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Integrability on R

EXERCISES

5.2.0.

5.2.1

5.2.2.

5.2.3.

Suppose that a < b. Decide which of the following statements are true
and which are false. Prove the true ones and give counterexamples for
the false ones.

a) If f and g are Riemann integrable on [a, b], then f — g is Riemann
integrable on [a, bl. -

b) If f is Riemann integrable on [a, b) and P is any polynomial on R,
then P o f is Riemann integrable on [a, b].

c) If fand g are nonnegative real functions on [a, b, with f continuous
and g Riemann integrable on [da, b], then there exist xo, x| € [a.b]
such that

b b
Flogl) dx = F(x0) f o(x) dx.
X1

a

d) If f and g are Riemann integrable on [a, b] and f is continuous, then
there is an xg € [a. b] such that

b b
/ fx)g) dx = f(xo)f g(x)ydx.

Using the connection between integrals and area, evaluate each of the
following integrals.

2
a) f lx + 1| dx

b) / (Jx + 1] + [x]) dx
o

) f Va2 — x2dx, a>0
—d

d) /A(S 4+ V2x +x3)dx
0

a) Suppose thata < b and n € Nis even. If f is continuous on [a.b}and

/:’ f(x)x"dx = 0, prove that f(x) = 0 for at least one x € [a, bl.
b) Show that part a) might not be true if n is odd.
¢) Prove that part a) does hold for odd n when a = 0.

Use Taylor polynomials with three or four nonzero terms to verify the
following inequalities.

1
a) 0.3095 < f sin(x?) dx < 0.3103
0

(The value of this integral is approximately 0.3102683.)

|

5.2.

5.2.%

5.2.6

5.2.7.

5.2.8.
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I 2
b) 1.4571 </ e dx < 1.5704 i
ue 0
' I
of (The value of this integral is approximately 1.4626517.) i .
5.24. Suppose that f : [0, c0) — [0, 00) is integrable on every closed interval B f
nn
[a,b] C [0, o0). If o
Rﬂ X N 3
: F(x) :=/ e fdy, xel0,00),
us 0
b] ' ]
then there is a function ¢ : [0, o0) — [0,00) such that F(x) = ]
Jetoy ) dy for all x € [0, 00). ]
5.2.5. Prove that if f is integrable on [0, 1] and 8 > 0, then 1 .
en l/nﬂ r :
lim n“/ fx)ydx =0 e
n—>00 0 : i :
foralle < . ; ; B
5.2.6. a) Suppose that g = 0 1is a sequence of integrable functions which oo
the satisfies
b
lim / gn(x)dx =0.
n—00 a
Show that if f : [q, b] — Ris integrable on [q, b], then
b
lim / Sf()gi(x)dx =0,
n—00 a
b) Prove that if f is integrable on [0, 1], then
1
: n _—
n]—lfgo/() x"f(x)dx = 0.
and 5.2.7. Suppose that f is integrable on [a,b], that xg = a, and that X, IS a
sequence of numbers in [a, b] such that Xy 1 basn — oo. Prove that
. b n Yigl
f(x)dx = lim / f(x)dx. ;
5.2.8. Let f be continuous on a closed, nondegenerate interval [a, b] and set
M= sup |f(x)|. K
vé€la,bl




—'—T——

152 Chapter 5 integrability on R

a) Prove that it M > 0 and p > 0, then for every ¢ > (O there is a
nondegenerate interval I C [a. b] such that

b
(M —&)P{1| S'f L fOON dx < MP (b —a).
_Ja

b) Prove that
b 1/p

lim ( F ol dx) =M.
o

p—=o<

529, Let f : [a.b] — R, a = xp < X1 < - < x, = b, and suppose that
f (xp+) exists and is finite fork =0, 1,...,n—1 and f(x;—) exists and is
finite for k = 1, ...,n. Show thatif f is continuous on each subinterval
(x¢—1, X), then f 18 integrable on [a, b] and

b n Xk
/ fx)yde = Z/ f(x)dx.
a k=1 RY N

5.2.10. Prove thatif f and g are integrable on [a, b], then so are fvgand fAg
(see Exercise 3.1.8).
5.2.11. Suppose that f : [a. b] = R.

a) It f is not bounded above on [a, b], then given any partition P of
[a,b]and M > 0, there existt; € [xj-1, x j] such that S(f, P.tj)> M.

b) If the Riemann sums of f converge to a finite number 1(f), as || P|
— 0, then f is bounded on [a.b].

5.3 THE FUNDAMENTAL THEOREM OF CALCULUS

Let f be integrable on [a.b] and F(y) = J¥ fydr. By Theorem 5.26, F is
continuous on [a, b]. The next result shows that if f is continuous, then F is
continuously differentiable. Thus ~indefinite integration” improves the behav-
jor of the function.

528 Theorem. |FUNDAMENTAL THEOREM OF CALCULUS].
Let [a. b] be nondegenerate and suppose that f = {a.b]l = R

i) Iffis continuous on [a. D] and F(x) = [, f@t)dt, then F € C'la.b)and
d v, , .
—/ fydr:=F ()= fx)
dx J,

for each x € la. bl
ii) If fis differentiable on [a.b)and ['is integrable on [a, b}, then

/- fl(tydt = fx) = fla)

for each x € [a, b].




