 0 1

 r1 − r2

r3 − 3
2r2

=

1 0 −3 2 −1 0
0 2 2 −1 1 0
0 0 −2 5

2 − 3
2 1

 r1 − 3
2r3

r2 + r3

=

1 0 0 − 7
4

5
4 − 3

2
0 2 0 3

2 − 1
2 1

0 0 −2 5
2 − 3

2 1

 1
2r2
− 1

2r3

=

1 0 0 − 7
4

5
4 − 3

2
0 1 0 3

4 − 1
4

1
2

0 0 1 − 5
4

3
4 − 1

2


so  1 2 −1

1 4 1
−1 1 2

−1

=

− 7
4

5
4 − 3

2
3
4 − 1

4
1
2

− 5
4

3
4 − 1

2

 .

2. Compute the LU decomposition for the following matrices

(a)

[
2 1
3 2

]

(b)

2 0 1
0 1 1
1 0 1


(c)

 1 2 −1
−1 1 2
1 4 1


Solution.

(a) From problem 1(a), we see that after using the multiplier `21 = 3
2 ,

we got the upper triangular matrix U =

[
2 1
0 1

2

]
. Therefore the LU

decomposition is [
2 1
3 2

]
=

[
1 0
3
2 1

] [
2 1
0 1

2

]
.

(b) Let’s use elimination to get the upper triangular matrix2 0 1
0 1 1
1 0 1


r3 − 1

2r3

=

2 0 1
0 1 1
0 0 1

2

 .
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We have our upper triangular matrix, and the only multiplier re-
quired was `31 = 1

2 , so2 0 1
0 1 1
1 0 1

 =

1 0 0
0 1 0
1
2 0 1

2 0 1
0 1 1
0 0 1

2

 .

(c) Let’s use elimination to get the upper triangular matrix 1 2 −1
−1 1 2
1 4 1

 r2 + r1
r3 − r1

=

1 2 −1
0 3 1
0 2 2


r3 − 2

3r2

=

1 2 −1
0 3 1
0 0 4

3

 .

The multiplier that we used were `21 = −1, `31 = 1, `32 = 2
3 . There-

fore the LU decomposition is 1 2 −1
−1 1 2
1 4 1

 =

 1 0 0
−1 1 0
1 2

3 1

1 2 −1
0 3 1
0 0 4

3

 .

3. Use the LU decomposition from the previous problem to solve the follow-
ing systems

(a) Ax =

[
1
1

]

(b) Ax =

 1
1
−1


(c) Ax =

1
2
3


Solution.

We first use forward substitution to solve Lc = b then back substitution
to solve Ux = c.

(a) We have [
2 1
3 2

]
=

[
1 0
3
2 1

] [
2 1
0 1

2

]
.
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First, we use forward subsitution to solve[
1 0
3
2 1

] [
c1
c2

]
=

[
1
1

]
.

We find that

c1 = 1

c2 = 1− 3

2
c1 = −1

2
.

Next, we use back subsitution to solve[
2 1
0 1

2

] [
x1

x2

]
=

[
1
− 1

2

]
.

We find that

x2 = −1

x1 =
1

2
(1− x2) = 1

so x =

[
1
−1

]
.

(b) We have 2 0 1
0 1 1
1 0 1

 =

1 0 0
0 1 0
1
2 0 1

2 0 1
0 1 1
0 0 1

2

 .

Using forward substitution to solve1 0 0
0 1 0
1
2 0 1

c1c2
c3

 =

 1
1
−1


we find

c1 = 1

c2 = 1

c3 = −1− 1

2
c1 = −3

2
.

Now, we use back substitution to solve2 0 1
0 1 1
0 0 1

2

x1

x2

x3

 =

 1
1
− 3

2

 .
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We find that

x3 = −3

x2 = 1− x3 = 4

x1 =
1

2
(1− x3) = 2

so x =

 2
4
−3

.

(c) We have  1 2 −1
−1 1 2
1 4 1

 =

 1 0 0
−1 1 0
1 2

3 1

1 2 −1
0 3 1
0 0 4

3

 .

First, we use forward substitution to solve 1 0 0
−1 1 0
1 2

3 1

c1c2
c3

 =

1
2
3

 .

