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of the interval [0. 1], we have by Theorems 8.30 and 9.30 that £ is connected.
On the other hand. since £ ¢ R by the definition of R, it is easy to check that
Up:=UNEand Vy:=VNE are nonempty sets which are relatively open in
E and satisfy £ = UoUVyand UyN v, = u. Tt follows that £ is not connected,

a contradiction, n
EXERCISES
9.4.1. Define f and gonRby f(v) = siny and 8(x) = x/lx[if v # 0 and
g(0) =0.

a) Find f(E) and ¢(E) for E = (O.7). E =[0.7], E = (=1, 1),
and £ = [—1,1]. Compare your answers with what Theorems
9.26,9.29, and 9.30 predict. Explain any differences you notice.

b) Find f~(E) and ¢='(E) for E = (0. D. E=10,1]. £=(-1.1),
and £ = [—1,1]. Compare your answers with what Theorems
9.26,9.29, and 9.30 predict. Explain any differences you notice.

9.4.2. Define f on [0, oc) and gonRby f(x) = /¥and g(x) = I/xifx #£0
and g(0) = 0.

a) Find f(E) and ¢(E) for E = (0, 1), £ = (0. 1), and E = [0, 1].
Compare your answers with what Theorems 9.26, 9.29, and 9.30
predict. Explain any ditferences you notice,

b) Find f~"(E) and ¢='(E) for E = (-1, l)and £ = [-1, 1]. Com-
pare your answers with what Theorems 9.26,9.29. and 9.30 predict.
Explain any differences you notice.

9.4.3|. This exercise is used in this section and in Chapter 11. Suppose that A
isopeninR" andf: A — R”. Prove that fis continuous on A if and
only if f=1(V) is open in R” for every open subset V of R".

9.4.4. Suppose that A is closed in R and f - A — R". Prove that f is contin-
uous on A if and only if f ' (E) is closed in R” for every closed subset
E of R,

9.4.5. Suppose that £ C R” and that f: £ — R".

a) Prove that f is continuous on £ if and only if f=(B) is relatively
closed in £ for every closed subset B of R,

b) Suppose that f is continuous on E. Prove that if V is relatively
openin f(£), then f~H(V)is relatively open in £, and if B is rela-
tively closed in f(£). then f~'(B) is relatively closed in E.

9.4.6. Prove that

eyl sy

(rov) =
flray 0 Y=y

. . b
1S continuous on R-.

*9.4.7|. This exercise is used in Section *9.6. Let H be a nonempty, closed,
bounded subset of R".

*9.5 COMF
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a) Suppose thatf: H — R” is continuous. Prove that

Il 2= sup {If(x) ]
veH
is finite and there exists an xy € H such that ||f(xo)| = |flly.

b) A sequence of functionsf; : # — R is said to converge uniformly
on H to a function f: H — R" if and only if for every ¢ > 0 there
isan N e N such that

k>N and xe H imply |fi(x)—fix)| <e&.

Show that ||f, — fily — 0 ask — ocif and only if f; — f uniformly
on H as k — oo.

¢) Prove that a sequence of functions f; converges uniformly on H if
and only if for every ¢ > 0 there is an N € N such that

k.j =N implies [ify —f;liy <e.

9.4.8. Let E C R" and suppose that D is dense in E (i.e., that D € E and
D = E). Iff: D — R is uniformly continuous on D, prove that f has
a continuous extension to E; that is, prove that there is a continuous
function g : £ — R’ such that g(x) = f(x) forall x € D.

9.4.9. [INTERMEDIATE VALUE THEOREM]. Let E be a connected subset of R”.
If f: E — Riscontinuous, f(a) # f(b) for somea,b ¢ E,and yisa
number which lies between f(a) and f(b), then prove that there is an
x € E such that f(x) = y. (You may use Theorem 8.30.)

*9.4.10 |. This exercise is used to prove *Corollary 11.35.

a) A set E C R” is said to be polygonally connected if and only if
any two points a,b € E can be connected by a polygonal path
in E: that is, there exist points x; € E. k = 1,..., N, such that
Xo=a, Xy =band L(x;_;:x) C Efork =1...., N. Prove that
every polygonally connected set in R” is connected.

b) Let E C R" be open and xg € E. Let U be the set of points
x € E which can be polygonally connected in E to xy. Prove that
U is open.

¢) Prove that every open connected set in R” is polygonally con-
nected.

*9.5 COMPACT SETS
This section requires no material from any other enrichment section.

In this section we give a more complete description of compact sets. Most of the
results we state are trivial to prove by appealing to the hard part of Heine-Borel
Theorem, specifically, that closed and bounded subsets of a Euclidean space are
compact. Since this powerful result does not hold in some non-Euclidean spaces,
our proofs will appeal only to the basic definition of compact sets and, hence,
avoid using the Heine-Borel Theorem.



