Math 125B, Winter 2015.

Discussion problems 5

Note. These are final problems on the Riemann integral, focusing particularly on the improper integral.

1. Assume f : [0, 00] — [0, 00) is continuous. For each statement below determine, with proof, whether
it is true or false.

( ) If Y07, f(n) < oo, then [° f(z) dx converges.

) If [° f(x) da converges, then f is bounded on [0, c0).

) If f° f(x) da: converges and f is nonincreasing (i.e., 0 < z1 < xg implies f(x1) > f(x2)), then
hmz%oo f( )

d) If [° f(x) dx converges, f is differentiable on (0, 00) and f” is bounded on (0, 00), then lim,_,o f(z) =
0

sin
2. Prove that f > ¢ xzflnx dx converges.

3. For each integral below, determine whether it converges or not.
a) fol((sin r)~% — 23 cosx) dz,

b) fol z10e=1/% 4y,

2
4. Assume f:[0,1] — R is given by f(x) = {x v Z g Compute (U) fol f and (L) fol f. Does fol f
r
exist?
5. If f:[0,1] — R is integrable, show that g : [0,1] — R given by g(z) = \/zarctan f(z) + 2 is

integrable on [0, 1]. Then let

1
= {/ Vaarctan f(z) +2dz: f:[0,1] = R is integrable} CcR
0

Compute inf A and sup A.

6. Compute:

2
(a) limy, oo f/2 2802 gy

1+1/n 2015
(b) limy o fo 77" SRR da

7. True or false: if f : [0,1] — R is continuous, then foﬁ f(sinz) coszdr = 0.

8. For z < 1, let ( = [y (e (e —1)dt, (b) F(x =y elt_l dt. Compute o = lim, ;0 2 2F(z) and
B =1limy_ox 3(F(x) — az?). (Admce It is much better to determine Taylor series for F(x) up to o3

instead of using L’Hopital.)




Brief solutions

1. (a) No. f(x) = |sin(mz)| has the property that f(n) = 0 for every n € N. But it is a nonzero
periodic function and so [;° f(z) dz = oo

(b) No. Take the continuous function f such that, for all n € N, f(n) = n, f is linear on [n,n +1/n?],
and on [n—1/n3,n], and 0 otherwise. Then f[n_l/n3 n1my) f = 1/n? andso [(° f =371 1/n? < o0,
but f is unbounded.

(¢) If limy o0 f(z) = a exists as f is nonincreasing. If a > 0, then f(x) > a for all z, and so
I f> [y a=0

(d) Yes. If | f/| < M, then by the Mean Value Theorem |f(z2) — f(z1)] = | f'(¢)||x2 — z1| < M|z — z1]
for x1, xo > 0. Assume that is not true that lim, o, f(2) = 0; then there exists an € > 0 and a sequence
of z, — oo, so that f(z,) > e. We may assume that ¢/M < 1 and that z,, satisfy z,+1 > x, + 1
for all n > 1. Let I, = [z, — €/(2M), z, + €/(2M)]. The intervals I,, are pairwise disjoint. Also, as
f(zn) > €, f(x) > €/2 for x € I,. Thus

[e’e] 00 - ) '
/0 f(x)da;z; Inf(a:)dQ;z,M:w

sin
€

2. Let f(z) = Qflm” Then | f(z)| < %7 andso [; f(x) dz converges absolutely, with [ | f(z)|dz <

&, Therefore [ f(x)dx converges.

3. (a) We use Taylor series. Let f(x) = (sinz)™3 — 273 cosx be the integrand. For x < 1, sinz =
r—23/3 +O(2°), cosx =1 —22/2 + O(2?), and (1 — )3 = 1 + 3z + O(z?). (Here, for example,
O(zP) is an expression whose absolute value divided by z° remains bounded as  — 0; in our case,
such expression is bounded on, say, (0,1/2] by Ca°, for some constant C.)

flx)=2 - (( — 2/3—1—(’)(3:4))_3—1+x2/2—0(:1:4))
= 3( + 22+ Ozt — 1—|—x2/2—|—(9(x4))
=27 (3z 2/2+O )
=271 (3/2+ 0O(2?))

From this computation, there exists an § > 0 so that f(z) > 2~ ! for z < . But then fo x)dr >
fo r~1dr = co. Thus fo x)dx = co. The integral diverges.

(b) By change of variable z = 1/ (and then z is renamed to z), for small a,

1 1/a
/ x—loe—l/x dr = / e 8 dx
a 1

and the last integral converges as a — 0 Since e* > 210 for large x, e ®278 < 272, As 272 has a
convergent integral on [1,00), so does e #2~% < 272, Thus the limit of the above expression as a — 0
exists and the integral converges.

4. Let g(z) = =, h(x) = 22. Observe that g(z) > h(z) for x € [0,1]. As Q and R\ Q are both dense,
U(f,P) =U(g,P) and L(f,P) = U(h,P) for every partition P. Therefore, (U) folf = (U) folg =
fol zdr = 3 and (L) fol f=() fol h = fol 2? dz = £ and the integral does not exist.



5. As arctanz € (—7/2,7/2) for every z,

1 1
/ \/xarctanf(:c)+2dx§/ Vo m/2+2d
0 0

- % (/24202 - 272).

If f = M is a constant function for some large M, then

1 1
/ \/a:arctanf(:v)+2dx:/ Vx - arctan M + 2 dx
0 0

1 3/2  o3/2
= tan M + 2 -2 ) .
arctan M ((arc an M +2)

But arctan M converges to m/2 as M — o0, so
2
supA = = ((w/2 + 2)3/2 — 23/2> .
s

Similarly,

1
ian:/ V2—x-7/2dx
0

_2 (23/2 —(2- 71'/2)3/2)

™

6. (a) Let f,(z) = 28 he the integrand function and f(x) = sinz. Then

n+sin
-2
sin“ x 1
sup |fn(z) — f(z)|= sup ————<—
z€[0,7/2] ze[0,m/2] T +sinw n
This proves that the sequence of functions f, converges to f uniformly. The limit therefore equals

fgrﬂsinxdq: =1.

(b) Let fn(x) = Tszxﬁii = iiifﬁ;;;z be the integrand function. Clearly f,, > 0.
If # <2 and n > 1, we can easily bound f,(z) < 22916 and so 0 < f11+1/n fon(z) do < 22016/ — 0.
Thus we need to find the limit of fol fn(z) dz.

Let f(z) = m;”—;. For z € [0, 1],

34 g). 2015/ 44 6 1
ula) — o) = EH AT D win] B L
(@ +4+22/n)(23 +4) 16 ~n
This proves that the sequence of functions f,, converges to f uniformly on [0,1]. The limit therefore
equals fol f(z)dz = (log5 — log4).

7. True. Use the change of variables with g(z) = sin z, or directly the fundamental theorem of calculus
with F(z) = [ f. Then the integral equals F(sinT) — F(sin0) = 0.

8. (a) Since ¢!’ —1 = t241*/2+ . . ., with radius of convergence oo, we have F(z) = 3/3+25/10+. . .,
, with the same radius of convergence. Thus a« =0 and g = 1/3.

(b) We have e —1 =t+12/2+... and 1/(1 —t) = 1 +t+t>+..., first with radius of convergence oo
and second with radius of convergence 1. Hence, for [t| < 1,

Gl SR VY
-t 2

and so, for |z| < 1, F(x) = 22/2+ 23/2 + .... Therefore @ = 1/2 and 8 = 1/2.




