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to extend the integral to the case a > b. In particular, if f(x) is integrable
and nonpositive on {a, bl, then the area of the region bounded by the curves
y=fx),y=0 x=a and x = b is given by [} f(x)dx.
In the next section we shall use the machinery of upper and lower sums to
prove several familiar theorems about the Riemann integral. We close this sec-
tion with one more result which reinforces the connection between integration
and area. ‘
5.16 Theorem. If f(x) =c is constant on [a, b}, then
b
/ fx)dx =ad - a.
a
Proof. By Theorem 5.10, f is integrable on [a, b]. Hence, it follows from -
Theorem 5.15 and Remark 5.5 that ‘g S
b b 1
| / f(x)dx=(U)/ f(x)dx=i1}1)fU(f,P)=ot(b——a). |
4
i. a a
i EXERCISES
s

5.1.0. Suppose thata < b <c. Decide which of the following statements are
true and which are false. Prove the true ones and give counterexamples
for the false ones.

a) If f is Riemann integrable on [a, b}, then f is continuous on [a, b].

b) If | f| is Riemann integrable on [a, b}, then f is Riemann integrable
on [a, b]. '

¢) For all bounded functions f : [a, b] = R,

b b b
@) f f)dx < f ) dx < (U) / £ d.

d) If fis continuous on [a, b) and on [b, c], then f is Riemann inte-
grable on [a, c].

5.1.1. For each of the following, compute U(f, P), L(f, P), and f02 f(x)dx, -
where '

. P=[0,l,1,2“
i 2

Find out whether the lower sum or the upper sum is a better approxi- -
mation to the integral. Graph f and explain why this is so. ‘

; a) f(x)=x
F b) f(x)=3—x2
- ¢) flx) =sin(x/3)
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5.1.2. a) Prove that for each n € N,
Py =

is a partition of [0, 1].
b) Prove that a bounded function f is integrable on [0, 1] if

() lo:= lim L(f P) = Jim U(f, Pu),

n—oc

in which case jol f(x)dx equals Iy.
¢) For each of the following functions, use Exercise 1.4.4 to find for-
mulas for the upper and lower sums of f on P,, and use them to

compute the value of /01 flx)dx.

a) fx)=x
B) Fx) = x?

0 O<sx<1/2

Y) flx)= 1 12 <x<]

5.1.3. Let E = {l/n: n € N}. Prove that the function

| xeFE K
foy = 0  otherwise i
is integrable on [0, 1]. What is the value of f(,] fx)ydx? é

. This exercise is used in Section *14.2. Suppose that @ < b and that
f :la, b] = Ris bounded.

a) Prove that if f is continuous at xy € [a, b] and Sf(xp) # 0, then

b
(L)/ [f()dx > 0.
4]

i st . WD L L e s A

b) Show that if f is continuous on [a, b], then /”h [f(x)|dx = 0if and
only if f(x) = 0forall x € [a, b]. :
¢) Does part b) hold if the absolute values are removed? If it does, %
prove it. If it does not, provide a counterexample. E

S.L.5. Suppose that a < b and that f : [a. b] — Ris continuous. Show that

/ f)dy=0
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for all ¢ € [a, b} if and only if f(x) = 0 for all x € [a, bl (Compare with

Exercise 5.1.4, and notice that f need not be nonnegative here.)

5.1.6. Let f be integrable on {a,bland E be a finite subset of [a, b). Show that
ifgisa bounded function which satisfies g(x) = f(x)for allx € [a, b\E,

then g is integrable on {a, b) and

b b
fg(x)dx=f f(x)dx.

. This exercise is used in Section 12.3. Let f, 8 be bounded on [a, bl.
a) Prove that

5.2

b b b
) f (F) + g0 dx < ) f 0 dx + () f o(x) dx
and

b b b
(L)f (f(x) +gx))dx = (L)f fx) dx+(L)[ g(x)dx.
b) Prove that
b c b
) f (o) dx = ©) f o dx + (©) f Fx) dx
and » |

b ¢ b
(L)f f(x)dxz(L)j f(x)dx+(L)f fx)dx

fora <c¢ < b.

. This exercise is used in Sections *5.5, 6.2, and *7.5.
a) If fis increasing on [a, b] and P = {x0,-.-»Xn} is any partition of
[a, b], prove that ‘

S (M) = my() Axj = (FB) f@) IP1-

j=1

b) Prove that if f is monotone on [a, b], then f is integrable on [a, b}.
[Note: By Theorem 4.19, f has at most countably many (i.e., relativel

few) discontinuities on {a, b]. This has nothing to do with the proof ot
din

part b), but ponts out a general principle which will be discusse
* Section 9.6.]

RIENV
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5.19. Leta < band 0 < ¢ < d be real numbers and f : [a, b] — [c.d]. If fis

Riemann integrable on [q, b], prove that /f is Riemann integrable on
[a, b].

5.1.10. Let f be bounded on a nondegenerate interval [a, b]. Prove that fis

integrable on [a, b] if and only if given & > 0 there is a partition P, of
[a, b] such that

P 2 P, implies |U(f, P)— L(f, P)| < e.
5.2 RIEMANN SUMS

There is another definition of the Riemann integral frequently found in elemen-
tary calculus texts.

5.17 Definition.

Let f:[a,b] > R.

i) A Riemann sum of f with respect to a partition P = {xo, ..., x,} of [a, b]
generated by samples ¢; € [xj—1, x;]is a sum

: =1

J

i) The Riemann sums of f are said to converge to I(f) as IP}} — 0if and
only if given & > 0 there is a partition P: of [a, b] such that

P={xo,...,x,} 2 P, implies ISPty —1(F)| <&

for all choices of ¢; e [xj-1.x;], j = 1,2,...,n. In this case we shall use
the notation

n

1h= lim SCf.Py)= fim 37 fa) Axj.

j=l

The following result shows that this definition of the Riemann integral is the
same as the one using upper and lower integrals.

5.18 Theorem. Lera,b e R witha < b, and suppose that f : [a, b] — R. Then
fis Riemann integrable on [a, b] if and only if

I(fy = lim " f(1) Ax,
j=l

1Pl—0

exists, in which case 1(f) = fa]’ fFx)dx.
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