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Methodology

Vortical flows via interface models

* Fluid systems often dominated by
surfaces of discontinuity—shocks,
contacts, vortex sheets.

* Interface methods offer geometric
flexibility, computational efficiency,
and concise representation.

* Less useful at scales where flow is
dominated by mixing or turbulence.




Front Tracking vs. Interface Models

Flow variables: j; i Interface variables:
‘-‘ p(xa Y 1) | x(s,1), y(S, 1)

’ u(x,y, ), v(x,y,t) w(s, 1)

| X, Y, t g '

- p(x,y, 1) | L
' Marker points Marker points are
‘ _ _ advect passively active variables

Eulerian simulation + front tracking Interface model simulation

- Tracks density and velocity on 2D mesh + advects - Self-contained equations for interface location and
1D interface with fluid velocity quantities defined on the interface

- Accuracy depends on resolution of both 2D
Eulerian mesh and 1D interface mesh



The z-Model

(P. and Shkoller, JFM '23)

* Interface model for the interface
position and amplitude of vorticity.

* Models the deposition of vorticity
on density discontinuities.

 Velocity reconstructed using
nonlocal Biot-Savart integral,

assuming incompressible and
irrotational flow in the bulk.
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z-model interface, Rayleigh-Taylor instability

with reconstructed velocity



Equations of Motion

Two-phase compressible flow

» Two regions Q7 (7), Q7(¢) separated by a free surface I'(?).

» Compressible Euler:

Oip~™ + V- (pTu™) =0, T e QT ()
o(ptut) + V- (prut @ ut) + Vpt = —ptge,, z e OF (1)
Or(pTe™) + V- ((pre™ +pT)u™) = —p=gv™, z € QO (1)

* Jump conditions:

|lu-n|| =0, [pll =0,




Equations of Motion

Momentum equation decomposition

+ Recall the definition of the distributional curl of a vector field v € L, (R?),

(V XV, f) :=—J v-Vif Ve C®(R?)
RZ

* Taking the distributional curl of the two-phase momentum equation gives

O:f[[ﬂ(atu+u~Vu)+VpI 'Tf— p(atw+u-Vw+wdivu | VPPXQVP)f
I' R2

* This yields the ordinary vorticity equation in the bulk, plus a jump condition along
the free surface I'(7).



Equations of Motion

Interface equations

* Dependent variables: interface parametrization z(s, t), and tangential velocity jump
u(s, 1) = lul(z(s, 1), 1) - 9z(s, 1)

* We can reduce the ‘singular part’ of the momentum equation results to the z-model!

_|_ —

p —p >

0.1 = ———————— 07 as Uoz| — _2Z
M (p++p_ ) (‘ | 82)

» Using a different method, Ramani and Shkoller ‘20 obtained a similar equation but
assuming constant densities p™, p~.



Equations of Motion

Velocity decomposition

* Biot-Savart velocity:

i 1 (x—z(s, t))l
u(x,t) = —[ —u(s, ds
2 ) |x = 2(s, 1) |7

* Background compressible velocity:
u(x, 1) = u(x, t) — u(x, r)

 Discontinuity in tangential velocity is cancelled out—ii(x, t) is continuous.



Full Multiscale System

* Bulk equations, for (p, pii, pe):

0p+V-(pi)=—V - (pir)
o0(pu)+V - (pu@u)+Vp=—0pu)—V - (pu@u—+pu@u+pi @ u)
d(pe) +V - ((pe +p)i) = — V - ((pe + p)ir)

* Interfacial equations, for (z, 1):

I (oo (s,)—z(s,0)" )y~
atZ(S, t) — 2_ J_OO 205, 1) — 2(s” t)‘z lu(S ) t)dS T M(Z(Sa t)a t)a

JU

2

[ pT=pT . R
Oupt = (p++p— Z) 0,(19:2] 4l0z|” 28%)
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8 x 32 cells
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advected interface
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8x32 + front tracking
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8x32 + constant-density multiscale

density, t=8.00
8 x 32 cells

1.8

multiscale interface
64 nodes, tcpu=10.06
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C-method density, 1=6.00 advected interface density, t=6.00 multiscale interface density, t=6.00 multiscale interface
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DenSity p(yla Yo, t)

Multscale RTI

0.9

0.8

0.6

$0.5

0.4

0.3

0.2

0.1

Interface z(«a, t)

| I [

-0.2

-0.1 0 0.1
9N

0.2




Summary

* Developed hybrid gridded-interface model for contact discontinuities, generalizing
preexisting z-model interface method.

* Found computational efficiency gains and good agreement with higher-resolution
front tracking runs for Rayleigh-Taylor and Richtmyer-Meshkov problems.
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