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converges as n — oo by hypothesis, it follows from (5)and b — a < oo that I
converges uniformly on (a, b) as n — oo,

Fix ¢ € (a, b). Define figon (a,b) by f(x) := lim,, o f,(x) and g(x) =
lim,, o g, (x). We need to show that

fey=lim fi(c). (6)

Since each g, is continuous at ¢, the claim implies g is continuous at ¢. Since
&n(¢) = f,(c), it follows that the right side of (6) can be written as

lim f'(c) = lim g,(c) = g(c) = lim g(x).
> X—=¢

n—oc

On the other hand, if x # ¢ we have by definition that

JF(x) = Fco) - Jim Jnx) = fu(0) = lim g,(x) = g(x).
X - n—o0 X —cC n— 00

Therefore, the left side of (6) also reduces to

fie) = tim L= /©

= lim g(x).
A—C X — C X—=>¢
This verifies (6), and the proof of the theorem is complete. |
EXERCISES
7.1.1. a) Prove that X/n — 0 uniformly, as n — 00, on any closed interval
la, b].
b) Prove that 1/(nx) — 0 pointwise but not uniformly on (0, 1) as
n — OQ.

7.1.2. Prove that the following limits exist and evaluate them.

) 3 nx® +5
a) lim ]ﬁ-dx
n—o00 X7 4 nx

b) lim [Zex/n gy

n—o0

. 3 /.X .
c) ”l_l)rgofo /sm;+x+ld,\

7.1.3. A sequence of functions Jn is said to be uniformly bounded on a set E if
and only if there isan M > 0 such that | £, (x)| < M for all x.€ E and all
neN.

Suppose that for each n e N, /i : E - Ris bounded. If = f

uniformly on E, as n —s N, prove that {fu}is uniformly bounded o5 £
and f is a bounded function on E.

7.1.4. Let [a,b] be a closed bounded interval, f : [a, b] — R be bounded,
and g : [a,b] — R be continuous with g(aq) = &) = 0. Let f, be a