We find that

c1 = 1

c2 = 2 + c1 = 3

c3 = 3− c1 −
2

3
c2 = 0.

Now, we use back substitution to solve1 2 −1
0 3 1
0 0 4

3

x1

x2

x3

 =

1
3
0

 .

We find that

x3 = 0

x2 =
1

3
(3− x3) = 1

x1 = 1− 2x2 + x3 = −1

so x =

−1
1
0

 .
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4. Use the inverse matrices found in problem 1 to find the solution to the
following systems

(a) Ax =

[
1
1

]

(b) Ax =

 1
1
−1


(c) Ax =

1
2
3


Solution.

(a)

x =

[
2 −1
−3 2

] [
1
1

]
=

[
1
−1

]
.

(b)

x =

−1 0 1
−2 1 1
2 0 −1

 1
1
−1

 =

−2
−2
3

 .

(c)

x =

− 7
4

5
4 − 3

2
3
4 − 1

4
1
2

− 5
4

3
4 − 1

2

1
2
3

 =

− 15
4

7
4
− 5

4

 .

5. Show that (AB)T = BTAT for the following matrices

(a) A =

[
2 1
3 2

]
, B =

[
1 2
3 4

]

(b) A =

1 0 1
0 1 1
2 0 1

, B =

0 1 2
2 1 0
1 2 3


(c) A =

 1 2 −1
1 4 1
−1 1 2

, B =

0 0 1
1 0 0
0 1 0


Solution.
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We have

AB =

[
2 1
3 2

] [
1 2
3 4

]
=

[
5 8
9 14

]

so (AB)T =

[
5 9
8 14

]
. Next,

BTAT =

[
1 3
2 4

] [
2 3
1 2

]
=

[
5 9
8 14

]
.

We see that indeed (AB)T = BTAT.

We have

AB =

1 0 1
0 1 1
2 0 1

0 1 2
2 1 0
1 2 3


=

1 3 5
3 3 3
1 4 7



so (AB)T =

1 3 1
3 3 4
5 3 7

 . Next,

BTAT =

0 2 1
1 1 2
2 0 3

1 0 2
0 1 0
1 1 1


=

1 3 1
3 3 4
5 3 7

 .

We see that indeed (AB)T = BTAT.

We have

AB =

 1 2 −1
1 4 1
−1 1 2

0 0 1
1 0 0
0 1 0


=

2 −1 1
4 1 1
1 2 −1


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so (AB)T =

 2 4 1
−1 1 2
1 1 −1

. Next,

BTAT =

0 1 0
0 0 1
1 0 0

 1 1 −1
2 4 1
−1 1 2


=

 2 4 1
−1 1 2
1 1 −1

 .

We see that indeed (AB)T = BTAT.

6. Let A ∈ Rn×n. Show that ATA is a symmetric matrix.

Solution.

Let D = AT. Then dij = aji. Now, we see

(ATA)ij = DA

=

n∑
k=1

dikakj

=

n∑
k=1

akiakj .

ATA is symmetric if (ATA)ij = (ATA)ji. We see that

(ATA)ji =

n∑
k=1

djkaki

=

n∑
k=1

akjaki

=

n∑
k=1

akiakj

=

n∑
k=1

dikakj

= (ATA)ij

so ATA is indeed symmetric.
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7. Let Eij ∈ Rn×n be the elimination matrix

Eij =


1 0 · · · 0

. . .
. . .

...

−`ij
. . . 0

1


where `ij is a multiplier in position (i, j). Show that

E−1
ij =


1 0 · · · 0

. . .
. . .

...

`ij
. . . 0

1


where `ij is in position (i, j).

Solution.

Here are two ways we can show that the given matrix E−1
ij is indeed the

inverse.

(a) We will consider Eijx = b to find x = E−1
ij b. By considering Eijx =

b, we see that

x1 = b1

x2 = b2

...

xi−1 = bi−1

−`ijxj + xi = bi

xi+1 = bi+1

...

xn = bn.

We know that xj = bj , so xi = `ijbj + bi. Now, finding a matrix so
that x = E−1

ij b, we see that indeed E−1
ij is the matrix given above.

(b) Alternatively, we can show that E−1
ij Eij = EijE

−1
ij = I.
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